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Composition Operators on Normal Weight Dirichlet Space

Pengcheng Tang?, Xuejun Zhang?

 College of Mathematics and Statistics, Hunan Normal University, Changsha, Hunan 410006, China

this paper.

Abstract. By using Bergman ball and Carleson domain, the authors give several equivalent characteriza-
tions for which composition operator is bounded or compact on the normal weight Dirichlet type spaces in

1. Introduction

Let C be the complex plane. Throughout this paper we fix a positive integer n and let C" = C X --- X C

denote the Euclidean space of complex dimension n. For w = (wy,--- ,wy,) and z = (z1,- -+ , z,) in C", define

(w,z) = w1z1 + -+ + Wyzy. The unit ball in C" is the set B, = {w € C" : |w| = V(w,w) < 1}. The space of

holomorphic functions in B, is denoted by H(B,,). For h € H(B,) and w € B,,, let
oh

Vh(w) = [ =—

@) = 3-@)

oh ~  oh
e &—wn(w)) and Rh(w) = ;wka—wk(w)

Let dv be the Lebesgue measure on B,. Suppose S, is the boundary of B,. Fora € B, and r > 0, let
@, be the involutive automorphism of B, with ¢,(0) = 2 and ¢,(a) = 0. Let Bergman ball D(a,7) = {z: z €
B, and B(z,a) < r}, where

1. 1+]p.(2)l
z,a) = = log —————.
PE =3 108 T 0
Forne€ S, and t > 0, let Carleson domain S(n,t) = {z € B, : |1 —(z,m)| < t}.

If there exists constant ¢ > 0 such that A; > cA; (or A; < cAj), then we write “A; 2 Ay” (or “A; < AY”).
If “A1 = Ay” and “A1 S Ay”, then we call “A; < Ay”

=2y is decreasing, and a V_(Ss)z)b is increasing on [sp, 1). For example
e 2 "
v(s) = (1 — sy 1ogﬂ - {log log = 52} (p > 0, p and «a are real).
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A positive continuous function v on [0, 1) is called a normal function if there exist constants 0 <a < b < o0
V(s
and 0 < sg < 1 such that L
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In order to simplify the proof, let sy = 0 in this paper.

Let v be a normal function on [0, 1). For p > 0, the normal weight Dirichlet space D/(B,) consists of all
holomorphic functions / on B,, such that

VP (Jwl)
1 - fwl?

kY, = O + | [Vh(w)P do(w) < o,
v B,

In particular, DY(B,,) is the Dirichlet type space D!.(B,) when v(s) = (1 - sz)%1 (@ > —=1). Moreover, D" (B,)
is the Dirichlet space when a = 0. By similar treatment of Theorem 3.2 in [27], we may obtain that

P
||h||Z€ = [h(0))” + IRK(w))? VP (|wl)

do(w) for h € D(B,).
B, 1 Jwp?

Let ¢ : B, — B, be a holomorphic mapping. The composition operator C, with the symbol ¢ on H(B,)
is defined by

Co(f)=fop (f €H(By).

Composition type operators have been studied for a long time, and a lot of results have been obtained
(such as, [1-18], [21-26]). For Dirichlet type spaces, there have been a lot of results involving composition
operators or weighted composition operators, such as [1-18]. However, most of the above results were given

on unit disc ID and v(s) = (1 — sz)%1 (a > —1). As for using Carleson domain to characterize composition
operators on Dirichlet type spaces, there are the following results:

Theorem A ([1]) Let a > —1. Suppose ¢ is an analytic self-map of ID and du, = |¢’(w)*(1 — [w|*)* do(w)
(w € D).

(1) C, is a bounded operator on D?(D) if and only if
La@ 'S(E, 1) = O(t**?) forall £ € JDand t > 0.
(2) C, is a compact operator on D?(D) if and only if

sup o~ S(E, 1) = o(t**?) (t — 07).
£edD

In this paper, we generalize Theorem A from the concrete measure (1 - |z|?)* dv(z) to the abstract measure
v/ (2l) do(z)
1- 122
we combine Carleson domain with Bergman ball to discuss the conditions for which the composition
operator is bounded or compact, and we give four equivalent characterizations respectively.

