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The MP Weak Group Inverse and its Application

Congcong Wang?, Xiaoji Liu?, Hongwei Jin?

#School of Mathematics and Physics, Guangxi Minzu University, Nanning 530006, China

Abstract. In this paper, we introduce a new generalized inverse, called MPWG inverse of a complex
square matrix. We investigate characterizations, representations, and properties for this new inverse.
Then, by using the core-EP decomposition, we discuss the relationships between MPWG inverse and other
generalized inverses. A variant of the successive matrix squaring computational iterative scheme is given
for calculating the MPWG inverse. The Cramer rule for the solution of a singular equation Ax = b is also

presented. Moreover, the MPWG inverse being used in solving appropriate systems of linear equations is
established. Finally, we analyze the MPWG binary relation.

1. Introduction

Throughout this paper, we denote the set of all mxn complex matrices by C"". For A € C™", the
symbols A", rank(A), N(A), and R(A) stand for the conjugate transpose, the rank, the null space and the
range space of A, respectively. Moreover, I, will refer to the nxn identity matrix. Let AcC™", the smallest
positive integer k for which rank(A¥) = rank(A*¥*1) is called the index of A and is denoted by Ind(A). Then
C™" represents all mXxn complex matrices sets with index k. P r represents the projector on the subspace
E along the subspace F. For A € C*", P, stands for the orthogonal projection onto R(A). The symbol
C9P represents the subset of C™" including orthogonal projectors (Hermitian idempotent matrices), i.e.,
COP = {A|AeC™", A2 = A = A"}. CM represents the subset of all nxn complex matrices sets with index 1.

Next, let’s review the definitions of some common generalized inverses.

For AeC™", the Moore-Penrose inverse A" of A is the unique matrix XeC™" satisfying the following
four Penrose equations [1]:

AXA =A, XAX =X, (AX)" = AX, (XA)* = XA.

The Moore-Penrose inverse can be used to represent orthogonal projectors P4 := AA" onto R(A) and
Qa = ATA onto R(A"), respectively. A matrix XeC"™" that satisfies the equality AXA = A is called an inner

inverse or {1}-inverse of A, and a matrix XeC™" that satisfies the equality XAX = X is called an outer
inverse or {2}-inverse of A.
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For AeC™" with rank(A) = r, and suppose T be a subspace of C" of dimension s<r, S be a subspace
of C" of dimension m —s.. According to the common terminology, X is a {2}-inverse of A with prescribed
range T and null space S if

XAX =X, RX)=T, N(X)=S.

If such X exists, X is unique and denoted by A(I?)s
The Drazin inverse is a kind of outer inverse defined for square matrices. For AcC™" and Ind(A) = k,
the Drazin inverse AP of A is the unique matrix XeC™" satisfying the following three equations [1]:

ARl x = A XAX = X, AX = XA.

In particular, if Ind(A) = 1, AP = A" is the group inverse of A.
For AeC™", the core inverse A® of A is the unique matrix XeC™" satisfying the conditions [2]:

AA® =P,,  R(A®)CR(A).

A® exists if and only if Ind(A) = 1.
For AeC™" and Ind(A) = k, the core-EP inverse A® of A is the unique matrix XeC™" satisfying the
following conditions [3]:
X =XAX, R(A" =R(X)=R(X.

Obviously, the core-EP inverse is an outer inverse of A. Recall that, by [4], the core-EP inverse can be
expressed as A® = AP AK(AR)F,

The weak group inverse is proposed by Wang and Chen [5] for square matrices of an arbitrary index as
an extension of the group inverse. For AcC™", the weak group inverse A¥ of A is the uniquely determined

matrix that satisfying:
AX*=X,  AX=A°A.

Notice that, by [5], we have AY = (A®)?A.

The BT-inverse of AcC™", denoted by A°, which was defined in [6] can be written by (AP4)" [6, 7].
The DMP-inverse of A€C;*", written by AP, was defined in [8] as the unique matrix XeC™" satisfying
XAX = X, XA = APA and A¥X = A*A*. Moreover, it was proved that APt = APAA?. Also, the dual DMP-
inverse of A was introduced in [8], namely A"P = ATAAP [8,9]. The CMP-inverse of AcC;*", written by AS*
was defined in [10] as the unique matrix XeC}*" satisfying XAX = X, AX = AAPAA" and XA = ATAAPA.
Moreover, it was proved that AT = ATAAPAAT [10, 11]. The (B, C)-inverse of AcC"™", denoted by A®©)
[12], is the unique matrix XeC™™ satisfying XAB = B,CAX = C,N(X) = N(C) and R(X) = R(B), where
B,CeC™™ [9,12].

