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Abstract. The aim of this work is to prove the existence and uniqueness of the Drazin inverse and the
DMP inverses of a bounded finite potent endomorphism. In particular, we give the main properties of
these generalized inverses, we offer their relationships with the adjoint operator, we study their spectrum,
we compute the respective traces and determinants and we relate the Drazin inverse of a bounded finite
potent operator with classical definitions of this generalized inverse. Moreover, different properties of the
Moore-Penrose inverse of a bounded operator are studied.
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1. Introduction

For an arbitrary (n X n)-matrix A with entries in the complex numbers, the index of A, i(4) > 0, is the
smallest integer such that rk(A‘) = rk(AIW*1).

In 1958, M. P. Drazin in [10] showed the existence of a unique (1 X 1) complex matrix AP, called the
Drazin inverse, satisfying the equations:

o A1AD = A" for r = i(A);
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o APAADP = AD;
o APA = AAP.

When i(A) < 1, it is known that the Drazin inverse AP coincides with the group inverse A*.
Moreover, given again A € Mat,x,(C) with i(A) = r, in [15] S. B. Malik and N. Thome showed the
existence of a unique matrix A" € Mat,«,(C) satisfying the equations:

° ArAd,'l‘ — ArA+'
° Ad,+AAd,+ — Ad,+.
o AYTA = APA;

A" being the Moore-Penrose inverse of A.

At is called the Drazin-Moore-Penrose (DMP) inverse of A and its explicit expression is APAAT.
Moreover, if A has index 1, the matrix A% coincides with the core inverse of A offered by O. M. Baksalary
and G. Trenkler in [2].

Furthermore, the dual Drazin-Moore-Penrose (ADMP) of A is denoted by A and its explicit expression
is ATAAP. One has that A" € Mat,x,,(C) is the unique matrix satisfying the conditions:

° A'r,dAr — A+Arl.
° AtdAAtd — Af,d.
o AAY = AAP.

On the other hand, the notion of finite potent endomorphism on an arbitrary vector space was introduced
by J. Tate in [26] as a basic tool for his elegant definition of Abstract Residues.

During the last decade, the theory of finite potent endomorphisms have been applied to studying
different topics related to Algebra, Arithmetic and Algebraic Geometry. Thus, A. Yekutieli in [27] and O.
Braunling in [3] and [4] have addressed problems of arithmetic symbols by using properties of finite potent
endomorphism; C. P. Debry in [9] and L. Taelman in [25] have offered results about Drinfeld modules from
these linear operators; and V. Cabezas Sdnchez and F. Pablos Romo have given explicit solutions of infinite
linear systems from reflexive generalized inverses of finite potent endomorphisms in [5]. Moreover, the
author of this work has extended to finite potent endomorphisms the notions of Drazin inverse, group
inverse and DMP inverses in [18], [20] and [22] and, recently, has studied the properties of bounded finite
potent operators on Hilbert spaces in [19]. As far as we know, this last paper is the first approach for
studying finite potent endomorphisms from the point of view of the Functional Analysis that has appeared
in the literature.

The aim of this work is to prove the existence and uniqueness of the Drazin inverse and the DMP
inverses of a bounded finite potent endomorphism. In particular, we give the main properties of these
generalized inverses, we study their relationships with the adjoint operator, we show that their spectrum
coincides and we compute the respective traces and determinants. Moreover, different properties of the
Moore-Penrose inverse of a bounded operator are offered.

The paper is organized as follows. In section 2 we recall basic definitions of Functional Analysis (inner
product spaces, Hilbert spaces, bounded operators, orthogonality and the adjoint of a bounded linear map)
and we provide a summary of statements of the articles [1], [6], [17], [19], [22] and [26].

For the sake of completeness, Section 3 is devoted to offer different properties of the Moore-Penrose
inverse of a bounded linear map between two Hilbert spaces. Most of the given properties are well known
to specialists and we provide new proofs of them.

The purpose of Section 4 is to study the Drazin inverse of a bounded finite potent endomorphism on
a Hilbert space. Indeed, we show that the Drazin inverse of a bounded finite potent endomorphism is
also a bounded finite potent operator, we analyze the Drazin inverse of the adjoint of these operators, we
compute their spectrum, trace and determinant and we relate the Drazin inverse of a bounded finite potent
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operator with the classical definitions of the Drazin inverse for bounded operators on Banach spaces given
in [7], [12] and [13]. Moreover, in this section the main properties of the group inverse of a bounded finite
potent operator are offered.

