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Quasi-Menger and Weakly Menger Frames
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Abstract. We study the quasi-Menger and weakly Menger properties in locales. Our definitions, which
are adapted from topological spaces by replacing subsets with sublocales, are conservative in the sense
that a topological space is quasi-Menger (resp. weakly Menger) if and only if the locale it determines is
quasi-Menger (resp. weakly Menger). We characterize each of these types of locales in a language that
does not involve sublocales. Regarding localic results that have no topological counterparts, we show that
an infinitely extremally disconnected locale (in the sense of Arietta [1]) is weakly Menger if and only if
its smallest dense sublocale is weakly Menger. We show that if the product of locales is quasi-Menger
(or weakly Menger) then so is each factor. Even though the localic product [];;€X(X;) is not necessarily
isomorphic to the locale Q(H jE]X]-), we are able to deduce as a corollary of the localic result that if the
product of topological spaces is weakly Menger, then so is each factor.

1. Introduction and motivation

Recently there has been an interest in studying selection principles in a context that does not argue
using points. In [3], we studied the Menger and almost Menger properties in frames. The latter property
is a weaker form of the former introduced by Kocinac [14], and has since been studied by several authors
in topological spaces. In [17], Mezabarba reprises a theorem of Hurewicz and one of Pawlikowski, each
concerning topological games, within lattices that have “enough points” in the usual usage of this phrase
in point-free topology. Notwithstanding the sufficiency of points (in the localic sense) in the lattices he
considers, his arguments do not use points, in the topological sense.

There are several variations of the Menger property in spaces. For a thorough survey, we recommend
the reader consult [15]. In this paper we concentrate on the localic versions of the quasi-Menger and the
weakly Menger variations. Since non-spatial quasi-Menger and weakly Menger locales do exist, our study
covers a wider scope than locales induced by quasi-Menger or weakly Menger spaces.

When working with locales, some questions come up that do not arise in topological spaces. The
existence of the smallest dense sublocale in every locale frequently leads to questions that are not motivated
by topological considerations, and indeed that do not have topological counterparts. This is a case in this
paper too. For instance, we show that a locale that Arietta [1] calls infinitely extremally disconnected is
weakly Menger if and only if its smallest dense sublocale is weakly Menger.
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Here is a brief outline of the paper. In Section 2 we recall some pertinent definitions. Quasi-Menger
frames are defined and studied in Section 3. As in spaces, the definition requires that we start with a closed
sublocale and a sequence of families of open sublocales interacting with the closed sublocale in a certain
way. Starting with a regular-closed sublocale, instead, leads to a weaker variant, and we call the resulting
locales regularly quasi-Menger. The topological counterpart (replacing “closed subspace” with “regular-
closed subspace” in the definition of quasi-Menger spaces) has not been considered before in spaces defined
in the form just mentioned. However, a closer look shows that the ensuing spaces (we call them regularly
quasi-Menger spaces) actually do appear in a different guise as part of what Ko¢inac and Konca [16] call
set-Menger spaces.

In Section 5 we find a sufficient condition for the spectrum of a locale to be regularly quasi-Menger
if the locale is regularly quasi-Menger. The condition is that the points of the locale meet at the bottom
— a condition which does not force the locale to be spatial, we hasten to add. We first prove this result
topologically because the topological proof also brings to light some properties of the spectra of frames that
do not seem to be recorded anywhere, so far as we have been able to determine. We then show how the
same result appears as a corollary of a localic one proved completely differently.

In the last section we define and study weakly Menger locales. We show that a locale whose smallest
dense sublocale is weakly Menger is itself weakly Menger. We actually have a characterization of when the
smallest dense sublocale of any locale is weakly Menger.

2. Preliminaries

We assume familiarity with frames and locales. Our references are [13] and [20]. In this section we recall
just a few of the concepts that we shall need. Our notation is standard. The term “homomorphism” will
always mean a frame homomorphism. The asterisk will appear as a subscript to denote the right adjoint of
a homomorphism, and as a superscript to denote the pseudocomplement of an element.

2.1. Sublocales

Let L be a frame. The lattice of sublocales of L, ordered by inclusion, is a coframe denoted S(L). Meets
in S(L) are intersections, and joins are given by

I\E{Si:{/\MIMggSi}.

The smallest element of S(L) is the sublocale O = {1}, and is called the void sublocale. A sublocale is
complemented in case it has a complement in S(L). Complemented sublocales are precisely the linear ones,
meaning that a sublocale S is complemented if and only if

SN \/si = \/(s NS
i€l i€l

for every family (S; | i € I) of sublocales of L.

The open sublocale associated with a € L is denoted by o1(a), and the closed one by ¢;(a). Recall that a
is called regular in case a = a™, and complemented in case a V a* = 1. A sublocale of L is called regular-closed
(resp. regular-open) in case it is of the form ¢, (a) (resp. or(a)) with a regular. The clopen sublocales of L are
precisely the sublocales ¢; (a) for complemented elements a. For any family (g; | 7 € I) of elements of L,

CL(\/ﬂi) = mCL(ﬂi) and DL(\/ﬂi) = \/DL(ﬂi)-

i€l i€l i€l i€l
Foranya,belL,

a@Co(h) e avb=1
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The closure of a sublocale S of L, denoted S or cl; S, is the sublocale

S= cL(/\S).

In particular, op(a) = ¢ (a%). If S and T are sublocales of L and S C T, then S is a sublocale of T. The closure
of S in T will be denoted by clr S, and S (unadorned) will be understood to be the closure in L. A sublocale
S of Lis dense if S = L. We denote the smallest dense sublocale of L by BL, and recall that

BL={aeLl|la=a"}={b"|bel},
with meets as in L and joins given by

BL
\itien=(\/tlien),

for any family (b; | i € I) of elements of BL.

2.2. Covers and coverings

By a cover of L we mean a set C C L such that \/C = 1. On the other hand, to avoid possible confusion,
we say a collection € of sublocales of L is a covering of L if \/{C | C € ¥} = L, where the join is calculated in
S(L). This terminology is not standard. A cover consists of elements of L, whereas a covering consists of
sublocales of L. If every sublocale in a covering ¢ of L is open, then € is an open covering of L. There is a
bijection between covers and open coverings given by

def def

C-%C T (o0)lceCl  and € C% =F (xel|o(x)e?)