Recently, two new generalized inverses have emerged by combining Moore-Penrose inverse and the
weak group inverse, which are the weak core inverse (WCI) A%" and the dual weak core inverse (d-WCI)
A™, respectively [13]. Precisely, the weak core inverse of A€C™" presents a unique solution to the matrix

system
X = XAX, AX = CA', XA = APC,

where C is the weak core part of A with C = AAYA. Notice that A%" = ATAAT, A" = ATAAY.

The main structure of this paper is as follows.

(1) In Section 2, some preliminaries are given.

(2) In Section 3, we introduce the MP weak group inverse(MPWG inverse) and give some representations
and characterizations.

(3) In Section 4, we discuss the relationships between the MPWG inverse and other generalized inverses
by the core-EP decomposition.

(4) In Section 5, we develop the SMS method for finding the MPWG inverse.

(5) In Section 6, the Cramer rule for the solution of a singular equation Ax = b is generalized.

(6) In Section 7, we give the application of the MPWG inverse in solving linear equations.

(7) Finally, in Section 8, we analyse the MPWG binary relation.
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2. Preliminaries

In this article, we will use the core-EP decomposition. First, let’s review it.

Wang gave the core-EP decomposition in the document [14]. Let AcC™" with Ind(A) =

Then, one has A = Ay + A;, where A1eCSM, A = 0, A1A; = AA; = 0.
Further, there exists an unitary matrix UeC™" such that

T S T S\, . _ [0 0},
A= u( )u A = U(o O)U,AZ—U(O N)u,

where TeCP*? is nonsingular; SECP*("P); NeC"-P*("P) ig nilpotent of index k, i.e., N¥ = 0.

Lemma 2.1. [5, 16-18] Let AGC;ZX” be asin (2.1). Then

T*A —T*ASN*
+ _ %
(1) A" = u((ln_p ~N'N)S*a N' = (I, - N*N)S*ASN*) u,

T 1 (Tk+1)—1T
D _ *
(2) AP = u( 0 Y
@ ac=ull O
=Yoo oY
. T A —T*A1SN° .
(4) A = u((P —Py)S'A N—(Py— PNQ)S*A15N°) u,
k+1\—1 +
(5) ADY = ( (T TNN)U,
T*AT*T
6) AP = w,
©) ( wp — N*N)S*A (Ii—p — N'N)S* AT~ kT)
c _ T*AT*TNN' .
7)A t t kTNt
Ly —N N)S*A (I = N'N)S*AT*TNN

where T = 2 TISN¥11, A = [TT* + S(I-p = N'N)S*11, a1 = [TT* + S(Py — Pn-)S]!
j=0

Lemma 2.2. [19] Let AECZX” be as in (2.1). Then
rank(A) = rank(A%)eN = 0.

In which case, we have

-1 -2 -1
A = u(TO TOS) u, A® = u(T 0) u-.

Lemma 2.3. [5,13,14,17] Let AECZX” beasin (2.1). Then
I, 0
t _ 14 *
(1) AA* = U(o NN+) r,
T*AT T*AS(I = N'N)
+ _ *
(2) ATA = u((ln,, “N'N)S'AT  (Io_p - N'N)S*aS(I - N*N) + NN Y

—1 —2
(3) AY = (AV)%A = u(TO i 5) u,

6087

k, rank(A¥) = p

@.1)
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-1 -2 t
(4) AT = ADAAT = U(T T“SNN )U*,

0 0
TA T*AT'S
tw _ At W —
(5) AW = ATAAT = U(an_p “N'N)S'A (I — N'N)S'AT'S
where A = [TT* + S(I,—, — N'N)S*] ™.

L,

Lemma 2.4. [5, 13] The following statements concerning A® are true.
(1) AY is an outer inverse of A,
(2) R(A®) = R(A),
(3) AVAMT = AK,
(5) AAY = AB for some matrix B,
(6) AY = AKZ for some matrix Z.
Lemma 2.5. [20] Let AeC™" with rank(A) = r>0. Then there exists a unitary matrix UeC™" such that

YK ZL) o, 2.2)

A:u(o 0

where X = diag(o11,,, 021, . . ., 01l,,) is the diagonal matrix of singular values of A, 01>02>. . .>0,>0, ri+12+. . +1¢ =
r, and KeC™", LeC™ " satisfy KK* + LL* = I,.

Lemma 2.6. [21, 22] Let AcC"™" be a matrix written as in (2.2). Then,

(1) the Moore—Penrose inverse of A is
Kzt 0
t _ *
A _U(L*Z‘l O)U’

(2) the core-EP inverse of A is

_ o [EK o),
A®—u( £ O)u.

3. Definition, characterizations and representations of the MPWG inverse

According to the Moore—Penrose inverse and the weak group inverse of A, we establish a new inverse
which is called the MP weak group inverse. Here we give the definition as follows.
Let AeC™". C is the weak core part of A. We consider the following system of equations:

XAX =X, AX = APC, XA = ATAYA? (3.1)
Theorem 3.1. Let AeC™" with Ind(A) = k. C is the weak core part of A. The system (3.1) is consistent and its
unique solution is the matrix X = ATAPC.