. At the same time, the dimension is extended from one dimension to n dimensions. Otherwise,

2. Some Lemmas

Lemma 2.1. Let r > 0 and v be a normal function on [0,1). Suppose a and b are the parameters in the definition of
v. Then

2 \4 2 \P
(1) v(iz) <(1 il ) +(1 &l ) forall z,w € By,.

v(lwl) ~\1 - lwP 1—Jwf?

(2) v(|zl) < v(Jwl) for any z € B, and w € D(z, r).

These results come from Lemma 2.2 in [28].
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Lemma 2.2. Let p > 0 and v be a normal function on [0, 1). Suppose ¢ = (@1, -+, @n) is a holomorphic self-map of
B, and ¢, € Dﬁ(Bn)for alll €{1,2,--- ,n}. If gis nonnegative measurable on B, then

f g(w) dmy,, o (w) = f g[(p(w)]w do(w), where
B, B, 1= [wl

3 [Rep(w) PV (|wl) p B
Mp,0(A) = TR v(w), Rp = (Rp1, Ry, -+, Rey),
o71(A)

and A is any Borel measurable set in B,,.

Proof. First, the condition ¢; € D)(B,) for all l € {1,2,--- ,n} means that [Rp(w)[Pv*(Jw|)(1 — [w]?) " do(w) is a
finite measure on B,,. The rest of proof is similar to that of Lemma 2.1 in [21]. O

Lemma 2.3. There is a positive integer N such that for any 0 < r < 1 one can find a sequence {w'} C B, with

B, = U D(w/, 1), and for each point z € B, belongs to at most N of the sets D(w/, 4r).
j=1

This result comes from Lemma 2.23 in [20].
Lemma 2.4. Let ¢ > 0and 6 > —1. Then the integral

(-l doz) 1
B, [1= (@, 2104 = (1= JwP)*

forallw € B,.

This result comes from Proposition 1.4.10 in [19].

3. Main Results and Proofs

Theorem 3.1. Suppose v is a normal function on [0,1). For p > 0, let ¢ be a holomorphic self-map of B, and ¢; €

P(1zNR P
DY(B,) foralll € {1,2,--- ,n}. Define a measure dyiy,, ,(z) = dmp,V,(P(p‘l(z), where dmy,,,(z) = % do(z)
(z € By). Given 0 < v < 1, then the following four conditions are equivalent:
(1) bprelSt, ] < t"VP( —t) forallne€ S, and 0 <t <1/2.
(2) sl D@, 1] 5 (1= [Py () for all w € By,
(3) There exists a sufficiently large B such that
(1 = |wP)P IRp(2)I vF(Iz]) do(z)
sup n+p 7 <
wes, VP(wl)  Jp, [1 = <{p(@), w)"F(1 - |z?)
(4) f IV@)F dupp(2) S IfI, for all f € Di(By).
B, v
Proof. (1) = (2).
For any w € B, and z € D(w, 1), if lw?> > (3 + tanh r)/4, then it is easy to prove
w w
11T —(z, =) <1 = {z,w)| + Kz, w) =z, —)|
[l [l
1+ tanhr ) 21 —|wp?) 1
S—l_tanhr(l—lwl)+(1—|w|)<—1_tanhr <3 (3.1)
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This means that D(w, r) C S[w/|w|,2(1 — |w|*)/(1 = tanh r)]. Otherwise,

2(1 - [wf?) ( 4 )b
<ol = v[l " 1—tanhr = 1 —tanhr viwl),

where b is the parameter in the definition of v. Therefore, it is clear that

2(1 — [wf?)
1—tanhr

w 2(1-wP)
Hpup (D@, 1] < fpg [S (|w|' 1 —tanhr

21— [w))" 2(1 - [wP)
1 —-tanhr 1 —-tanhr

n+2pb

< m(l = [w?)"v (Jw]).

If [w> < (3 + tanhr)/4, then

(1= Py (wl) = (thanhr) vp(\/@).

This implies that piy,,,[D(w, )] < tpye(Bn) S 1 S (1= [w) VP (lw)).
2) = Q).