3. Quasi- and regularly quasi-Menger frames

Throughout, sequences will be indexed by the set IN of positive integers. We recall from [5] that a
topological space X is called quasi-Menger if for every closed set F C X and every sequence (%;) of covers

of F by sets open in X, there exists, for each , a finite %, C ¥, such that F C |J,,enU%.

We aim to adapt this definition to frames and, simultaneously, consider a natural variant of the quasi-
Menger property. Analogously to spaces, when we say a collection ¢ of sublocales of a frame L covers a
sublocale S we mean that S C \/{T | T € €’}. We shall at times abbreviate \/{T | T € ¢} as \/¢. The variant
in question appears in parenthesis in the following definition.

Definition 3.1. A frame L is quasi-Menger (resp. regularly quasi-Menger) if for every closed (resp. regular-
closed) sublocale F of L and each sequence (#;,) with ¥, consisting of open sublocales of L which cover F,

there exists, for each n, a finite %, C ¥, such that F C \/ ,,onV %,. For spaces we define the weaker variant
analogously, replacing sublocales with subsets, and joins of open sublocales with unions of open subsets.

As in [5], we abbreviate “quasi-Menger” as qM and “regularly quasi-Menger” as rqM. Before we plough
ahead, let us show that although the rqM property (in spaces) does not appear in the literature as we have
defined it, it actually does exist in a different guise.

In [16], Ko¢inac and Konca define, for a topological space X, Menger-type properties associated with
collections of nonempty subsets of X. The relevant one for the present discussion is defined as follows. Let
P be a collection of nonempty subsets of X. Then X is said to be weakly P-Menger if for every A €  and
every sequence (7,), where each ¥, consists of sets open in X, such that AcC U e %, there exists, for each
n, a finite %, € ¥, such that A € U,,enU%:.

Now, since a subset of X is regular-closed if and only if it is the closure of some open set, reasoning
exactly as in the proofs of [16, Theorem 4.8] and [21, Theorem 2.10], we see that if we let O be the collection
of nonempty open subsets of X, then we have the following:
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X is rqM if and only if it is weakly O-Menger.

It will be convenient to have characterizations of gM frames and rgM frames that are couched solely in
terms of elements and do not mention sublocales. Among other things, such characterizations will enable
us to show more easily that a space X is qM (resp. rgM) if and only if the frame €3(X) is gM (resp. rqgM).

Theorem 3.2. A frame L is qM (resp. rqM) if and only if for every a € L (resp. regular a € L) and every sequence
(V) of subsets of LwithaVv \/V,, = 1 for each n, there is a finite U,, C V, such that (\/neNun) <a, whereu, = \/U,.

Proof. (=) Suppose that L is gM and leta € L. Let (V,,) be a sequence of subsets of L such thata v \/V,, =1
for every n. Then, for each n,

@ S or(\/ V) = \/1or@) | x € V).
Thus, the family
YV ={oL(x) [ x € V)

covers the closed sublocale ¢;(a), and, of course, consists of open sublocales of L. Since L is qM, for each n,
there is a finite set U,, C V,, such that for the collection

Un = {or(u) | u € Uy}

we have ¢,(a) € V,enV % Putting u, = \/U,, we have

/%, = \[tor) 1w e Uy} = o (\/ W) = or (),

so that

(@ € \/orlu) = o (\/1wa) = o ((\/ ) )

nelN nelN neN

which implies (\/%Nu,,)* < a, as required.

(&) Suppose that the condition in the statement of the theorem holds, and let F be a closed sublocale of
L. Pick a € L with F = ¢(a). Suppose that (¥},) is a sequence where each ¥, consists of open sublocales of L
and ¥, covers F. So, for each n, there exists a set V;, C L such that ¥, = {o.(v) | v € V,,}. The containment
«(a) € V¥, implies

(@ < \/{or@) 1o € Vi) = or(\/ V),

which, in turn, implies a V \/V,, = 1. By hypothesis, for each #, there is a finite U, C V, such that
(\/,,E]Nun) < a, where u, = \/U,. For each n, put

U, = {oL(x) | x € Uy}
Then %, is a finite subset of ¥;, and

a@ < a((\m)) = o\ w) = \/outw)

nelN nelN neN
- ValVu)
nelN
= \/ Vi xeud = \/\/%.
nelN nelN
Therefore L is gM.

The parenthetical claim follows similarly because a sublocale of L is regular-closed if and only if it is of
the form ¢ (a) for some regulara € L. O
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It is clear that gM implies rqgM. Recall that a frame L is normal if whenever a V b = 1 in L, there exist
elements ¢ and d in L such that

cANd=0 and avcec=1=bvd.

Note that if L is normal and a V b = 1, there exists a ¢ € L such thatc <a and ¢ vV b = 1, where < denotes the
familiar “rather below” relation. Also, if ¢ < a, then ¢** < a. We show that for normal frames gM and rgM
coincide.

Proposition 3.3. A normal frame is QM if and only if it is rqM.

Proof. Only one implication needs to be proved. So suppose that L is a normal rgM frame. Leta € L and
(V) be sequence of subsets of L such thata vV \/V,, = 1 for every n. Since L is normal, we can findac € L
such thatc <aand c Vv \/V, =1 for each n. Then ¢ v \/V,, = 1 for each n. Since c* is regular and L is rqM,

there exists, for each n, a finite U,, € V,, such that (\/nE]Nun)* < c¢*, where u,, = \/U,. It therefore follows
from Theorem 3.2 that L is qM because ¢* <a. [

When we were writing [3] we came to realize that working with directed collections can at times be
more convenient in selection principles. By a directed subset of a poset we mean an up-directed one. A
proof similar to that of [3, Proposition 2.7] yields the following characterizations.

Corollary 3.4. A frame L is QM (resp. rqM) if and only if for every a € L (resp. reqular a € L) and every sequence
(V) of directed subsets of L with a v \/'V,, = 1 for each n, there exists an element v, € V,, such that (\/ ,envn)" < a.