Proof. We will check that the matrix X = ATAPC satisfies the three equations in system (3.1).
By AAP = APA and CAPC = C, we can get
XAX (ATAPC)A(ATAPC) = ATAPCAATAP(AABA)
ATAPCAPC = ATAPC = X.
On the other hand,
AX = AATAPC=AATAPAA®A
AATAAPAYA = AAPAPA = APAAYA = APC.
From (6) in Lemma 2.4, A® = A*Z for some matrix Z, and because APA¥*! = AK, then XA = A'APCA =
ATAPAAYA? = ATAPAAFZA? = ATAKZA? = ATAYA2,
For the uniqueness, we assume that X; and X, are two solutions of the system (3.1). From AX; = APC =
AXy, X1A = ATAYA? = X5A, we have X; = (X14)X; = (X4)X; = Xp(AX;) = X,AX, = X,. The uniqueness
is proved. O
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Definition 3.2. Let AeC™" with Ind(A) = k. C is the weak core part of A. The MP weak group inverse (or, in short,
MPWG inverse) of A, denoted as AY¥WC, is defined to be the solution of the system (3.1).

Theorem 3.3. Let AcC™" with Ind(A) = k. Then
ATWE = ATAYA (3.2)

Proof. From (6) in Lemma 2.4, we have
APWE = ATAPC = ATAPAAYA = ATAPAAFZA = ATARZA = ATAYA. O

Example 3.4. Let

1 010
0101
A_0001'
00 0O

It is easy to check that Ind(A)=2. It can be obtained by calculation that the Moore-Penrose inverse, the Drazin inverse
and the WG inverse are

o = O
|
—_

1
0
0

o = O

At = , AP =

ONI— ONI-
b
=]
Il
o O = O
OO O
OO = O

1
0
0
0

S O O

0
0
0 0
0 0
the BT inverse, the core EP inverse, the DMP inverse and the CM

o

moerse are

T oo -

o
o

0 0 0 0

A° =

ON= O
b
<]
Il
SO O
o O

0
0 7
0

SO =
o o O
o O O

AD,‘I‘ _ AC,‘I‘ _
= , =

=l =Neli}
ONI= ONf=

SO O
[N o=}
SO O
ON—= O
OO R O
OO OO

Then we can get

AGtT = AtD

ON[—= ON|=

oo o
[N el )
SO O
o O oo
SO = O
SO = O

ATWG

ONl= RN ONI= O

ON— ON|—
OO = O
O ON|—

AT,WG

Through this example, we can see that is different from other common generalized inverses.

Theorem 3.5. Let AcC™" with Ind(A) = k. C is the weak core part of A. Then the following statements are
equivalent:

(1)X = AVWG = ATAYA,

(2)X = XAPC, XAF = AT Ak,

(3)ATAX = X, AX = AVA,

(4) XAk = ATAF, XAYA = X,

(5)X = XAPC,R(X) = R(ATA¥) and AX is idempotent,

(6)AX = APC,R(X)CR(A").
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Proof. That (1) implies all other items (2) — (6) can be checked directly.
(2)=(1). Since A® = A¥Z, it follows that

X = XAPC=XAPAAYA = XAPAA®A
XAKZA = ATA¥ZA = ATAYA.

(3)=(1). Tt is obvious that X = A*AX = A*AWA.
(4)=(1). From (6) in Lemma 2.4, and XA* = A*AF we have

X = XAYA = XAKZA = ATA*ZA = ATAVA.

(5)=(2). Since AX is idempotent, it follows that AX—(AX)? = (A—AXA)X = 0,s0 R(ATAF) = R(X)CN(A-
AXA). We can get that (A — AXA)ATAF = 0, i.e.,, A¥ = AXAF. Multiplying the last equality by At from the
left side, we get ATA* = ATAXAF.

Furthermore, from (I — ATA)ATAF = 0, we have R(X) = R(ATAF)CN(I — A*A). Then, (I - A*A)X =0, i.e.,
X = A'AX. Hence XAF = ATAXAF = AT Ak,

Finally, since R(I - ATA)CN((A¥)*A%)) = N(X), we have that X = ATAX. Hence XAF = ATAK,

(6)=(1). Let X = A"WC, clearly, from (3.1) we obtain AX = APC. On the other hand, from ATAATWG =
ATAATAYA = AYWC, we can get R(X)CR(ATA) = R(A).

In order to show that system (6) has a unique solution, assume that both X; and X, satisfy (6), that is
AX; = APC = AX>, R(X1)CR(A*) and R(X3)CR(A”), so we can get R(X; — X2)CR(A"). Since A(X; — X») = 0,
we obtain R(X; — X5)CN(A) = R(A*)*. Therefore, R(X7 — X2)S(R(A*)*)NR(A*) = 0. Thus, X; = X,. O

According to the decompositions of AT and A%, we can easily get the following two inferences.