Section 5 deals with the main properties of the Drazin-Moore-Penrose inverses of a bounded finite
potent operator on Hilbert spaces. Thus, we prove their existence and uniqueness as bounded finite potent
linear maps, we characterize their adjoint operator and we calculate the corresponding spectrum, trace and
determinant.

Accordingly, Proposition 5.8 shows that

Trg( (") = Trge (™) = Trge(¢P)

and
dety(Id + ) = dety(Id + @) = dety (Id + ¢P),

where @ is a bounded finite potent operator with closed Im ¢ on a Hilbert space H, ¢ is the Drazin inverse
of ¢ and %" and @' are the DMP inverses of ¢.

Finally, we translate to finite square complex matrices the results offered in this section for the DMP
inverses.

2. Preliminaries

2.1. Finite Potent Endomorphisms

Let k be an arbitrary field and let V be a k-vector space. Let us now consider an endomorphism ¢ of V.
We say that ¢ is “finite potent” if "V is finite dimensional for some n. This definition was introduced by
J. Tate in [26] as a basic tool for his elegant definition of Abstract Residues.

In 2007, M. Argerami, F. Szechtman and R. Tifenbach showed in [1] that an endomorphism ¢ is finite
potent if and only if V admits a g-invariant decomposition V' = U, & W,, such that ¢, is nilpotent, W, is
finite dimensional and ¢y, : W, — W,, is an isomorphism.

Indeed, if k[x] is the algebra of polynomials in the variable x with coefficients in k, we may view V as an
k[x]-module via ¢, and the explicit definition of the above g-invariant subspaces of V is:

e U, = {v € V such that ¢"(v) = 0 for some m };

{v € V such that p(¢)(v) = 0 for some p(x) € k[x]}
o ) = .

relatively prime to x

Note that if the annihilator polynomial of ¢ is x™ - p(x) with (x,p(x)) = 1, then U, = Ker¢™ and
W, = Ker p(p).

Hence, this decompositionis unique. We shall call this decomposition the ¢p-invariant AST-decomposition
of V.

Basic examples of finite potent endomorphisms are all endomorphisms of a finite-dimensional vector
spaces and finite rank or nilpotent endomorphisms of infinite-dimensional vector spaces.

For a finite potent endomorphism ¢, a trace Try(¢) € k may be defined as

Try (@) = Trw, (@1, ) - (1)
This trace has the following properties:

1. if V is finite dimensional, then Try(¢) is the ordinary trace;
2. if W is a subspace of V such that oW C W then

Try (@) = Trw(p) + Tryvyw(p);
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3. if ¢ is nilpotent, then Try(¢) = 0.

Usually, Try is named “Tate’s trace”.
Moreover, D. Hernandez Serrano and the author of this paper have offered in [11] a definition of a
determinant for finite potent endomorphisms satisfying the following properties:

e if V is finite dimensional, then dety(Id + @) is the ordinary determinant;

e if W is a subspace of V such that oW C W, then

dety(Id + @) = detw(Id + @) - dety;w(d + ¢@);

e if ¢ is nilpotent, then dety(Id + ¢) = 1.

It is known that
dety(Id + ¢) = dety,(Id + (p|w¢). (2)

For details readers are referred to [11], [23], [24] and [26].

2.2. Drazin inverse of Finite Potent Endomorphisms

Let V be an arbitrary k-vector space and let ¢ € Endi(V) be a finite potent endomorphism of V. Let us
consider the AST-decomposition V = U, ® W,, induced by ¢.

We shall call “index of ¢”, i(¢), to the nilpotent order of ¢y, , which coincides with the smaller n € N
such that Im ¢" = W,,. One has that i(p) = 0 if and only if V is a finite-dimensional vector space and
@ is an automorphism and, bearing in mind the well-known equivalence between square matrices and
endomorphisms of finite-dimensional vector spaces, when V is finite-dimensional and ¢ = A, it follows
from [22, Lemma 3.2] that i(¢) coincides with the index i(A) referred to in Section 1.

For each finite potent endomorphism ¢ € End(V), it follows from [22, Theorem 3.4] that there exists a
unique finite potent endomorphism ¢ € Endy(V) which satisfies that:

1. (pr+1 ° (PD — (Pr’.
2. pP ool = ¢P;
3. ¢pPop=po¢”,

where r is the index of .