We recall from [3] that a frame L is called Menger if for every sequence (%) of open coverings of L, there
exists, for each n, a finite 9, C %, such that | J,,cp 2y, is a covering of L. It is easiest to see from the foregoing
corollary and the characterization of Menger frames in terms of directed covers presented in [3, Proposition
2.7] that the Menger property is stronger than the qM property.

Corollary 3.5. Every Menger frame is QM.

Proof. Let L be a Menger frame. Leta € L, and suppose that (V,) is a sequence of directed subsets of L such
thata v \/V,, = 1 for each n. For each n, the set

VO = favx|xeV,)

is a directed cover of L, and so, by [3, Proposition 2.2], for each 7, there exists an element v, € V,, such that

1=\/(a\/vn)=a\/ \/Un.

nelN nelN

This implies (\/,envn)" < a4, whence we deduce that Lis qM. [

We now use Theorem 3.2 to show that the gM property has been conservatively extended to frames.
Theorem 3.6. A space X is QM if and only if A(X) is qM.

Proof. Suppose that XisqM. Let A € Q(X) and (7;,) be a sequence of subsets of QQ(X) such that AV /¥, = 1o
for each n. In topological language this equality says A U (U7, = X, hence, for the closed set F = X \ 4,
we have X \ A € J¥,. Therefore (7#;) is a sequence of covers of F by open subsets of X, and so, since
X is gM, we can select, for each n, a finite %, C ¥, such that F C |J,«nU%,. Taking complements yields
XN UpenU%, € A. In frame language this says (VHE]N\/%,Js < A, and so we deduce from Theorem 3.2 that
Q(X) is gM.

Conversely, suppose that )(X) is M, and let F be a closed subset of X. Let (¥;,) be a sequence of covers
of F by open subsets of X. Put A = X \ F. Then A € ()(X) and each %, is a subset of Q(X) with AU ¥, = X,
that is, in frame language, A V \/ 7, = 1gxx). Since Q(X) is qM, Theorem 3.2 furnishes, for each #, a finite

U, € ¥y such that (\/nE]N\/ Un)* < A. Translated to topological language, this says X \ U,nU%: C A4,
which, upon taking complements, gives F C | J,,cnU%,. This proves that X isgqM. O
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Since a closed subset F of a topological space X is regular-closed if and only if the element X \ F of Q(X)
is regular, an argument exactly as in the proof of Theorem 3.6 shows the following.

Theorem 3.7. A topological space is rqM if and only if the frame of its open sets is rqM.

Remark 3.8. Since a topological space and its sobrification have isomorphic frames of open sets, it follows
that a topological space is M (resp. rqM) if and only if its sobrification has the same property.

From Theorem 3.2 (or Corollary 3.4) we obtain the following regarding localic images of qM frames.
Corollary 3.9. A subframe of a qM frame is QM. Hence, a localic image of a qM frame is qM.

Proof. This follows immediately from Theorem 3.2 because the pseudocomplement of an element of a
subframe taken in the subframe is below the pseudocomplement of that element taken in the mother
frame. [

Note that we cannot use the same argument as in the foregoing proof to say a subframe of a rqM frame
is rgM because we are not guaranteed that an element that is regular in a subframe is regular in the ambient
frame. There is however a subframe which inherits (and “co-inherits”) the property under discussion. That
is the content of the next result.

Recall from [19] (see also [6]) that the semiregularization of a frame L is the subframe, denoted L,, generated
by the regular elements of L. For x € L;, denote the pseudocomplement of x in L; by x®. It is shown in [6,
p- 369] that, for any a € L, a® = a*. A consequence of this is that a regular element in L is regular in L, and
vice versa.

Corollary 3.10. A frame is rqM if and only if its semiregularization is rqM.

Proof. Suppose, first, that L, is rqM. Let a be a regular element in L, and let (V,,) be a sequence of directed
subsets of L such thata v \/V,, = 1 for every n. For each n, put

V=" |xeV,).

Then (%) is a sequence of directed subsets of L, such that, for each 1, a v \/’\7; =1. Sincea € L; and L; is
rgM, we can select, for each n, an element v, € V,, such that (\/,,;nv;)® < a. Therefore

* * ®
(Ven) = A= Aei=(Ver) =(Ver) <a
nelN nelN nelN nelN nelN
which shows that L is rqM.
Conversely, suppose that L is rqM. Let a € L, be regular in L; and let (V,,) be a sequence of directed

subsets of L; with a vV \/V,, = 1 for each n. Then a is regular in L, and so there exists, for each 7, an element
v, € V,; such that (V,,en©n)* < a. Since (V,,enn)® = (V,en®n), it follows that Lg is rgM. O

Remark 3.11. Now that we have presented a proof that brings up the identity

(V) = (V).

iel iel

we point out that, in light of this identity, we can replace “open sublocales” with “regular-open sublocales”
in Definition 3.1 for both gM frames and rgM frames. Similarly, in Theorem 3.2 the phrase “subsets of L”
can be replaced with “subsets of L each consisting of regular elements”.

In [16, Proposition 3.1], it is stated that clopen subsets of M spaces are gM. We show that this result
extends to frames. We shall thereafter show that regular-closed sublocales of a rqM frame are rgM. Thus, it
seems that the rqM property is more accommodating regarding which closed subsets inherit the property.
We say “seems” because we do not have an example of a regular-closed subset of a qM space which is not
gM.
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In the proofs of the results just mentioned we shall use the fact that, for any a and b in any frame,
(@aAb)™ =a™ Ab™.

Let us also recall from [8, Lemma 4.5] that if a is regular, and we denote pseudocomplements in ¢ (a) by
(-)*, then t* = (t A a*)" for every t € ¢, (a).

Proposition 3.12. The following results hold.

(a) Every clopen sublocale of a qM frame is qM.
(b) Every regular-closed sublocale of a rqM frame is rqM.

Proof. (a) Let a be a complemented element of a gM frame L. We use Corollary 3.4 to show that ¢ (a) is M.
So, let b € ¢;(a), and suppose that (V) is a sequence of directed subsets of ¢;(a) with b v \/V,, = 1 for every
n. For each n, set

U,={a"Ax|xeV,}

Then (U,) is a sequence of directed subsets of L. Since b > a, b V a* = 1 because a is complemented, and so,
for each n,

bv\/U =bv\/{a*/\x|xeVn}=bv(a*/\\/{x|xeVn})z(bVa*)/\<bv\/Vn)=l.