Corollary 3.6. Let AcC™" be a matrix written as in (2.1). Then

(3.3)

. A (T-1 -2
A+,WG:A+A@AZU( A T*A(T'S + T7*SN) )LI*,

(In—p - QN)S’EA (In—p - QN)S*A(T&S + T_ZSN)
where A = [TT* + S(I,-, — N'N)S] ™.
Remark 3.7. Using the core-EP decomposition , we can get that

T 0

WAt —
AAA—U(O 0

Jur =

The expression AAY AT can not be considered as a new generalized inverse of A.
Corollary 3.8. Let AcC™" be a matrix written as in (2.2). Then

LWG _ 4t A A — atsa0N2 42 _ KL Y(ZK)"ZK KL YZK)YZL), .
AV = AAPA = AATY A = U(L*Z‘l(ZK)WZK Lx-izkypreL Y
Theorem 3.9. Let AcC™" with Ind(A) = k. Then

(1) ATWG = AT(AA®AY*A,

(2) ATWG — AT(A@))ZAZ — A+(A2)®A2,
(3) A+,WG — A+Ak(Ak+2)®A2,

(4) ATVG = AT(AZP )t A%,

Proof. From Theorem 3.8 and Theorem 3.9 in reference [5], we have AY = (AA®A)* = (A?)2A = (A?)®A =
AF(AR2Y® A = (A2P4)T A, so (1) — (4) are established. [J

In the following result, we give a new representation of the MPWG inverse as an outer inverse with
prescribed range and null space.
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Theorem 3.10. Let AcC™" with Ind(A) = k. Then

LWG _ 42
A _AR<A+Ak>,N(<Ak>*A2>'

Proof. By the definition, since A" satisfies the equation XAX = X, A"WC is an outer inverse of A. From
AMWG = ATAYA and AAYWE = AYA, we have

N(A"A)CN(ATAYA) = N(ATWO)IN(AATVE) = N(AYA).
On the other hand,
N(APA)CN(AAA) = N(A®A?)CN((A®)?A?%) = N(APA).

Therefore,
N(ATWC) = N(AYA) = N(A®A?).

Then, xeN(AY"C) if and only if A2xeN(A®) = N((A¥)*). Therefore, xeN(AY"C) if and only if xeN((A¥)*A?).
And we can get

R(ATA¥) = R(AWC AR CR(ATWC) = R(ATAYA) = R(ATAFZA)CR(ATA).

tWG _ 22
Therefore, A"™™ = Ap o varyary D

Theorem 3.11. Let AcC™" with Ind(A) = k. Then
(1) AAYWG is a projector onto the column space of A¥ along the null space of (A¥)*A2.
(2) AYWC A is a projector onto the column space of AT A¥ along the null space of (A¥)*A3.

A+,WG

Proof. Since, by definition, A"V is an outer inverse of A, we obtain that A and A"WC A are idempotents

and N(AAYWC) = N(AYWC) and R(ATWEA) = R(ATWO),

(1) It is obviously that R(A”) = R(A®AA¥)CR(AYA)CR(A%). Therefore, R(GAATC) = R(A®A) = R(AY) =
R(AF). On the other hand, N(AA"WG) = N(ATWC) = N((A¥)*A?).

(2) First, we are going to prove that N(A""WCA) = N((4¥)*A%) holds. In fact, xeN(A"WCA) if and only
if ASxeN(A®) = N((A¥)"). Therefore, xeN(A""WCA) if and only if xeN((A¥)*A3). Besides, R(A"WCA) =
R(APWG) = R(A*AD). O

Theorem 3.12. Let AcC™" with Ind(A) = k. Then A%WC is a (AT A¥, AY A)-inverse of A.
Proof. From Lemma 2.4 and Theorem 3.5 we can get
A‘I‘,WGAA‘I'Ak — ATA@AZA‘I’Ak — A‘I'A@Ak+1 — A‘I'Ak’

and
AYAAATVG = ATAZATAYA = APAAYA = AYA.

On the other hand, from Theorem 3.10 we have
R(AYWC) = R(ATAF), N(ATVC) = N(APA).
0
Corollary 3.13. Let AeC™" with Ind(A) = k. For I>k,
AYWG = At Al(AI2) A2, (3.4)

Proof. According to [15, Theorem 2.1], it follows A” = Al(AF)TA. By the corresponding Theorem 3.3, we
get the equality (3.4). O
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Corollary 3.14. Let AcC™" with Ind(A) = k. Then
A'I*,WG — A+Ak((Ak)*Ak+2)+(Ak)*A2.

