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Abstract. In this paper we derive the evolution equation of the first nonzero eigenvalue of the (p, )-Laplace

system under the unnormalized H*-flow. By imposing some conditions on the mean curvature we prove
the monotonicity of the first nonzero eigenvalue under the unnormalized H*-flow.

1. Introduction

Let M" be a smooth, compact manifold without boundary and Fy : M" — R"*! be a smooth immersion
A smooth family of immersions F(x, t) : M" x [0, T) — R"*! satisfying

JoF
E(x/ t)
F(,0) =

—H*(x, H)o(x, t)
FO(')/ X e Mn/

1
where k > 0, H is the mean curvature and v is the normal at the point F(x, ) of the surface M; = F(., t)(M),
is known as unnormalized H*-flow. For k = 1 the flow coincides with the mean curvature flow. In [13], F.
Schulze obtained the result about the convergence of the unnormalized H*-flow.

Let du denotes the volume element of M" and u : M" — R be a smooth function on M" or u € W (M),
where W!'P(M) is the completion of the set of smooth functions with respect to the Sobolev norm

117
||M|I1,p=(f Iul’”du+f IVMI’”dM) :
M M

Then the p-Laplace operator is defined by

Apu = div([VulP~2Vu)

IVulP~2Au + (p — 2)|VulP~*(Hess u)(Vu, Vu) ,
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where p € (1, ) and Hess denotes the Hessian. If p = 2, then the p-Laplace operator is just the Laplace-
Beltrami operator.

The spectrum of the Laplace operator and p-Laplace operator on a compact Riemannian manifold has
important geometrical meaning. In recent years many mathematicians studied the evolution of the first
eigenvalue of Laplace operator and p-Laplace operator under different geometric flows and estimate the
spectrum in terms of other geometric quantities see [1], [3], [4], [5], [10] etc.

In this paper, we consider the generalization of the p-Laplace operator, i.e., (p, q)-Laplace system intro-
duced in [9] as

Apu = =Alul*olPv, in M
Ago = =Alulfolfu, in M (2)
(1, v) € WP (M) x WH(M),

where p > 1,4 > 1 and «, § are real numbers satisfying a« > 0, § > 0,

+1
a+1+,3_=
p q

1.

If for some u € Wé’p (M)and v € W(l)'q (M), A satisfies the following conditions

A f ul*fologdy,
M

/\f Iul"lvlﬁu¢dp,
M

f IVulP~2(Vu, V)du
M

f [Vo|T2(Vo, Vip)du
M

where ¢ € W?(M) and ¢ € WY1(M) and Wé’p (M) is the closure of the C3°(M) in the Sobolev space W'#(M).
Then we say that A is the eigenvalue of the system (2) and (, v) is called an eigenfunction. The first nonzero
eigenvalue of the system (2) is given by

inflA(u,v) : (u,0) € Wy" (M) x Wy (M), B(,v) = 1,C(u,0) = 0, D(u,0) = 0},

where
+1
Awo) = 21 f N f Volldy,
p M q JIm
B(u,v) = f |ul*olf uvdy,
M
Clu,v) = f |ul*lolPodp,
M
D(u,v) = flul“lvlﬁudy.
M

Let (M", g(t)) be a solution of the H*-flow (1) on the smooth manifold M" in the time interval [0, T). Then

_a+1 . p+1 q
A0 = = [ wuodu = [ 9o, du,

defines the evolution of the first nonzero eigenvalue of (2), under the variation of g(t) where the associated
eigenfunction is normalized, i.e., B(u,v) = 1,C(u,v) = 0, D(u,v) = 0.

In [14], L. Zhao studied the variation of the first nonzero eigenvalue of the p-Laplacian along the powers
of mean curvature flow and in [2], S. Azami studied the variation of eigenvalue of (p, g)-Laplace system
under the mean curvature flow. In [11, 12], the present authors studied the first eigenvalues of weighted
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p-Laplacian and (p, q)-Laplace system along the Cotton flow and forced mean curvature flow respectively.
Motivated by the above works in this paper we obtain the variation formula for the first nonzero eigenvalue
of the (p, g)-Laplace system on a compact and convex hypersurface M" of R"*! under the powers of the
mean curvature flow. By imposing some conditions on the mean curvature we also prove that the first
eigenvalue of the (p, g)-Laplace system is increasing under the unnormalized H*-flow given in (1).