Since L is gM, we can find, for each n, a u,, € U, such that (\/,,entn)* < b. Pick v, € V), such that u,, = a* A v,,.
Now, taking into account how pseudocomplements in ¢;(a) are calculated, for the element \/ v, of ¢1.(a)
we have

(nevan)*‘ = (a" A \ﬁ) = %a* o) = (n!qun)* <b,

which shows that ¢z (a) is gM.

(b) Let a be a regular element of a rgM frame L. Again, we use Corollary 3.4 to show that ¢;(a) is rqM. Let
b be a regular element of ¢ (a), and let (V,;) be a sequence of directed subsets of ¢ (a) such thatb v \/V,, =1
for each n. We show that b is also regular as an element of L. Indeed,

b=t"=(bAay) =(bra) na)
= (((b Ad)V 11)*)’e
=(bvaya@va) =@V A@va) =b"

the last part because b > a and (a Vv a*)* = 1. Since L is rqM, we can select, for each n, an element v, € V,,
such that (\/,,envn)* < b. For brevity, write v = \/,,qnvs, and note that b* < v™. Now,

= @Ad) =AY =@ Ad) SO A =0bVa)T=b"=b,
which then shows that ¢;(a) isrgM. O
Corollary 3.13. Every regular-closed subspace of a rqM space is rqM.

We end this section by saying a few words about coproducts. We do not recall the construction of
coproducts as it is adequately treated in [20]. We however recite some pertinent properties that we shall
need. If L and M are frames, then:

— the elements a © b generate L & M.

- a®b=0gmifand onlyifa=0orb =0.
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- (@oby=@aol)v(deb)and (a®b)” =a" & b*" (see, for instance, [2]).
— for any family {g; | i € I} of elements of Land any b € M, /;;(a; ® ) = (\/,-da,-) ®D.

Theorem 3.14. If L ® M is qM (resp. rqM), then both L and M are qM (resp. rqM).

Proof. We show that L is qM. Let a € L, and suppose that (V) is a sequence of directed subsets of L such
thata v \/V,, = 1 for each n. Without loss of generality, we may assume that none of the sets V,, contains 0.

For each n, let f/\n be the subset of L ® M given by

—

Vi={x®l|xeV,}.

Then (I//;) is a sequence of directed subsets of L @ M such that, for each n,

(aeBl)v\/T/;:(aeal)v \/(x@l):(av\/vn)ealzlmm.

xeV,

Since L ® M is gM, for each n we can select some x, € V,, such that (\/neN (x, ® 1))* < (@®1). Now, note that
(Vean) =((V/m)e1) = (V) o1)v (Y x)o0)=(Vu) 1,
nelN neN nelN neN nelN
as a consequence of which the inequality in the previous sentence says
(\/xn)*EBlSaéel. (&9)
nelN

If (V,,enXn)" = 0, then, of course (V,enXn)" < a. If (V jen¥n)® # 0, we deduce from (3) that (\/ ,,enxn)* < a. It
follows therefore that L is qM. That M is also qM is shown similarly.

The proof of the rgM case is similar because if a is regular in L, then a @ 1 is regular in L & M since
@ol)*=a"®l=aol. O

4. Concerning spectra
Recall that an element p € L is called a point (or a prime) if it satisfies the property that
p<1l and (Vx,yel)xAy<p = x<pory<p).

We write Pt(L) for the set of points of L. A frame is spatial if it is isomorphic to Q(X) for some space X. This
is the case precisely when every element is a meet of primes.
We view the spectrum of L as the topological space

(PO, (Zs 1 a e L))
where, for eacha € L,

Lo =pePL)|a£p).

The map nr: L — Q(XL) given by n.(a) = L, is an onto homomorphism, and is the reflection map from L to
spatial frames.

The contravariant functors QO: Top — Frm and X: Frm — Top do not, in general, behave similarly
with regard to preserving or reflecting properties. We saw in the previous section that {3 preserves and
reflects both the gM and the rqM properties. We shall show that, subject to some condition on the meet of
primes, X reflects the rqM property. As mentioned in the Introduction, we propose to do this directly, using
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topological arguments because in the course of the proof some properties of the spectral topology come to
the fore. We will then show how the result can also be achieved via frame-theoretic arguments.

We start by describing the closure of an open set in the spectral topology. For any a € L, let us write X,
for the closed set XL \ X, so that

L, ={pePtl)|a<ph

Note that, in any frame L, if u < v, then X}, C ¥;. Let us write m; for the meet of all points of L. The
understanding is, of course, that m; = 1 if L has no points. We remark, in passing, that if L is spatial then
my = 0, but not conversely, as shown in [7, Example 3.2]. The following lemma characterizes when the
reflection map L — Q(ZL) is dense in terms of my.

Lemma 4.1. For any L, my, = 0 if and only if the homomorphism nr: L — Q(XZL) is dense.

Proof. To see the left-to-right implication, note first that if m; = 0, then the spectrum of L is nonempty. Now
consider any a € L with n.(a) = Oqer). Then Z, = 0, so that a is below every point of L, hence a = 0.

Conversely, suppose that 7r.: L — (XL) is dense. Then L has at least one point, else every element
of L would be mapped to the bottom of QQ(XL). Since my is below every point of L, X,,, = 0, which says
nL(mr) = Oqezr), which then implies m; = 0. O

Recall the Heyting implication — in any frame, given by
a—>b:\/{xeL|x/\qu}.

’
a—myp

Lemma 4.2. Let L be a frame with nonempty spectrum. Foranya € L, T, = T

Proof. Letp € ;. Thena £ p. Since

aN(@—-my)=aAm,<mp<p,
and since p is a point with a £ p, it follows thata — m; < p, so thatp € X/ _, . Therefore 2, C X/, , and
since X;_,,, is a closed set, it follows that Y, C X, . Now consider any closed set, say 2/, with X, C .
Then X, N X, = 0, that is X, = 0, which implies that a A b is below every point of L, and hencea A b < m;,
whence b < a — my, thence X/ - Z;. Therefore X/ is the smallest closed set containing X.,, which is

a—my, a—my,
exactly what we are to prove. [J

Corollary 4.3. If the meet of all points of L is 0, then T, = Y. foreverya € L.
Let us note that, for a dense homomorphism 4, if h(a) < h(b) with b regular, then a < b. This is so because
h(a Ab*) = h(a) A h(b") < h(b) A h(b") =0,

implying a A b* = 0 as h is dense, and hence a < b™ = b. Let us also note that, in any frame, ifa V b = 1, then
Z, C X
We shall use the notation that, forany A C L,

La=1{X,lac A}
Theorem 4.4. If the points of L meet at the bottom and LL is rqM, then L is rqM.