Proof. Using AYWC = Ag()Amk) Ny azy We obtain on the basis of the Urquhart formula [23, 24],

A‘l‘,WG — A‘l'Ak((Ak)*AZAA'I'Ak)‘I'(Ak)*AZ — A‘I'Ak((Ak)*Ak+2)‘l'(Ak)*A2.
|

Theorem 3.15. Let A€C™" be arbitrary square matrix. For P = [ — AAYWC and Q = I — AYWCA, the matrix
expressions A + P and A — P are nonsingular. Furthermore,

AYWE = (1 - Q)(A+P)"1(I - P).
Proof. Let A be represented as in (2.1), Then

I, T'S+ T‘ZSN) o

_ P _ AaAtWG _
I,-P=AA U(O 0

I, -Q=A"CA= u(([ﬂ_p _Tziﬁzi)sm"_r (Inp —T]:ﬁ](\?);{(;si\] T:TSI\ZISJF] ;)2SN2)) .
Since 1 5
PoU (8 —(T 51; pT SN)) u,
we have

—(7-1 -2
Aipzu(T SFT'S+T SN))U*_

0 N#I,,
Notice that T and N=+I are invertible, we deduce that A + P and A — P are invertible and

- T' —TYSF(T'S+ T2SN))(N+l,_,)!
1 _ n—p %
(A+P)™ = U( 0 (N2L,_) T u.
Therefore,
(I- QAP (I~ P)
-u T*A T*A(T™1S + T72SN) U
B (In—p - QN)S*A (In—p - QN)S*A(T_ls + T_ZSN)
— A‘I‘,WG'
O
1010
. . 01 0 1f. . .
Example 3.16. Consider matrix A = 00 o0 1/™ Example 3.4. Since Ind(A)=2, one can verify
0000

A‘I‘,WG — A‘fA@A — A+A2(A4)1‘A2 — A‘I'AZ((AZ)*A4)‘I'(A2)*A2 —

ON|—= ON|—=
OO = O

ON—= ON|—=
ON|= RN

Further calculation gives
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101 1) (00 -1 -1
010 1| [0 0o 0o -1
T _ AAtWG _ 1 _ -
P=I-AA""=I-10 0 0 0o|=lo 0 1 ol
o000 0o 0o 1
QZI_AJF'WGAZI_l()llZ_lO -1
2 2 2 2 22
000 0 0 0 0 1
Since
100 -1
010 0
A+P=15 0 1 1]
000 1
it follows that
100 1
010 0
_1_
A+P)" =15 o 1 1|
000 1
Therefore,
103 Hyro0o0 1011
010 1flo 1 0 oflo 1 0 1
_ ~107 _ —
T=QU+PU=P) =11 o 1 1/lo0 0 1 -1fl0 0 0 0
000 0Moo 1loooo
1 1 1
5163
_ _ ATWG
‘loll‘A .
2 2 2
000 0

Similarly, A¥WC = (I — Q)(A — P)"\(I — P) can also be checked.

4. Relationship with other generalized inverses

In this chapter, we discuss the equivalence between the MPWG inverse and other known generalized
inverses by using the core-EP decomposition. And in this section, we remember

G G
+ WG _ 1 2 *
A _u(G3 G4)u,

where Gy = T*a, Gy = T'A(T-'S + T2SN), G = (I,_, — N'N)S*A, Gy = (I, — N'N)S*A(T-S + T25N),
A =[TT +S(I,_, - N*N)S'] .

Theorem 4.1. Let AeC™" be a matrix with Ind(A) = k written as in (2.1). Then
)AMWE=AeT*=1,S=0and N =0.
(2) APWC = A* & TT* =1,,S=0and N = 0.
(3) APW6 =P, & AeCOP.
(4) AW =Qu & T=1I,and N = 0.
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Proof. (1)
G G T S
+WG _ 1 21 _
we=aslé &)-6 )
oT'a=T,S=SN'N, T(T'S+ T2SN)=Sand 0 =N
©T*=1, S=0andN =0.
2)
G G T 0
WG _ gx rob2)
AT =Ae (G3 G4) = (s* N*)
eT'a=T, T(T'S+T25N) =0,
(Ii-p —N'N)S*A = S and S(T™'S + T"2SN) = N*
ea=] T!'S+T2N=0,SN'N=0, N=0
&TT =1, S=0and N =0.
3)
A‘l‘,WG — PA<:>A1',WG — AA‘l‘
oG G\ _ (L, 0
Gs G4 |0 NN?
eTr'a=1, T'S+T 2SN =0, (I-,—~ N'N)S'a=0and 0 = NN*
©T =1, S=0and N = 0.
Then from [19], we know that it is equivalent to ACS”.
4)
A‘l‘,WG — QA<:>A+,WG — A‘l'A

G Gy _
=( &)
T*AT T*AS — T*'ASNTN
(I, = N'N)S'AT  N*N + (I,_, = N*N)S*aS(I,, — N*N)

T =1I,and N = 0.
O

Theorem 4.2. Let AcC™" be a matrix with Ind(A) = k written as in (2.1). Then
(1) AYWE = APt & S = SN'N, (TS + SN)(I — NN*') = 0 and SN® = 0.