2.3. CN Decomposition of a Finite Potent Endomorphism

Let V' be again an arbitrary k-vector space. Given a finite potent endomorphism ¢ € Endy(V), there exists
a unique decomposition ¢ = ¢, + @,, where ¢,, ¢, € Endx(V) are finite potent endomorphisms satisfying
that:

o i(p)<1;

e ¢, is nilpotent;

* pop,=¢p,0p =0.

According to [17, Theorem 3.2], if " is the Drazin inverse of ¢, one has that ¢1 = ¢ o ¢P o ¢ is the core
part of ¢. Also, ¢, is named the nilpotent part of ¢ and one has that

(p:(p1<:>U(p:Ker(p<:>W(p:Im(p<:>((pD)D:(p<:>i((p)Sl. 3)
Moreover, if V.= W_ @ U, is the AST-decomposition of V induced by ¢, then ¢, and ¢, are the unique

linear maps such that:
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p) if veW,
0 ifoel,

0 ifoeWw,

and @Av):{ . (4)

%@={ o(0) if ve U,

By definition of Tate’s trace, for every finite potent endomorphism ¢ € Endy(V), one has that

Try(p) = Try(¢1).

2.4. Bounded finite potent endomorphisms on Hilbert spaces

Let k be the field of the real numbers or the field of the complex numbers, and let V be a k-vector space.
An inner product on Visamap g: V X V — k satisfying that:

e gis linear in its first argument:

gAvr + pvy, V') = Ag(v1,0") + ug(vy, v') for every vy, vp,v" € V;

e g(v',v) = g(v,v') for all v,v" € V, where g(v, v’) is the complex conjugate of g(v,v’);

e g is positive definite:
g(w,v) 20and g(v,v) =0 <= v =0.

Note that g(v,v) € R for each v € V, because g(v, v) = g(v, v).

Also, an inner product space is a pair (V, g).

If (V,g) is an inner product vector space, we say that two vectors v,v" € V are orthogonal when
g(v,v") = 0 = g(v',v). Also, given a subspace L of an inner vector space (V, g), we shall call “orthogonal of
L”, L+, to the subset of V consists of all vectors that are orthogonal to every h € L, that is

L* = {v € V such that g(v,h) = 0 for every h € L}.
The norm on an inner product space (V, g) is the real-valued function

I-1ly: V—R
v +4/9(v,0),

and the distance is the map
dy: VXV —R
(©,0) — o' =l .

Every inner product vector space (V, g) has a natural structure of metric topological space determined
by the distance d;. Complete inner product C-vector spaces are known as “Hilbert spaces”. Usually, the
inner product of a Hilbert space H is denoted by < -, - >¢,. Henceforth, we shall write H to refer to a Hilbert
space and keep the inner product < -, - >4, implicit.

If L C H is a subspace of an arbitrary Hilbert space, it is known that (5*)* = S where L denotes the
closure of L. Accordingly, if L € H is closed, then (L*)* =Land H = L& L*.

We shall now recall the main properties of bounded operators of Hilbert spaces.

Definition 2.1. If H, and H, are two Hilbert spaces, a linear map f: Hy — Hy is said “bounded” when there exists
C € R* such that

1/ @)llg, < C-lolly, ,
for every v € H.
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We shall denote the set of bounded linear maps f: H; — H, by B(Hi, H,) and the set of bounded
endomorphisms of a Hilbert space H by B(H). Given a linear map f: Hy; — H,, it is known that f is
continuous if and only if f is bounded.

The spectrum of a bounded operator f € B(H) consists of complex numbers A such that f — AId is not
invertible. We shall denote the spectrum of f by o(f), and it is clear that every eigenvalue of f is an element
of o(f). It is known that it is possible that an element of o(f) is not an eigenvalue.

Recently, the author of this work has studied in [19] the set of bounded finite potent endomorphisms on
an arbitrary Hilbert space, which will be denoted by By,(H).