Proof. Letabe aregular elementin L, and suppose that (V,,) is a sequence of subsets of L such thatav\/V, =1
for every n. Then, for each n, I} € Ly, = ULy,. Therefore (Ly,) is a sequence of covers of the closed

set X by sets open in XL. Since m; = 0, we know from Corollary 4.3 that X/ = Zzw)* = Y,,and so X/ is a
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regular-closed subset of L. Since LL is rqM, there therefore exists, for each n, a finite U, C V,, such that
Y € U,enUZuy,. Putting u, = \/U,, this containment says

Z,’Z - UUZU” = Uzun = Z\/nENu" = ZE\/neNlln)”;

nelN nelN

the last equality in view of Corollary 4.3. Taking complements in XL, we have X, ) € Zs, which, in
terms of the homomorphism 7, says Nr.((\V ,entn)*) < n(a). Since 7y, is dense, by Lemma 4.1, and a is a
regular element, we therefore have (\/ ,«n#n)" < 4, and it follows that Lis rgM. O

Remark 4.5. The crucial part played by hypothesizing a to be regular should be noted. In consequence,
this same proof cannot be used to come to a similar conclusion for gM frames.

As mentioned above, the result in Theorem 4.4 can also be obtained differently by first establishing the
following proposition. Recall from [2] that a homomorphism # is called nearly open if h(a*) = h(a)* for every
a in the domain of h. It is known that & is nearly open if and only if h(a™) = h(a)" for every a. Therefore
nearly open homomorphisms send regular elements to regular elements. Honor to whom honor is due:
nearly open homomorphisms were first considered by Johnstone [12] under the appellation “weakly open”
homomorphisms.

Proposition 4.6. Ifh: L — M is a dense nearly open homomorphism and M is rqM, then L is rqM.

Proof. Let abe a regular element in L, and suppose that (V,,) is a sequence of directed subsets of L such that
aV \/V, = 1. Then h(a) is a regular element in M and (h[V,]) is a sequence of directed subsets of M such
that h(a) vV VVh[V,] = 1 for each n. Since M is rgM, for each n, there exists an element v, € V, such that

(\/,,E]Nh(vn))* < h(a). Using the fact that / is nearly open, we therefore have

(Vo)) =1V o) = (\/he) < b,

nelN nelN nelN

which implies (V,envs)* < a because a is regular and h is dense. It follows therefore that L is rgM. [

Now, by Corollary 4.1, n;.: L — Q(XL) is dense if and only if the points of L meet at the bottom. Also,
by Theorem 3.6, LL is rqM if and only if {)(XL) is rqM. Since dense onto homomorphisms are nearly open,
it therefore follows from Proposition 4.6 that if the points of L meet at the bottom and ZL is rqM, then L is
rgM.

Having observed that a nearly open homomorphism reflects the rgM property when it is dense, we
show that it preserves the rqM property when its right adjoint takes covers to covers. In fact, as the reader
will notice, the proof we give can easily be mimicked to show that it also preserves the gM property. Of
course the proof of Proposition 4.6 cannot be mimicked to establish the gM analogue of the result in that
proposition because the regularity of the element a (as in the case of Theorem 4.4) is used to conclude the
argument.

Proposition 4.7. Let h: L — M be a nearly open homomorphism whose right adjoint takes covers to covers. If L is
rgM (resp. qM), then M is also rqM (resp. qM).

Proof. We prove the rgM case. Let b be a regular element in M, and suppose that (W,,) is a sequence of
directed subsets of M such that b v \/W,, = 1 for each n. Then (h.[W,]) is a sequence of directed subsets of
L, and, for each n, h.(b) V \Vh.[W,] = 1 because h. takes covers to covers. Hence h.(b)"* vV \/h.[W,] = 1. Since

h.(b)™ is regular and L is rgM, for each n we can select an element w,, in W,, such that (\/HE]Nh*(wn))* < h.(b)™.
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Now, in light of the fact that each h(h.(w,)) < w,, we have

(V@) < (\/ @) = (n(\/hetawn)

neN neN neN
= h(( \/h*(wn))*) since & is nearly open
neN
< h(h.(b)")
= (h(h,‘(b))” since h is nearly open
< b
=D

It follows therefore that M is gM. [

5. Weakly Menger frames

We start by recalling the concept in spaces that we wish to import to frames. A topological space X
is called weakly Menger if for every sequence () of open covers of X, there exists, for each n, a finite
WU, € ¥y, such that | J,cnU%, is dense in X. These spaces are called “weakly Hurewicz” in [4]. Importing
this definition almost verbatim to frames, we formulate the following. Recall that an element a of a frame
Lis dense if a* = 0. This is equivalent to saying the open sublocale oy (a) is dense in L.

Definition 5.1. A frame L is weakly Menger (abbreviated wM) if for every sequence (%) of open coverings
of L, there exists, for each n, a finite 9, C %, such that \/{T | T € |J,,en%n} is a dense sublocale of L. We shall
say the sequence (Z,) is a weakly Menger witness (abbreviated wM-witness) for the sequence (%;,).

It is immediate from the definition that every Menger frame is wM. Also, by taking F to be the whole
frame in the definition of M frames, we see that every gM frame is WM. Using the bijections ¢ — C? and
C > ¢, and passing to sequences of directed coverings or covers, arguments similar to those of the proof
of [3, Proposition 2.7] yield the following characterizations.

Proposition 5.2. The following are equivalent for a frame L.

1. Lis wM.

2. For every sequence (6, of directed open coverings of L, there exists, for each n, some C,, € €, such that \/ ,e\Ca
is a dense sublocale of L.