(2) AYWG = AYD & SN2 = 0.

(3) AYWG = ACY & SNB® = 0and (TS + SN)(I - NN*) = 0.

(4) AYWG = A%t & S =SN*Nand S + T"'SN — SNN*t = 0.

(5) ATWE = AW & SN = 0.

(6) ATWCA=ATA e N=0.

Proof. (1)
G G T-1 (THH)-ITNN?
WG _ sDj* 1 G2} _
AT=4 @(Ge, G4) (0 0
oT'A=T", S=SN'Nand T2S + TSN = (T**))'TNN'
&S =SN'N, (TS + SN)I - NN') = 0 and SN° = 0.



C. Wang et al. / Filomat 36:18 (2022), 6085-6102 6095

()

ATWG _ AtD o G G| _ A T*AT-*T N
Gs Gi) “\(L, ~N'N)S'a (I, - N'N)S'aT-+T
ST 'S+ T2SN =TT
©SN? = 0.
3)
APWG — ACt e G G| _ T A T*AT"‘TNN*~
Gs Gi)  \(I, ~N'N)S'a (I, - N'N)S'AT-*TNN*

&T 'S+ T2SN = T*TNN'
©SN® = 0and (TS + SN)(I - NNt = 0.

(4)

G G T-1 T-2SNNt
T WG _ pw, T 1 2| _
ave=ata(d g)=( O
&S =SN'N and TS + T3SN = T2SNN*

&S =SN'Nand S+ T7'SN - SNNt = 0.
(5)

APWG Aty G G| _ T A T*ATS
Gz Gy (In—p — NTN)S*A (In—p — NTN)S*AT-!S
oT 1S+ T2N =TS
<SN =0.

(6)

T*AT T*A(S + T-1SN + T-25N?)
TWG A _ gt —
ArTTA=AAe ((Inp “N'N)S'AT (I — N'N)S*A(S + T-'SN + T25N2)| =
T*AT T*AS(I - N'N)
(Lip = N'NYS'AT  (I,_, — N*N)S AS(I = N'N) + N'N
P p

&S+ TSN + T™2SN? = S(I - N'N) and
(Ii-p = N'N)S*A(S + TT'SN + T™2SN?) = (I, — N'N)S'a(I - N'N) + N'N
&T'SN + T25N?* = -SN'N,N'N =0
N =0.
O
Remark 4.3. When A is an EP matrix, we have
A‘f,WG:AT:A#:A®:A@=A®:AO_

Theorem 4.4. Let AcC™" with Ind(A) = k. Then the following statements are equivalent:
(1) AYWG = AP,
(2) AATWG = ATWG 4
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Proof. Simple computations show that
G G T-1 (Tk+1)71T
tWG _ AD 1 G2 _
AT =4 ‘:’(Gs 64)‘(0 0
oT'A=T7", T'A(T'S + T2SN) = (T**') 'Tand S = SN'N
©SN* =0and S = SN'N,

and

0 0
T*AT T*A(S + T7'SN + T72SN?)
(Iip — N'N)S*AT  (I,—p, — N'N)S*A(S + T™'SN + T~2SN?)
©S=SN'"Nand T7'S + T2SN = T™1(S + T"'SN + T™25N?)
©SN? =0, and S = SN'N.

AATWG _ ATWG 4 s (Ip T-15 + T—ZSN) _

Therefore, (1) and (2) are equivalent. [J

Theorem 4.5. Let AcC™" with Ind(A) = k. Then the following statements are equivalent:
(1) AeCEP.

(2) AATIVG = AAT,

(3) AATIWG = ATA,

(4) ATWCA = AAT.

Proof. We already know that A€CE? is equivalent to S = 0 and N = 0.
()

0 0 ~“{o NNt
T 'S+ T2SN=0,NN"=0
&S =0and N =0.

AATNG _ 4 A+@(IP T15+T2SN)_(I,, 0 )

)

AAMNG _ 4t g (T TS+ TSN\ _
0 0
T*AT T*AS(Iy-p — N'N)
Iy = N*TN)S*AT  (I—, — N'N)S*2S(I,—, — N'N) + NN
©S=SN'N, N'N=0and T'S+ T2SN = T"'S(I- N'N)

©S=0and N =0.
4)

WG s e T'AT T'A(S + T-'SN + T2SN?) _
ATTA=AN S ((1,,_,, “NIN)S'AT  (Ip - N'N)S'A(S + T-ISN + T-25N2)| =
b 0
0 NN

©S=SN'N, NN" =0and T"'(S+ T'SN + T2SN?) =0
S =0and N =0.