If ¢ € Bpy(H), H =W, ® U, is the AST-decomposition induced by ¢ and ¢ = ¢, + ¢, is the CN-
decomposition, then the following properties hold:

@ is quasi-compact;

®,, ¢, € Brp(H) and g, is of trace class;

@ is compact if and only if ¢, is compact;

if Tr(q1) is the trace of ¢, as a trace class operator, then Tr(p,) = Tre(@);

given a non-zero A € C, one has that A is an eigenvalue of ¢ if and only if A is an eigenvalue of Pl 7

ifi(p) 2 1, then o(p) = {0, Ay, ..., A} where {A4,..., A,} are the eigenvalues of Pl 7
Tra(p) = Trw, (@1, ) = Te(gr) = Trg (@) = Try (@)

N o »®h =

where Trq(¢) is the Tate’s trace of ¢ as a finite potent endomorphism; Try, ((p\wq)) is the trace of the
endomorphism ¢y, - on the finite-dimensional C-vector space W, ; Tr(¢p,) is the trace of ¢, of a trace class

operator; Trsf((p) is the Leray trace; and Trl;{(qo) is the trace of ¢ as a Riesz trace class operator.
Moreover, the adjoint operator ¢* satisfies that:

(p* S pr(q‘{);

i) = i(p);

@ = (p,)" + (¢,)" is the CN-decomposition of ¢*;

if H = W, @U, is the AST-decomposition induced by ¢*, then one has that W . = [U ]* and

»*

u, =[w,1+

@ @

5. (@) = o(@).

Ll e

Now we shall recall two statements of [19] that shall be useful for the present work.
Thus, it follows from [19, Lemma 3.3] that

Lemma 2.2. If H is a Hilbert space, f € Endc(H) and U C H is a closed subspace of finite codimension such that
fiu =0, then f € B(H).

Moreover, from [19, Proposition 4.1] we know that

Proposition 2.3. If H is a Hilbert space and we consider ¢ € By,(H), then the adjoint ¢* is also a bounded finite
potent endomorphism.

2.5. Moore-Penrose Inverse

2.5.1. Moore-Penrose Inverse of an (n X m)-Matrix

Let C be the field. Given a matrix A € Mat,x;,(C), the Moore-Penrose inverse of A is a matrix
A" € Mat,»,,(C) such that:

o« AATA=A;
o ATAAt = A%
o (AATY = AAY;
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o (ATA) = At A

B* being the conjugate transpose of the matrix B.

The Moore-Penrose inverse of A always exists, it is unique, [AT]f = A, and, if A € C™" is non-singular,
then the Moore-Penrose inverse of A coincides with the inverse matrix AL

For details, readers are referred to [8].

2.5.2. Moore-Penrose Inverse of a Linear Map over Arbitrary Inner Product Spaces
Let (V, g) and (W, 7) be inner product vector spaces over k, with k = C or k = R.
Given a linear map f: V — W, alinear map f*: W — V is a reflexive generalized inverse of f when

o foftof=f

o frofoft=Ff".
Definition 2.4. Given a linear map f: V. — W, we say that f is admissible for the Moore-Penrose inverse when
V =Ker f®[Ker f]*-and W =Im f & [Im f]*.

According to [6, Theorem 3.12], if (V,g) and (W, J) are inner product spaces over k, then f: V — W
is a linear map admissible for the Moore-Penrose inverse if and only if there exists a unique linear map
fT: W - V such that:

1. f*is areflexive generalized inverse of f;
2. ffo fand f o f' are self-adjoint, that is:

o 9([f" o fl(0),¥) = 9(v, [f" o f1(");
o §([f o flw), w') = g(w, [f o fl@");
for all v,v’ € V and w,w’ € W. The operator f' is named the Moore-Penrose inverse of f and it is the
unique linear map satisfying that

va{

The Moore-Penrose inverse fT: W — V also satisfies the following properties:

(ﬁ[](erf]i)_l(w) if welm f
0 if wellmf]*

e f'isadmissible for the Moore-Penrose inverse and (f7)! = f;
e If f € Endi(V) and f is an isomorphism, then f* = f71;

i f+°f:P[Kerf]L;

[ ] f o f-r = P]m f,‘

where Pier s+ and P, s are the projections induced by the decompositions V' = Ker f @ [Ker f]* and
W =1Im f & [Im f]*, respectively.

Lemma 2.5. If V is k-vector space, f € Endi(V) is an endomorphism admissible for the Moore-Penrose inverse and
g € Endi(V) is such that Im g C Im f, then
foffeg=y.

Proof. The statement is immediately deduced from the equality f o f* = Pi, ;. O

Analogously, we can easily check that

Lemma 2.6. If V is k-vector space, f € Endi(V) is an endomorphism admissible for the Moore-Penrose inverse and
g € End(V) is such that Im g C [Ker f]*, then

ffofog=3g.