3. For every sequence (Cy) of covers of L, there exists, for each n, a finite D,, C C,, such that \/D is a dense element
in L, where D = |J,,enDi-

4. For every sequence (Cy) of directed covers of L, there exists, for each n, some ¢, € C,, such that \/ ,enCy i5 a
dense element in L.

Since a cover of a subframe is a cover of the ambient frame, and since an element of the ambient frame
that also belongs to a subframe is dense in the subframe if it is dense in the frame, we have the following
corollary.

Corollary 5.3. A subframe of a WM frame is WM. Hence, a localic image of a WM frame is wM.

Recall that a frame is called almost compact if each of its covers has a finite subset the join of which is
a dense element. As another corollary of Proposition 5.2, one checks routinely that every almost compact
frame is wM.

The wM property for frames, as we have defined it, is conservative. To see this, observe that, as in
frames, a space X is WM if and only if for every sequence (%#;) of directed open covers of X, there exists, for
each n, a set V,, € %, such that NV is dense in X.
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Proposition 5.4. A space X is WM if and only if ()(X) is wM.

Proof. Suppose that X is WM and let (%) be a sequence of directed covers of 2(X). Viewed topologically,
each 4, is an open cover of X. So we can find, for each 1, some C, € %, such that | J,nC, is dense in X.
Frame-theoretically, this says \/,cnCr is a dense element in Q(X). Therefore ((X) is WM.

Conversely, suppose that 3(X) is WM, and let (7#;) be a sequence of directed open covers of X. Viewed
frame-theoretically, each 7, is a directed cover of the frame ()(X), so we can select, for each 1, some V,, € ¥,
such that \/,,c Vi is a dense element in QO(X). Topologically, this says | J,cnV» is dense in X. Therefore X is
wM. O

For comparison, let us recall from [3] that a frame L is called almost Menger (abbreviated aM) if for
every sequence (%) of open coverings of L, there exists, for each , a finite 9, C %, such that \/{5 | D €
UrenZn} = L. In this case, the sequence (%) is called an aM-witness for the sequence (%,). It is perhaps
not so immediate that every aM frame is WM. To prove this, we draw the attention of the reader to the fact
that a sublocale of any frame is dense if and only if it has non-void intersection with every non-void open
sublocale (see [9, Lemma 9.2]).

Proposition 5.5. Every aM frame is WM.

Proof. Let (6,) be a sequence of open coverings of an aM frame L, and let (%,) be an aM-witness for (%),

so that \/{D | D € UnenZn} = L. We argue that (2,) is a wM-witness for (4,). Suppose, by way of
contradiction, that \/{D | D € %} is not a dense sublocale of L. Then there exists a non-void open
sublocale U of L such that

o=un\/{piDe| Ja}=\/{unDIDe| J7)

nelN nelN

which implies U N D = O for every D € |J,cn%Z:. We know from [20, Lemma VIIIL 4.2.1] that an open
sublocale misses a sublocale if and only if it misses the closure of that sublocale, so

u:UmL:Um\/{Bme U.@n}=\/{u05|De U%}=O?
nelN nelN

yielding a contradiction. Therefore L is wM. [J

Remark 5.6. From the equivalence of statements (1) and (4) in Proposition 5.2, we have the following
“sublocale-free” reaffirmation of the fact that aM frames are wM. Let L be an aM frame, and let (C,) be a
sequence of directed covers of L. By [3, Corollary 3.7], there exists, for each 1, an element ¢, € C, such that
0 = A,entn, for some elements t, with ¢}, < ¢, for each n. Therefore

0<(\Ve) = Ae< A\tn=0,
neN neN neN
which implies that \/ ,en¢y is dense, and therefore L is wM.

Remark 5.7. Abbreviate by M the Menger property. We then have the non-reversible (already in spaces)
implications:

M = aM = wM and M = gM = wM.

In the case of Boolean frames all these implications are equivalences. To see this, observe that if L is Boolean
and WM, then it is Menger because the only dense element in a Boolean frame is the top.

We now present some characterizations of wM frames, which include localic versions of [18, Theorem
7]. To that end, let us introduce some terminology which is lifted verbatim from spaces.
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Definition 5.8. We say an open covering % of a frame L is a k-covering if L ¢ % and for every compact
sublocale K of L, there exists some U € % such that K C U.

Extending earlier usage, let us say a sequence (D,) of covers of L is a wM-witness for a sequence (C,) of
covers of L if each D, is a finite subset of C,, and \/{d | d € ,,cnDren} is a dense element of L.

Note that dense homomorphisms reflect density of elements. That is, if h: L — M is a dense homomor-
phism and a € L is such that h(a) is dense, then a is dense. For, if x Aa = 0, for any x € L, then h(x) A h(a) =0,
which implies h(x) = 0, whence x = 0, showing that a is dense.

Theorem 5.9. The following are equivalent for a frame L.

1. Lis wM.

2. L is wM.

3. Every sequence of k-coverings of L has wM-witness.

4. Whenever h: M — L is a dense homomorphism, then M is WM.

Proof. (1) & (2): If L is wM, then, being a subframe of L, L, is WM. Conversely, suppose that L, is wM, and
let (C,;) be a sequence of directed covers of L. For each n, let D,, = {x™ | x € C,;}. Then (D,,) is a sequence of
directed covers of L, so for each n there exists some ¢, € C,, such that \/,cn¢ is dense in L;. Therefore

(Ve =(Ve) =(Vea) =0

nelN nelN nelN

so that \/,,c, is a dense element in L. Therefore L is wM.

(1) © (3): It is immediate that (1) implies (3). Conversely, suppose that (3) holds, and let (¢,) be a
sequence of directed open coverings of L. If L € €, for some index nyg, then, choosing C,, = L and C, to
be any member of 4, for n # ny, we see that the sequence (%;) has a wM-witness. So we may assume that
L does not belong to any of the coverings %,. Let K be a compact sublocale of L. Since in the lattice S(L)
binary meets distribute over joins consisting of open sublocales, for any n we have

K=Kkn\/{CICe)=\/IKnCICe%),
and so, since K is compact, there is a positive integer k, and sublocales Cy, ..., Cy, in €, such that
K=KNC)V:---V(KNC)=KnN(CyV---VC),

so that K € C; V --- V Ci, and hence K is contained in some member of %, because the collection %, is
directed. Therefore (%) is a sequence of k-coverings of L, and hence has a wM-witness by hypothesis. In
all then, L is wM.