Therefore, the above conditions are equivalent. [J
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5. Successive matrix squaring algorithm for the MPWG inverse

In this section, we give successive matrix squaring algorithms for computing the MPWG inverse. The
development of the SMS iterations start from the transformations.
Since

(AF2)T A2(AATIG) = (AR2YE AB AT AR(ARF2)T A2 = (ARH2)EARR2( AR A2 = (ARH2)1A2)
we have
APWG = ATWG _ g((AR*2)F AZAATWG _ (AR2)TAZ) = (1 — BAF*2)T AB)ATWE 4 B(AR2)t A2,
Observe the following matrices
P=1-BA2)TA3, Q= BAM2)TA2, B > 0.

It is obvious that A""¢ is the unique solution of X = PX + Q. Then an iterative procedure for computing
the MPWG inverse A""C can be defined as follows

X1=0Q, Xu+1 =PX, +0Q. (5.1)
This algorithm can be implemented in parallel by considering the block matrix

T = (g (12) and T" = (%m Z?Z)} PiQ).

The top right block of T™ is X,,, the mth approximation to A""WC. The matrix power T" can be computed by
the successive squaring, i.e.
TO = T/ Ti+1 = Tizl l = 0/ 1/-"/]/

where the integer j is such that 2/>m.
The following theorem gives the sufficient condition for the convergence of the iterative process (5.1).

Theorem 5.1. Let AcC™" with Ind(A) = k and rank(A¥) = r.Then the approximation

2m-1
Xom = Z (I _ ‘B(Ak+2)1'A3)iﬁ(Ak+2)1'A2, (52)

i=0

defined by the iterative process (5.1) converges to the MPWG inverse A"WC if the spectral radius p(I — X1A)<1.
Moreover, the following error estimation holds:

JAPYE — XouIIIT = X1 4)']].
As a result,

lim sup 2" VI|ATWG — Xou||<p(I — X1 A).

m—oo

Proof. We know that
A‘l‘,WGAA‘I',WG — A‘I',WG, szAA‘l',WG — sz'

By the mathematical induction, we can get
I—XmA = (I- XA,
Therefore,
AW — X = APME — Xau AATWE)
= (I = Xon AT
<IATYENT = Xan Al
= 1ATYENNT - X471,
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and

lim sup® VIIAPWG = Xoull < lim sup® VIAPVENIT - X A)|
m—-eo m—oo
p(I — X, A).

1
In the last equality, we use the fact that lim |[B"||» = p(B) for any square matrix B.
m—o0
If B is a real parameter such that, where {ngx |1 - ﬁ)\,-‘ <1,A(i=1,2,..,s) are the nonzero eigenvalues of
<i<s

(A¥2)F A2, Then
p(I = X1 A) = p(I - BA?) A%)<1.

It completes the proof. [

Example 5.2. Consider the following matrix [10]:

2 0 0
A=|0 0 0],Ind(A)=2.
010

Let
P=1-pAYH A%, Q=pAY A% B=08.
The eigenvalues A; of QA are included in the set {0,0,0.4}. The nonzero eigenvalues A; satisfy

max|1—A|=1-04=06<1.
1

Then we obtain the satisfactory approximation for A¥WC after the 6th iteration of the successive matrix squaring
algorithm.

0.0000 0 0 05000 0 0
0 1.0000 0 0 0 0
(12| O 0 1.0000 0 0 0
0 0 0 1.0000 O 0
0 0 0 0 10000 O
0 0 0 0 0  1.0000

The upper right corner of (T?)® is an approximation of the MPWG inverse

0.5000 0 0
APWG = 0 0 o |.
0 0 0

6. The Cramer rule for the solution of a singular equation Ax =b
We study the relationship between the MPWG inverse A""¢ and an invertible bordered matrix.
Theorem 6.1. Let AcC™" with Ind(A) = k. Let UeC™" and V*eC™" having full column rank such that

R(ATAR) = N(V), N((A")*A%) = R(U).
A U
)

Py ( APWG (I _AT,WGA)V+ )

Then the bordered matrix

is nonsingular and

U+(I _ AA+,WG) —qu(A _ AA+,WGA)V+ (6.1)
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Proof. Since R(A*"C) = R(ATAF) = N(V), we obtain VA"WC = 0. By
R(I - AA™YC) = N(AA™C) = N(A"VC) = N((A¥)'A%) = R(U) = R(UUTY),

we can obtain
uu'(r - AA™e) = (1- AAYWC),

Let

y AT,WG (I _ AT,WGA)V'r )

“\uta - AATWG)  —UT(A - AATWGAVT
we have

xy = [AAYYE+UUNI - AAYNG) A(L- APWCAVT — UUYA - AA*WGA)V*)

VAWG V(I _ A+,WGA)V+

AATWE 4 (I— AATWE) Al - AV AV — UL (I - AATWE) AV
VA+'WG VV+ _ VA+,WGAv+

I, A(I-AMWCA)WV — (I— AATWG)AVH

|
|

- ( vvt-0
|

=

o~

0
Iy

In an analogous way, it is possible to verify that YX = I. Thus, X is nonsingularand X! =Y. O

n+r-

Using the relationship between the MPWG inverse and a nonsingular bordered matrix, we give the
Cramer rule for solving a singular linear equation Ax = B. A(ij—b;) denotes the matrix obtained by
replacing ith column of A with bj, where b; is the jth column of B.