Let a and b be the parameters in the definition of v. For any w € B, and > pb, by Lemmas 2.1-2.4,
Lemma 2.24 and Lemma 2.20 in [20], we have

(1= ) IRp)F v¥(2]) do(z)
vP(fwl)  Jp, 11 - <<p(Z),w>I"+ﬁ(1 - |zP)
_ (AP Ap,vp(2) — [wP) § Z f _ @
(@) Sy, 1= = v”(lwl) i o 1= Gz, w8
(1 - lwP)f 5 K 1
< D k; Uy [D@, 1)] Z;)uﬁ T

(1 - [wP)P o vP(wk]) 1
s DT WP | e
vP(lwl) - 1 — Jw*| zeD(wk,r) < D(z,r) 1 — (u, wy|™*F
(1 - [wP)P o vP(jw]) 1
< )y )

) Lt T oy =Gt wpped
=Py Z f V() dofu)
: Vp(|w|) D@t an |1 — 1, w)"P(1 ~ [ul?)
(1 oy f v () do)

v(wl)  Jp, 11 = Cu, w)|" (1 - [uf?)

< f (1 =[PP (1~ [uPy* do(u) N f (1 = [wlP)PPo(1 = [ulP)*! do(u)
N 11— Cu, wrh 11— (u, w)y| P

do(u)

2 = 4.
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For any f € D!(B,), analogous to the proof of “(2) = (3)” we have

[ W@ due@ <Y [ 9 diyta
B, —~'Jp

(w*,r)
IV f (@)PvP (Jwl) do(w)

<N
B, 1 - |w]?

= NIIfIE,-

B) = ).

For any w € B,,, it follows from Lemma 2.20 in [20] that

(1 - [wl?)f IRp@)lP v¥([z]) dv(z)
v(lwl)  Jp, 11— (@), w1 - |z

(1 - [w*)f f d#p,v,cp(z) _ Hp,v,cp[D(w/ ]
v([wl) I 11— w1 = [wR)y v (fw])’

12

@ = .
Foranyn e S,and 0 <t <1/2, we take
t2b+1

v(1 =1 -1 -tz

fin(@) = (z€

It follows from Lemma 2.1 and Lemma 2.4 that

(1 + 2pb)" 11y, [S(1, 1)]
pp2”+2pb+2pt"1/p(l — t)

< f IV fun(@F dityp(2)
S(n,t)

2pb+p p
< f t vP(lzl) do(z)
B, V(1 =Bl = (z, (1 = 2+ 1 — [z

B,).

20b+p (1 — |»[2\Pa-1[1 — — £\21-pa 2pb+p (1 — |»|2\Pb-111 — _ £\271-pb
¢ [ ORI [ E G,
B, B, 11—z, (1 = t)m|r+2ro+p

11—z, (1 = |2+
<L

This shows that ,,,,[S(n, )] < t"V/(1 —t)forallne S, and 0 <t < 1/2.

The proof is completed. [

Remark 3.2. We know that

ICofily =< flpOIF + | IRIC, fiY 1Vf(|zz)|2 do(z)
_ —  V(2)
= I+ [ Kl R 1= e

< IfTpOF + fB VFQP ity (2).

By Theorem 3.1, C,, is a bounded operator on D(B,,) when one of (1)-(3) holds.

6249
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Theorem 3.3. Suppose v is a normal function on [0,1). For p > 0, let ¢ be a holomorphic self-map of B, and ¢; €

P(|1z))IRo(2)|P
D(By) forall 1 € {1,2,--- ,n). Define a measure dy,,, o(z) = dimg, @~ (z), where dm,,,(z) = % do(z)
(z € By). Given 0 < v < 1, then the following four conditions are equivalent:

(1) supupy,e[Sn, H] = o[t"V(1 -1)] (t — 07).
nESy

2) Fp,v,qJ[D(w/ ] =o[(1- |w|2)an(|w|)] (lw| = 1~ for w € B,).
(3) There exists a sufficiently large B such that

o (1 - [w?)? [Rp@)I v¥(|z]) do(z)
bol—>1- VP(lwl)  Jp, 11 = {p(z), w)["*F(1 - |z?)

=0 forw € B,,.

(4) hm f IV fi@F dup,,p(z) = 0, where {f;} is any sequence such that {fi} converges to 0 uniformly on any

compact subset of By and sup || fillpy < 1.
k21

Proof. (1) = (2).

Let supiye[S(n, )] = o["v'(1-1)] (t — 0%). Forany w € B, and |w|* > (3+tanh)/4, we write = w/|w].
nesS,
It follows from (3.1) that

vl D(w, 2(1 2
é%ﬁ%ﬁ%%%s 500 T DL~ Y ()
2(1 — fwP?)