(1) © (4): Assume that L is WM, and let i: M — L be a dense homomorphism. Let (C,) be a sequence of
directed covers of M. Then (h[C,]) is a sequence of directed covers of L, and so, for each 11, we can select an
element c, € C, such that \/,h(c,) is a dense element in L. This says h(\/ ,ency) is dense, which therefore
makes VoG dense because h is dense. It follows there fore that M is wM.

Conversely, assume that the condition in (4) holds. Since the identical map id;: L — L is dense, L is
wM. 0O

Remark 5.10. Without the density condition, the implication (1) = (4) fails. Indeed, let X be any nonempty
topological space which is not WM, and consider any p € X. For the homomorphism &,: Q(X) — 2, induced

by the point X \ {p} of ()(X), the codomain of &, is WM whereas its domain is not.

Since any sublocale is a dense sublocale of its closure, the implication (1) = (4) in Theorem 5.9 gives us
the following result.

Corollary 5.11. Let L be a frame.
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(a) The closure of any WM sublocale of L is wM.
(b) If the smallest dense sublocale of L is WM, then L is wM.

There are frames which are WM precisely when their smallest dense sublocales are WM. In [1], Arietta
calls a frame infinitely extremally disconnected if (\/ ;c;ai)™ = \/;a:" for all families {a; | i € I} of elements of the
frame.

Proposition 5.12. An infinitely extremally disconnected frame is WM if and only if its smallest dense sublocale is
wM.

Proof. Only one implication needs to be proved. Suppose L is an infinitely extremally disconnected frame
which is WM. Denote the join in BL by | |. Let (C,) be a sequence of directed covers of BL. Then, for each n,

| ei=(\/c) =\ Ixech=\/txlxeci=\/cC,,

so that (C,) is a sequence of directed covers of L. Since L is WM, we can select, for each n, an element ¢, € C,,
such that \/ encCy is a dense in L. This implies

1= (V)" = o

neN nelN
showing that the latter is a dense element in BL. Therefore BL is wM. [

In general, we are able to characterize when the smallest dense sublocale is WM. Recall that a subset of
a frame is called a quasi-cover if its join is a dense element in the frame.

Theorem 5.13. The following are equivalent for a frame L.

1. BLis wM.
2. For every sequence (C,) of directed quasi-covers of L, we can select, for each n, an element c, € C,, such that
{cn | 1 € INY} is a quasi-cover of L.

Proof. Assume, first, that BL is wM, and let (C,;) be a sequence of directed quasi-covers of L. For each n, put
D, = {x* | x € C,}. As before, denote the join in BL by | |. Then, since \/C, is a dense element in L,

|_|Dn = (\/{x** | x € Cn})** > (\/{x | x € Cn})** =1

Thus, (D) is a sequence of directed covers of BL, so, by hypothesis, we can select, for each 1, some ¢, € C,,
such that | |,enc; = 1 because the only dense element in a Boolean frame is the top. Thus,

1= (Ve = (Ae) =(Aa) = (Ve
neN nelN neN nelN
which says V/,enen is a dense element in L. Therefore L is WM.

Conversely, suppose that L is wM, and let (C,,) be a sequence of directed covers of BL. Then (C,) is a
sequence of directed quasi-covers of L, so, by the present hypothesis, we can select, for each 1, some ¢, € C,
such that \/ ey is @ dense element in L. This certainly makes | |,n¢n the top element (hence a dense
element) in BL. Therefore BL is wM. [

Another corollary of the implication (1) = (4) in Theorem 5.9 is with regard to coproducts. It also gives
us a result in topological spaces.

Corollary 5.14. Let (L; | i € I) be a family of frames, and (X; | j € ]) a family of topological spaces.

(a) If the coproduct @,; Li is WM, then each L; is WM.
(b) If the product [];;X; is WM, then each X; is wM.
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Proof. (a) This follows from the fact that each coproduct injection is dense because it is one-one.
b)IfI] jeyXjis wM, then Q(H ]-ngj) is WM by Proposition 5.4. As shown in [20, Chapter IV, Section 5.4],
there is a dense (actually, dense onto) homomorphism

P ax) - Q(ij).

jel jel

Therefore @je ; Q(X;) is WM. So, by the first part, each Q)(X;) is WM, which implies that each X; is wM, by
Proposition 5.4 again. [

We have seen that a dense homomorphism reflects the wM property. We now identify some homo-
morphisms that preserve it. A homomorphism is called weakly perfect if its right adjoint preserves directed
covers. This is strictly weaker than requiring the homomorphism to be perfect, which is defined by requiring
that the right adjoint preserve all directed joins. Recall that a homomorphism is called skeletal if it maps
dense elements to dense elements. This term is borrowed from topology. Indeed, a continuous map is
skeletal precisely when f~'[-] sends dense open sets to dense (open) sets.

Proposition 5.15. Ifh: L — M is a weakly perfect skeletal homomorphism and L is WM, then M is wM.

Proof. Let (C,) be a sequence of directed covers of M. Since h is weakly perfect, (h.[C,]) is a sequence of
directed covers of L. Since L is weakly Menger, we can select, for each 1, some ¢, € C,, such that \/ ,enh.(c,)
is a dense element in L. Since & is skeletal, h(\/,cnh(cy)) is dense, that is, \/ ,onh(he(c,)) is dense, and so
V .enCn 18 dense because each ¢, is above h(h.(c,)). Therefore M iswM. O

As a corollary, we have the following result about binary coproducts. Recall that if L and M are frames,
then the coproduct injections

L i LeM il M

are open maps, which is to say they preserve meets and the Heyting implication. Furthermore, as shown
in [10, Lemma 2], if L is compact then (iy)., the right adjoint of iy, preserves directed joins. Note that a
nearly open map is skeletal.

Corollary 5.16. If L is compact and M is WM, then L & M is WM.