2. First eigenvalue of the (p, g)-Laplace system

In this section first we deduce the variation formula for the first nonzero eigenvalue of the system
given in (2) under the unnormalized H*-flow. Before going to deduce the variation formula we recall some
evolution formula for the unnormalized H*-flow as:

Lemma 2.1. [13] If M; evolves under HX-flow, then the geometric quantities associated with M satisfy the following
quantities:

0

(=95 = —2H"hy; (©)
(ii)%g” = 2HK 4)
(zzz)jt = -H"4u (5)
(iv)EH = KkH"'AH + k(k — 1)H*2|VH]? + |APHF (6)

where A = (hij), hij is the second fundamental form associated with F : M" — R™1.

Let M" be a closed Riemannian manifold and g(t) be the solution of the unnormalized H*-flow. Let
at time to € [0,T), (1o, v0) = (u(to), v(to)) be the eigenfunctions for the eigenvalue A(ty) of (p, g)-Laplacian
system. Assume that

h(t) = ug [%U(t)]]]zmwn) , 16 = v [ M ] D ,

det[g;;(to) ?| detlgi;(to)]
and
h(t) I(t)
(f, HOEIEPROIL) ([, ORI @)

Hence u(t), v(t) are smooth functions under the power of mean curvature flow, satisfy

flul”lvlﬁuvdy—l flul“lvlﬁvdy 0, flul”lvlﬁudy 0,

and at time ¢y, (u(fp), v(tp)) is the eigenfunctions for A(ty) of (p, g9)-Laplacian system; i.e., function

u(t) =

;o) =

1
Aoty = 0L f wupdu + P2 f Volidy, %
p M q JIm

is a smooth function with respect to t along the power of mean curvature flow where 1, v are smooth functions
satisfy the normalized condition. If (1,v) are the corresponding eigenfunctions of the first eigenvalue A(t)
at tg then A(u, v, tg) = A(ly).

In the following proposition we compute the evolution formula for the first nonzero eigenvalue along the
power of mean curvature flow.
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Proposition 2.2. Let (M", g(t)) be a solution of (1) on the smooth closed oriented manifold M". If A(t) denotes the
evolution of the first nonzero eigenvalue under the unnormalized H*-flow (1), then

%A(u,v,t)ltzto = Aty) f H*u"lolPuodu + (a + 1) f HNIVuV | Vul~*dy
M M

a+1
p

1
—ﬁ—; f H*Volidy (®)
M

where (u,v) is the associated eigenfunctions satisfying the normalized conditions.

f H*'\VulPdu + (B +1) f H1IV oV ol Vol ~2du
M M

Proof. Differentiating (7) with respect to time t we get

d a+1 d d
= = = p |
dt/\(u, v, t) . (L dt(IVul Ydu + fM [Vu| 7 (dy))

g+1 f d q f g4
+ p Mdt(IVvI )dp + Mlvvl @] ®)
Now we have
d d :
Lavupy = £ %)z
2 (1Vul) 5 (Vul)?)
= DU GV ju+ 29V V) Va2

20t
= plHNVuVu + ¢V V ulVulf 2, (10)

and from Lemma 2.1, we get

J _ k+1
Ed‘u =-H"du . (11)
Therefore using (10) and (11) in (9) we get

%A(u, v,t) = (a+1) f {HkhijViuVju + gijViuthu}IVul?’_zdy

M
+(B+1) f {H'WIV oV jv + ¢V 0,V 0} V0|17
M

+

a+1f|Vu|”(—Hk+1)dH

p M
1

S f Vol (—H* Yy (12)
q M

f [ul*lofPuvdu = 1
M
and taking time derivative, we get

(o + 1)f Iul“lvlﬁutvdy + B+ 1)[ Iul"‘lvlﬁuvtdy = —f Iul‘)‘lvlﬁuv(—H"“)dy.
M M M

Again we have

From the normalized condition

f (Vuy, Vi)|VulP2dy = A f ul®lolPusody, (13)
M M

f (Vor, Vo) Vol du A f |ul*[olPuvidy . (14)
M M
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Therefore at a time ¢ = £y, we get
(a+1) f (Vuy, Vu)IVulp_zdy +(B+1) f (Vvt,Vv>|Vv|q_2d/J
M M
= Alto) f H* | lolffuvdy .
M
Thus from (12), we get

%A(u,v,t)ltzo = Ato) f H Yl lolPuvdu + (o + 1) f HHIVuV | VulP~2dy
M M

atl f H*YWVufdu + (8 +1) f HIV oV ol Voli2du
P Im M

1
_pr1 f H*YVolidyu.
qg JIm

O

Theorem 2.3. Let (M", g(t)), t € [0, T) be a solution of the unnormalized H*-flow on a closed manifold M" and A(t)
be the first nonzero eigenvalue of the (p, q)-Laplace system. If m = min{p, q} and there exists a nonnegative constant
€ such that
Hkhij - }%!]zj > —€gij in Mx[0,T)
and
H*! > mein M x[0,7T),

then A(t) is increasing along the unnormalized H*-flow.