It follows from — 0% (lw| = 17) that

1—tanhr

HUpv,p [D(w, )] _
w1 (1 — [Py (jwl) —

2 = ).

Let pip,o[D(w, )] = o[(1- [w?)"vP(lwl)] (lw| — 1~ forw € B,). Then for any ¢ > 0, there existsa 0 < §p < 1
such that
Upvq)[D(w 1’)]
(1 = [wP)yvP(lwl)
Take the sequence {w/} in Lemma 2.3 and let [w/]| — 1~ when j — oo. Therefore, there exists a positive
Jo
integer Jo such that [w/| > 6y when j > Jo. Let A = U D(w/, 7). Let b be the parameter in the definition of v.

< ¢ when |w| > 69 and w € B,,. (3.2)

j=1
By Lemmas 2.1-2.4, Lemma 2.24 and Lemma 2.20 in [20], (3.2), we have

(1 - [wP)P IRp(2)IP vF(|z]) do(z)

vP(|w|) 8, [1 = {p(2), w)"*F(1 - |z]?)
— [w*) f dtpp(2)
V’”(le) [1 - (z, w)|"*F
Jo
(1—|wP)f 1 (1—|wP)f ; 1
< — vo(Bp)su + volD@W,r)] sup ———

ol ; prBn) SUP i+ (ol ],_,Zoil gl DI S

] — Py VP () o)
_ |opyI2\B-PD
< (U Py 4 Ne! P(le) f b, 11— ()P (1 = [uP)

SA=-[wPYP 7 +e—e (w - 1)
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It follows from the arbitrariness of ¢ that
(1 - |w)f [Rp )PP vF(Iz]) do(z)
im =0.
k-1 vP([wl) g, [1 = (@), w)"F(1 - |z|?)

2 = @.
Let {fy} be any sequence which converges to 0 uniformly on any compact set of B, and sup|| fxll pp <1 It
k=1
is similar to the proof of “(2) = (3)”. We have
[ WA dtpn@ <Y, [ VRGP it
B, = Jpwin
Jc
IV f(w) P (Jwl) do(w)
<Y o Ba) sup AP + Ne fB e
j=1 z€A n
Jo
<Y Hpwg(Ba) supl @) + Ne = Ne (k — ).
=1 z€A
It follows from the arbitrariness of ¢ that ]}im f V(2P dpip,,e(z) = 0.
—00 B;,
@) = ).
For any w € By, if |w| — 17, then it follows from Lemma 2.20 in [20] that
0 (1 = [wP)P IRp(z)lP v (|z]) do(z)
v(lwl)  Jg, 11 ={p(z), w)"F(1 - |z?)
(1 - |w|2)5 f dtuprV,(P(Z) - ‘up,v,(p[D(w/ T')]
V(wl)  Jpay 1= w1 = wP)y v (jwl)
@ = Q).
Assume sup 1,,,,0,[S(1, )] # o[t"V/(1 —t)] ast — 0*. Then there exist {17"} C Sy, ¢c>0and {t} C (0,1) with
nes,

t¢ — 0 such that yp,v,(p[S(nk, te] = ctfvP (1 — te).
Let a and b be the parameters in the definition of v. For 6 > b, we take

o+1
tk

T — (o, (-t

It follows from Lemma 2.1 and Lemma 2.4 that || fk||D5 $ 1, and {fx} converges to 0 uniformly on any
compact set of B,,. If k — oo, then we have

fi(@) (z € By).

EOP (1 = )P (1 + pOY ity (2)
0 [ WAGH dpunte) = [ prot?)
B, B, PPVP(1 = ti)I1 = (z, (1 = t)nO)m+ro+p

S (n + poy :up,v,qo[s(nk/ ti)] S (n+pody c
Pp2”+P5+2PtZVV(1 — tk) - pp2n+p6+2p :

This contradiction means that sup p1,,,,,[S(1, t)] = o[t"V/(1 - t)] ast — 0*.
neS,

The proof is completed. [
Remark 3.4. Theorem 3.3 shows that C,, is a compact operator on D(B,,) when one of (1)-(3) in Theorem 3.3 holds.
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