Theorem 6.2. Let A, BEC™" and Ind(A) = k. If R(B)CR(AX), then the restricted matrix equation
AX = B, R(X)CR(AtAF) (6.2)
has unique solution X = A"WCB.

Proof. 1f R(B)CR(AF), then AA™WCB = Py 4B = B. Clearly, X = A""CB is a solution of (6.2). X = A""°B
also satisfies the restricted condition because R(X)CR(A""¢) = R(ATA¥). Finally, we show the uniqueness
of X. If X; also satisfies (6.2), we can get R(X;)SR(AtA¥), then

X = AYWOB = AMWCAX, = Praian Xy = Xi.
0
Theorem 6.3. Let A,BeC™" and Ind(A) = k. Let UeC™" and V*eC™" having full column rank such that

R(A*AF) = N(V), N((A¥)*A?) = R(U). If R(B)SR(AF), then the unique solution X = AYWCB of the singular linear
equation (6.2) is given by

Ali>b) U
det(V(i—)()]) 0)

ot (A U)

Xij = ,i=1,2,.n,j=1,2,.n (6.3)

vV 0
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Proof. Since X = A"WCBeR(AAF) = N(V) and BER(A¥) = AR(ATAF), we have
VX =0, (I-AA"W6)B=0. (6.4)

It follows from (6.4) that the solution of AX = B satisfies

(-

By Theorem 6.1, the coefficient matrix of (6.5) is nonsingular. Using (6.1) and (6.4), we obtain

X B A+,WG (I _ A+,WGA)V+ B A+,WGB
0) = \ut(I - AAYWE)  —Ut(A — AATWG AV 0 0o )

Thus X = A"WCB and (6.3) follows from the classical Cramer rule [1, Chapter 3]. [

7. Applications
We need to apply the MPWG inverse to solve the appropriate linear equations.
Theorem 7.1. Let AcC™" and Ind(A) = k, the equation
(AF2) A3y = (AM2) A%, beC”, (7.1)
is consistent and its general solution is
x = A"WCh 4 (1 - AYVCA)y, (7.2)
for arbitrary yeC".

Proof. Suppose that x has the form (7.2). Applying A""¢ = ATAK(AM2)T A%, we have
(Ak+2)x-A3A‘|',WG — (Ak+2)*A3A‘I'Ak(Ak+2)‘I'A2 — (Ak+2)*Ak+2(Ak+2)+A2
— (Ak+2)*A2.
Therefore (AF2)*ASATWCh = (AF+2)* A2b, which implies that (7.1) holds for x.
For a solution x to (7.1), we obtain
A‘l‘,WGb — A‘I'Ak(Ak+2)+A2b — A‘l'Ak(Ak+2)‘l'((Ak+2)+)*(Ak+2)*A2b — A+’WGAX.
Now, we get
x=AMWOp 4 x — ATWCAx = AVWCh 4 (1 - ATWCA)x.

i.e., x possesses the form (7.2). O

8. The MPWG binary relation

In this section, we first give the definition of the MPWG relation: A< Bifand only if APWGA = AYWCB
and AAYWE = BAYWC where A and B are square matrices of the same size.

Naturally, we will consider whether this binary relationship can become a partial order. The answer to
this question is No. A binary relation is called a partial order if it is reflexive, transitive, and anti-symmetric
on a non-empty set. Next, we give a concrete example to prove that this relationship is not satisfied
antisymmetry.
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Example 8.1. Consider the matrices

100 1 100 1

000 0 0010

A=10 0 0 ol'B=lo 0 0 o

000 0 000 0

Since

05 0 0 05

+,WG_+,WG_OOOO

AT =BTT=1 0 000 0

05 0 0 05

WG WG
APWCA = AVWEB AATWE = BAYWG gnd BYWGB = BPWC A, BBYWG = ABYWC, Clearly, A'< Band B '< A hold,
but A#B. The MPWG relation can not become a partial order.

9. Conclusion

In this paper, the definition, representations and characterizations of the MPWG inverse are given. The
equivalence conditions between various famous generalized inverses and the MPWG inverse are proved.
For Cramer rule and SMS iterative algorithm, we also give relevant theorems. Moreover, the MPWG inverse
can be applied to solving equations. We believe that the research on MPWG inverse will be popularized in
the near future.

Some perspectives for further researches can be described as follows:

1. Our further goal is to study more properties and characteristics of MPWG inverse.

2. In addition, we can further extend MPWG inverse to tensors.
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