Proof. According to the Proposition 2.1 we get

%A(u,v,t)lt:to = At) f H*Yu"lofPuvdu + (a + 1) f H1IVuV |Vl ~2dy
M M

a+1

f H*VuPdy + (B +1) f HHWV oV ol Vol 2dy
M M
+1
_57 f H*Volldy .
M

Now using the assumption of the theorem we have

%A(u,v,t)lt:to > Ato) f H* u|*lofuodyu
M

Hk+1 y
+(a+1) f( g7 - eg”)ViuV]-MIVulp‘zdy
M m

Hk+1 g
+(B+1) f ( — g7 — eg"\VuV 0| VolT2dy
M

1
_a+t 1 f Hk+1|Vu|7’dy _ B+ f Hk+1|VU|qdy )
P Jm 9 JIm
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Therefore

GAw oI, > M) [ H oo
dt v
+(a+ 1)(l - 1) f H*YVuldu
m - p Jm
Hp+ DG - 1) [ vy
m-q Jm

—e(a + 1)f [VulPdu — e( + 1)[ [Volldu
M M

1 1
A(to)me + (a + 1) {(E - ;;) me — e} fM [VulPdu
1 1
+(B+1) {(a - a)me - e} fM [Voldu .

d
%/\(u, 0, t)lt:to > 0.

\%

Thus we get

Hence we have that £A(u,v,t) > 0 in any sufficiently small neighborhood of the time f = t,.
Hence A(t) is increasing in any small neighborhood t = t; in the interval [0, T). Since t; is an arbitrary
point in the interval [0, T), thus A(f) is increasing along the unnormalized H*-flow. [

Theorem 2.4. Let (M", g(t)),t € [0, T) be a solution of the unnormalized H*-flow (1) on a closed manifold M" and
A(t) be the evolution of the first nonzero eigenvalue of the (p,q)-Laplace system along unnormalized H*-flow. If
m = min{p, q} and there exists a nonnegative constant € such that

and H > 0 at the initial time t = O, then the following quantity

A(t) (1 - IilHk”(O)t)m

n min
is nondecreasing along the unnormalized H*-flow.

Proof. From Proposition 2.1, we have

%/\(u,v,t)lt:to Alto) f H* ul* ol uody + (a + 1) f H WV julVulP~2dy
M M

a+1

f H*YVuPdu + (B +1) f H*WIV oV 0|Voli—2du
M M

+1
_prl f H*YVolidyu

q9 Jm
Alto) f H* " lofPuvdu + e(a + 1) f H*YWVuPdu

M M
a+1

- f H*YVuPdu +e(B +1) f H"YVolldu
P Im M

1
Pl f H*YVolidu.
q9 JIm

v

Hence



A. Saha et al. / Filomat 36:18 (2022), 6269-6278 6275
420, Dlimty 2 Alto) fi, Bl lolPuodu

F. Schulse [13] got the minimum of H(x, t) according to the evolution equation (6),

1 7T
Hmin(t) 2 Hmin(o) (1 - IiHﬁZ;(O)t) .

Using this inequality in the above inequality we get

d k+1 -
EA(I’[/ o, t)|t:t0 = A(tO)Hk+1(0)( Hk+l(0) ) ’

min min

which implies that in any sufficiently small neighborhood of t,,

-1
1
A(u 0,8 > A0, t)H,’;;;(O)( kt H;j;(O)t) .
Now taking integration of the above inequality on [f1, {9] C [0, T), we have
n k+1 n k+1
A, v, b=ty = I AW, 0, Ol 2~ 1In (1 -~ H’;;;(O)to) T (1 - —H’;nj;(O)t

which implies that

n k+1
In A, v, Dlizty + 7= In (1 H’;;;(O)to) >

n k+1 .4
In A(H, 0, t)lt:tl + k+1 In (1 Hmm(o)tl)

ie.,
/\(to)(l ks 1an+,;(0)to) > A(t) (1 ks 1H§;;(0)t1) )

This shows that the quantity A(f) ( k”H"“(O)t) Tis nondecreasing along the unnormalized H*-flow. [J

min

Theorem 2.5. Let (M", g(t)), t € [0, T) be a solution of the unnormalized H*-flow on a closed Riemannian manifold
M. Let A(t) be the evolution of the first nonzero eigenvalue of the (p, q)-Laplace system along unnormalized H*-flow.
If m = max|{p, q} and there exists a nonnegative constant € such that