For more details on the Moore-Penrose inverse over arbitrary inner product spaces readers are referred
to [6].
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3. Moore-Penrose inverse of a bounded linear map

For the sake of completeness, in this section we shall now offer different properties of the Moore-Penrose
inverse of a bounded linear map between two Hilbert spaces. Most of these properties are well known and
we provide in this work new proofs of them.

Let H; and H, two Hilbert spaces. Given a linear map f: H; — H,, recall from Definition 2.4 that f is
admissible for the Moore-Penrose inverse when H; = Ker f @ [Ker f]* and H, = Im f & [Im f]*.

Lemma 3.1. If f € B(H:1, H,), then f is admissible for the Moore-Penrose inverse if and only if Im f is a closed
subspace of H.

Proof. Since f is bounded, we have that Ker f is closed and, therefore,
H, =Ker f & [Ker f]*.
Thus, f is admissible for the Moore-Penrose inverse if and only if
Hy =Im f & [Im f]*.
However, bearing in mind that Ker f* = [Im f]*, one has that [Im f]* is closed and
H, = (Im f]*)* @ [Im f]* = Im f & [Im f]*.

Accordingly, we conclude that f is admissible for the Moore-Penrose inverse if and only if Im f = Im f,
from where the claim is proved. [

Proposition 3.2. If f € B(H,, H,) is admissible for the Moore-Penrose inverse, then ft € B(H,, H,).

Proof. Since [Ker f]* and Im f are closed with the hypothesis of the proposition, we have that
fiwwne € B([Ker fI*,Im f). Since f . is bijective, from the Bounded Inverse Theorem one has that

(fise ﬂL)‘1 = (f"i; € Bm f, [Ker f]*) and there exists C € R* such that

Iff @)llz, < C-llo2llgs,

for every v, € Im f.
Now, for every hy € H, if we write hp = v + up, with v € Imf and
uy € (Im f)*, bearing in mind that [[v]l¢, < [Il12]l44,, one has that

I g, = 1 @2)llge, < C- llvallgg, < C - llh2llye,,
and the assertion is proved. [

Proposition 3.3. If f € B(Hi, H) is admissible for the Moore-Penrose inverse, then f* is also admissible for the
Moore-Penrose inverse and (f*)" = (f7)".

Proof. From Proposition 3.2, one deduces the existence of (f')* because f' is a bounded linear map.
Moreover, bearing in mind the conditions that uniquely determine the Moore-Penrose inverse of f, from
the properties of the adjoint operator of a bounded linear map, one has that:

o fro(ffyof =f
o (fyofo(fiy =
o fro(ffy=(flofy=flof=Ifo(f)T;
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o (fYofi=(fofty=foff=[(f)ofT,

from where we conclude that (f')* satisfies the conditions of the Moore-Penrose inverse of f* and [6,
Theorem 3.12] shows that f* is also admissible for the Moore-Penrose inverse and (f*)" = (f)". O

Corollary 3.4. If f € B(H:, H>) such that Im f is a closed subspace of H,, then Im f* is a closed subspace of H;.
Proof. The statement is a direct consequence of Lemma 3.1 and Proposition 3.3. [

From the properties of the Moore-Penrose inverse of a linear map, if f € B(Hj, H,) with Im f being a
closed subspace of H>, one has that:

o fo(f)" = Perfye;
o (f)of =Py

where Piger 1+ and Pry, ¢ are the projections induced by the decompositions H; = Ker f @ [Ker f]* and
H, =Im f & [Im f]* respectively.

Lemma 3.5. If f € B(H:, H,) such that Im f is a closed subspace of H>, then one has that:
o frofoft=f;
o flofof =fi
o (ffeofef=f
o fofo(f)=f

Proof. The assertion follows immediately from Proposition 3.3 and the above properties of the Moore-
Penrose inverse for bounded finite potent linear maps. [

Given a Hilbert space H, let us recall now that a bounded endomorphism f € B(H) with closed Im f is
said to be “EP” when fT o f = fo f'.

Lemma 3.6. If H is a Hilbert space and f € B(H) is a bounded endomorphism with closed Im f, one has that f is
EP if and only if f* is EP.

Proof. Bearing in mind the properties of the adjoint operator, the assertion is immediately deduced from
Proposition 3.3. [

If V is an arbitrary inner product vector space, it is known that if a finite potent endomorphism ¢ is EP,
then i(p) < 1.