Proof. This follows from Proposition 5.15 because the injection ip;: M — L & M is nearly open (being open),
hence skeletal, and its right adjoint preserves directed joins, hence it is weakly perfect. [J

Let us apply Proposition 5.15 to topological spaces. As usual, by a filtered subset of a poset we mean a
down-directed one. Call a collection € of closed subsets of a topological space a co-cover if (€ = 0.

Corollary 5.17. Let f: X — Y be a skeletal closed continuous map whose induced direct-image map f[—] preserves
filtered co-covers. If Y is WM, then so is X. In particular, a skeletal perfect continuous map reflects the WM property.

Proof. In light of the fact that a topological space is WM if and only if its frame of open sets is WM, we need
only show that the homomorphism Q(f): Q(Y) — Q(X) is weakly perfect and skeletal. The latter holds
because f is skeletal. Let {U, | @ € A} be a directed cover of Q)(X). Then {X\ U, | @ € A} is a filtered co-cover
of X. Since f[-] preserves filtered co-covers, (e f[X \ Us] = 0. Recall that the right adjoint of Q(f) is
given by

QN(V)=Y N fIX\V]
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Now, in light of the fact that f is a closed map,

logn =Y =Y N0 =Y\ JfIX\ U]

a€eA
=Y [ IXN Ul = (Y N XN W) = \/ Q). (Ua),
acA acA acA

showing that Q(f) preserves directed covers. The rest follows from Proposition 5.15. [

Remark 5.18. Note that in the proof we have actually shown that, for a closed map f: X — Y, if f[-]
preserves filtered co-covers, then Q(f). preserves directed covers. The converse also holds, as can be seen
from the last displayed string of equalities in the proof.

We now give a criterion for a sublocale of a frame L to be WM in terms of collections of open sublocales
of L. Recall that if S is a sublocale of L, then joins in S(S) are exactly joins in S(L). We use the notation that
if S is a sublocale of L and % is a collection of sublocales of L, then

SNE={SNC|Ce%).

Recall that collections of open sublocales are distributive, meaning that if % is a collection of open
sublocales of L, then for any sublocale T of L,

Tﬂ\/{UIUe@/}:\/{TﬁUIUe@/}.

This is due to Isbell [11].

Theorem 5.19. The following are equivalent for a sublocale S of a frame L.
1. Sis wM.
2. For every sequence (%) of directed collections of open sublocales of L with S C \/ %, for every n, there exists,
for each n, some U, € %, suchthat S € SN\ ,enUn.

Proof. (1) = (2): We shall reserve the overline for the closure in L. Suppose that S is WM and (%) is a
sequence with each %, directed and consisting of open sublocales of L such that S € \/%, for each n. Since
%, consists entirely of open sublocales of L,

s:mV% :\/{SOUIUG%},

which then implies that (S N %,) is a sequence of directed open coverings of S. Since S is WM, we deduce
from Proposition 5.2 that there exists, for each n, some U, € %, such that \/, (S N U,) is a dense sublocale
of S. Therefore

s=ds(\/snuy)=sn\/snu)=snsn\/u,

nelN nelN nelN

showing that S € SNV ,enUs-

(2) = (1): Let (¢,) be a sequence of directed open coverings of S. Then, for each n, ¢, = S N %, for some
collection %, consisting of open sublocales of L with S C \/%;,. (Caution: %, is not necessarily directed).
For each n, put

¥, = {\/3? | # is a finite subset of %n},

and observe that (¥;) is a sequence of directed collections of open sublocales of L with S € /%, for each
n. Therefore, by the present hypothesis, there exists, for each 1, some V,, € #;, such that S € SNV n Vi
Now, for each n, there exists some k,, € N and elements P,(}), s, quk”) of %, such that

1 Ky
Vy=FPv...vE®,
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Since 6, = SN %,,

{snEY,....snEP c %,

and since %, is directed, there exists an element of %, which contains each of the sublocales S N Pff) for
i=1,...,k,. Thus, there exists some U, € %, such that

SAV,=SA(ED V- vERD) = (SAFP) v v (SN FR) c s U

Thus, putting C, = S N U, we have that C, is a sublocale of S belonging to ¢, such that

SQSnSm\/V,,=Sm\/(SmVn)gSm \/(Smun)=Sn\/Cn=cls<\/Cn)QS,

nelN nelN nelN nelN nelN

showing that \/,cnC is a dense sublocale of S. Therefore S is wM. O

This theorem gives us a sublocale-based verification of the assertion that the closure of a wM sublocale is
WM. Indeed, let S be a WM sublocale of a frame L, and suppose that (%) is a sequence of directed collections

of open sublocales of L such that Sc \ %, for each n. Then S C \/%,, and so, by the theorem, there exists,
for each n some U, € %, such that S € SN/, enUy,. Then, upon taking closures,

Sc Sm\/un csn \/un,
nelN nelN

which then shows that S is wM.
Corollary 5.20. The join of finitely many WM sublocales is WM.

Proof. Let Sq,..., Sk be finitely many wM sublocales of a frame L, and put S = S; vV --- V 5. Let (%,) be a
sequence of directed collections of open sublocales of L with S C \/%, for every n. For each i € {1,...,k},
S; € \V%,, and so, for each n, we can select U,(f) € %, such thatS; C S; N \/ne]NUS)- Since %, is directed, there
exists some U,, € %, such that Ui,l) VeV U,(qk) C U,, which then implies

Taking joins over all 7 yields the containment S € S N \/, Uy, whence we deduce that SiswM. O

The sublocales of a WM frame that inherit the property include the regular-closed ones, as we now
show. In the proof of Proposition 3.12 we observed that if a2 is a regular element of L, and we denote
pseudocomplements in ¢, (a) by (-)¥, then, for any x € ¢;(a), x* = x*. A consequence of this is that if x is
dense as an element of L, then x is also dense as an element of ¢, (a).

Proposition 5.21. A regular-closed sublocale of a WM frame is WM.

Proof. Let a be a regular element of a WM frame L. Let (C,) be a sequence of directed covers of ¢;(a). Then
(Cy) is also a sequence of directed covers of L, and so, for each n, we can select ¢, € C,, such that \/,,ncy is
dense in L. By what we observed above, \/ ,nCy is dense as an element of ¢ (a), and so it follows that ¢ (a)
iswM. O
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