0 < hjj < eHygjj (% <e< %) in Mx[0,T),
and H > 0 at the initial time t = O, then the following quantity
AO(H,™(0) = e+ 1)ty
is nonincreasing along the unnormalized H*-flow.
Proof. According to the Proposition 2.1, we get
%A(u, 0, D=, = Alto) fM H* ul*olPuvdy + (a + 1) fM HNIVuV |Vl ~2dy

_a+1

f H*YVuPdu + (B +1) L H1IV oV 0| Vol ~2du

+ 1
.B f Hk+1|vvlqd‘u
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Using the assumption of the theorem in the above equation we get
1
i)\(u, 0, D=, < Alto) f H*u"lolPuodu + (a + 1)(e — =) f H*YVuPdu
dt M P Jm

(B+1)(e— %) fM H*|Volidyu

IN

Alto) f H* "ol uvdu.
M
F. Schulze in [13] got the maximum of H(x, ) according to the evolution equation (6)
H(x, 1) < (Hp (0) = (k+ 1)) ™7
Thus we have
d - -1
A0, Blimty < Alho) (His(0) = e+ Dtg)

which implies that in any small neighborhood of f,
d —(k+1) -1
0,0 < Aw,0,1) (Hois ") = (k+1)t) .
Now taking integration in the last inequality in the interval [t;, tp] C [0, T), we have
1 —k
In /\(u/ 0, t)|f=t0 —In /\(u/ 0, t)|t=t1 < _m In (Hm;;l)(()) - (k + 1)t0)

1 —~(k+1)
+m In (Hmax (O) - (k + 1)tl) ’

ie.,

1 —(k 1 —(k
INA(W, 0, Dlimr, + 5 In (Huie (0) = (k+ Do) < In A, 0, Dlims, + i (Hoi (0) = (k + 1)),

which implies that
Alto) (Higy' V(0) = (k + Dto) 51 < A1) (Hy(0) = (k + D)=
This shows that the quantity A(#) (H,;g;ﬂ)(O)— (k+1)t)ﬁ in nonincreasing along the unnormalized H*-flow. [

Theorem 2.6. Let (M", g(t)) be a solution of the power of mean curvature flow on the smooth closed oriented manifold
(M?", go) and A(t) denotes the evolution of the first eigenvalue under the power of mean curvature flow. Let g < p and
there exist positive constants ay, ay, - - -, a, such that the initial hypersurface My satisfies

n

1
hij = aiHgij, ~where Z;‘ai =1, and |a; — El <e (15)
=
for small enough € only depending on n, q and H > 0. Then under the power of mean curvature flow A(t) is
nondecreasing fore < 1 — %

Proof. By (15) we have

hi]‘ = angij, on M(). (16)
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On the other hand, under the power of mean curvature flow, we get

d

E(hij - ang,-]-) = ka_lA(h,‘]‘ - angij) + k(k — 1)Hk_2V{HV]‘H
—ak(k = )H VHPgij - (k + DH R I} (17)
—a|APH g;j + 2a;H* ' hyj + kH APy,

where VH = Z-007%005) ifvlf"lf’;";g i)

Using Hamilton’s maximum principle for tensors on manifolds we can conclude that

h,’j = (lz‘Hg,'j, on Mt. (18)

So, from (8) we obtain

%A(u,v,t)lt:to Alto) f H*u"lolPuvdu + (a + 1) f H*a;g"VuV julVulP2du
M M

arl f [VulP H dy + (B + 1)f H"*a;g'V 0V 0| Vol 2du
P JIm M
+1
1 f IVol"H ' du
9 JIm

/\(to)f H* "ol uodu + (a + 1)(1 —€- 1)[ Hk“qul”dy
M n P Jm

\%

+(B + 1)(% —e— %) fM H*|Volidu.

Thus for € < % — % we get %A(u,v, Hli=t, = 0 and since {( is arbitrary, it implies that A(t) is nondecreasing
along this flow. [

3. Conclusion

The (p, 9)-Laplace system arises in several fields of application. For instance, in the case where p > 2,

(p, 9)-Laplace system appears in the study of non-Newtonian fluids, pseudoplastics for 1 < p < 2, and in

reaction-diffusion problems, flows through porous media, nonlinear elasticity, and glaciology for p = %

[6, 8]. Moreover Khalil et al. [9] has been studied and introduced the first eigenvalue of (p, q)-Laplace
system. In this paper we generalized the results of [2, 10, 14].
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