4. Drazin inverse of a bounded finite potent operator

In this section, we shall now study the structure and basic properties of the Drazin inverse of a bounded
finite potent endomorphism of an arbitrary Hilbert space. In particular, we shall show that the Drazin
inverse of a finite potent endomorphism offered in [22] coincides with the definitions of the Drazin inverse
for bounded operators given in [7] and [13].
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4.1. Classical definitions of the Drazin inverse of a bounded operator

Let f be a bounded operator on a Banach space X. According to [14, Section 1], the “ascent of f”, a(f),
and the “descent of f”, 6(f), are given by

a(f) = inf {n € N with Ker f* = Ker f"*'} and

5
5(f) = inf {n € N with Im f" = Im f"*!}, ©)
where the infimum over the empty set is taken as +oo.
If a(f) = p < o0 and 6(f) = g < o, it follows from [14, Theorem 1.2] that p = g and
X =Ker ff®&Im f7. (6)
Accordingly, writing
S1 = i I f7 = Im f
and

2= frwp: Ker ff — Ker f7,

D. C. Lay in [13] defined the Drazin inverse of f as the unique bounded linear operator f* that equals to

f{'onIm f¥ and is zero on Ker 7, and showed that f* satisfies the following system of equations:

gofog=yg
gof=fog @
fs+1 Og =fs

for every s > p.

Moreover, S. L. Campbell in [7] gives an alternative generalization of the Drazin inverse of bounded
linear operators on Banach spaces. Thus, if f is a bounded operator on a Banach space X such that the
hyperrange

R(f*) = ﬁ Im f"
n=1

is closed and complemented by a closed f-invariant subspace M C X, and bearing in mind the f-invariant
decomposition

X=R(f“) &M, ®)

when fj, ., : R(f*) = R(f*) is invertible, the generalized Drazin inverse provided by S. L. Campbell is the
unique bounded operator f° that equals to ( f|K(fw))’1 on R(f*) and zero on M.

Furthermore, J. J. Koliha in [12, Section 7] showed that if f¢ and f? both exist, then f? = f° if and only if
fiu: M — M is quasinilpotent.

4.2. Structure of the Drazin inverse of a bounded finite potent operator

Let V be an arbitrary k-vector space and let ¢ € Endi(V) be a finite potent endomorphism. Recall from
Section 2.2 that the Drazin inverse of ¢ is the unique finite potent endomorphism ¢P € End(V) satisfying
that:

1. (Pr+1 ° (PD — (PV;
2. Yool =g
3. pPop=gqogP,
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where 7 is the index of ¢.
The map ¢P is the Drazin inverse of ¢ and is the unique linear map such that:

-1 f
(PD(U):{@W(,)) (@ if  veW, o)

0 if vel,

Note that for finite potent endomorphisms, the system of equations (7) has the Drazin inverse ¢P as its
unique solution.
Moreover, P satisfies the following properties:

e (pP)P = pifand only if i(p) < 1;

e ¢ = ¢"ifand only if @), = 0and (¢, )* = Id;,, ;

e if 1 is a projection finite potent endomorphism, then ¢ = y.

We shall now study the Drazin inverse of a bounded finite potent operator on a Hilbert space.

Lemma 4.1. If H is a Hilbert space and ¢ € By,(H), then the Drazin inverse @P is also a bounded finite potent
endomorphism.

Proof. Since ¢P is finite potent, we only need to prove that ¢ is bounded. However, bearing in mind the
explicit expression of P offered in (9), the boundedness of ¢ is immediately deduced from Lemma 2.2. [

Proposition 4.2. If H is a Hilbert space and ¢ € Bg,(H), then (pP)* = (¢™)P.

Proof. Since from Lemma 4.1 one has that ¢ is bounded finite potent, Proposition 2.3 shows that (¢P)" is
also a bounded finite potent endomorphism.

Accordingly, bearing in mind that i(p) = i(¢*), from the definition of the Drazin inverse of a finite potent
endomorphism and the properties of the adjoint operator of bounded linear maps, we have that:

o (@) o9 =9 o)
o (@) o (eP) = ()
o (PP) oo (pP) = (@),
where 7 = i(¢*).
((p*)lgencme, the uniqueness of the Drazin inverse of a finite potent endomorphism implies that ()" =

Moreover, it is immediately deduced from the basic properties of the Drazin inverse of a finite potent
endomorphism that

Corollary 4.3. If H is a Hilbert space and ¢ € By,(H), then one has that:
e ([¢p'1P)P = ¢ ifand only if i(p) < 1;
¢ = (") ifand only if ¢\, = 0and (@, )* = I}, ;
e if Y is a projection finite potent endomorphism, then (gb*)D =

Furthermore, if ¢ € Bf,(H) and H = W(,,yp @ W,py is the AST-decomposition determined by (¢*)°, we
have that

o Wiy = [Ugpn)- = [U, 1+
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o Uy = [Win)l" = [W,]I*.
We shall now study the spectrum of ¢P.

Proposition 4.4. If H is an arbitrary Hilbert space, ¢ € Bpy(¢p) and H = W, & U, is the AST-decomposition
determined by ¢, one has that the spectrum of P is:

o a(pP) = (A7L,..., A7} when i(p) = 0;
o o(pP) =1{0,A7",...,A;"} when i(p) > 1;
where {A1, ..., Ay} are the eigenvalues of @y, .

Proof. Given a Hilbert space, it follows from [19, Proposition 3.14] that the spectrum of a bounded finite
potent endomorphism ¢ € By,(¢) is:

e o(p) ={Ay,..., Ay} when i(p) =0;
o o(p)=1{0,A1,..., Ay} wheni(p) > 1;

where {14, ..., A,} are the eigenvalues of Pl -

Accordingly, the statement is immediately deduced from the explicit expression of ¢” and Lemma 4.1
bearing in mind that, if E is a finite dimensional k-vector space and f € Auty(E), a non-zero A € k is an
eigenvalue of f if and only if A~! is an eigenvalue of f~!. [

Lemma 4.5. Keeping the previous notation, if {Ai(¢)}icq,...s) is the listing of all non-zero eigenvalues of ¢ € By,(H),
counted up to algebraic multiplicity, we have that:

o Tru(pP) = Ll
o dety(P) = [Ti (1 + [Ai(@)] ™).
Proof. If E is a finite-dimensional k-vector space and f € Auty(E), it is clear that
dimy Ker(f — AId)" = dimy Ker(f~! — A™'1d)"

for every non-zero A € k and for each n € IN.
Hence, the algebraic multiplicity of a non-zero eigenvalue A of Pl coincides with the algebraic multi-

plicity of A~! as an eigenvalue of ((p“% )~! and, therefore, the statement follows from (1), (2) and (9). O

Example 4.6. Let {u;}ien be an orthonormal basis of a separable Hilbert space H. If we consider ¢ € By,(H)
determined by the conditions

Uy + Uy + Uy lf i=1
2uq + U3 if i=2
qo(ui) = U1 — 2up + 3uz — 2uy Zf i=3 ,
0 if i=4
l.lzll4 Zf i>5
an easy computation shows that
Uy + 2uy + Uz if i=1
uy — 2M3 lf 1i=2
o (u;) = Uy + 3us if i=3
ur—2us+ Yjos 1y O i=4
0 if i25

Thus, since W, = (Ur, U + ug, uz) and u, = (U;)i>4, one has that:
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o W, =U" = uy,up, us);
o U, =W"=(uz—us) &ujss.
Also, it is clear that i(p) = i(¢*) = 2.

In this case we have that
—§u1+u2—%u3+u4 lf i=1

§M1—M2+%M3—M4 lf i=2

D 3
u;) =
e %M —u2+§u3—u4 if i=3
0 if i>4
and
Gt dnedn =1
Uy — Uy — U3 if i=2
@)y @) ={ -Su+tup+32us if i=3 ,
Uy — Uy — U3 if i=4
0 if i>5
and one can easily check that ((pD)* = ((p")D .
Moreover, since Wq)D =W, and
_2 5 4
3 3 3
((PD)|W D =|1 -1 -1
@
_1 1 2
3 3 3

in the basis {11, up + g, us} of Wq)D, one has that

Tro(pP) = =1 and  dety(Id + ¢P) = _g .

4.2.1. Relationship of the Drazin inverse of a bounded finite potent endomorphism with the classical definitions of the
generalized Drazin inverse for bounded operators
Our task is now to relate the Drazin inverse of a bounded finite potent operator on a Hilbert space
studied above to the classical definitions of the Drazin inverse for bounded operators on Banach spaces
referred to in Section 4.1.

Lemma 4.7. If H is a Hilbert space and ¢ € Bg,(H), then
i(p) = alp) = o(¢),
where a(p) and 6(p) are the ascent and the descent of @ respectively.

Proof. If H =W, & U, is the AST-decomposition of H induced by ¢, bearing in mind that Im ¢™ = W and
Ker ™ = U, for every m > i(¢p), the claim is deduced from the definitions of a(¢) and 6(p) given in (5). O

Proposition 4.8. If H is a Hilbert space and ¢ € By,(H), then ¢ satisfies the Lay condition for the existence of the
generalized Drazin inverse ¢ and ¢ = ¢P.

Proof. It follows from Lemma 4.7 that the AST decomposition H = W @ U, coincides with the Lay
decomposition (6). Hence, the explicit expression of ¢ given by (9) shows that ¢ = pP. [

Proposition 4.9. If H is a Hilbert space and ¢ € By,(H), then ¢ satisfies the Campbell conditions for the existence
of the generalized Drazin inverse ¢° and ¢° = ¢P.
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Proof. If H = W, @U, is again the AST-decomposition of H induced by ¢, since Im @™ = W, forallm > i(¢p),
one has that R(¢~) = W, . Hence, bearing in mind that the AST-decomposition satisfies the conditions of

the Campbell decomposition (8) with M = U, and ¢, is invertible, from (9) we deduce that P =¢P. O

We can summarize the statements of Propositions 4.8 and 4.9 in

Theorem 4.10. If H is a Hilbert space and ¢ € Bg,(H), then ¢ and ¢® exist and we have that
¢l =9 =",

4.3. Group Inverse of a bounded finite potent endomorphism

Given an  arbitrary k-vector space V and a finite potent endomorphism
@ € Endy(V), we say that ¢* € Endi(V) is the group inverse of ¢ when

e poglop=0g;
o pfopog’=9¢";
e ptop=gog’

Itis known from [18, Lemma 3.4 and Theorem 3.5] that the group inverse of a finite potent endomorphism
@ exists if and only if i(¢) < 1 and, in this case, ¢* = @P.

Lemma 4.11. If H is a Hilbert space and ¢ € By,(H), then the group inverse ¢* € B(H) exists, is unique and
coincides with P if and only if i(p) < 1.

Proof. Bearing in mind the properties of the group inverse of a finite potent endomorphism of a vector
space, we only need to check that ¢* = P € B(H), which is immediately deduced from Lemma 4.1. [J

Corollary 4.12. If ‘H is a Hilbert space and ¢ € Bg,(H) with i(p) < 1, then (¢*)* € By,(H) and (¢*)* = (p*) =
(@)
Proof. Bearing in mind that from the properties of the adjoint operator we have that

© @o(@) op =9

o (P 0@ o(@") = (@");

o @) op =9 0",

the claim is immediately deduced from the uniqueness of the group inverse of finite potent endomor-
phisms with an index less than or equal to 1, from Proposition 2.3 and from Lemma 4.11. [

Example 4.13. Using the data from Example 4.6 and an easy computation we have that

Ul + Uy + Uy lf i=1

N 2uq + us l_f i=2
(pl(ul) - Uy — 22Uy + 3uz — 2uy Zf i=3
0 if i>4

and, since (¢,)* = (¢,)P = P, from Corollary 4.12 and the explicit expression of (¢P)* offered in Example 4.6 one
has that

“Zun+ 2w+ dus if Q=1

Uy — Uy — Us if i=2

@) =3 ~tu+iu+2uy if i=3
Uy — Uy — Uz if i=4

0 if i25
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5. DMP inverses of a bounded finite potent endomorphism

This final section deals with the study of the DMP inverses of finite potent endomorphisms on arbitrary
Hilbert spaces.

Given an arbitrary k-vector space V and a finite potent endomorphism ¢ € Endi(V) admissible for the
Moore-Penrose inverse, according to [20, Theorem 3.2], there exists a unique finite potent endomorphism
@** € Endy(V) verifying that:

1. ¢ 0o @it = gt
2. @' o ¥ = @ o @t with r = i(¢);
3. e =¢"og,

where ¢P is the Drazin inverse and ¢ is the Moore-Penrose inverse of ¢.

The map ¢*" is called the left-Drazin Moore-Penrose (IDMP) inverse of .

Moreover, from [20, Theorem 3.17] one has the existence and uniqueness of a finite potent endomorphism
@' € Endy(V) satisfying that:

1. oM oot = gt
2. ¢t o " = @t o ¢ withr = i(p);

3. pog=pogP.

The map ¢ is the right-Drazin Moore-Penrose (rDMP) inverse of ¢.

The IDMP-inverse and the rDMP-inverse of a finite potent endomorphism respectively generalize the
notions of DMP-inverse and dual DMP-inverse of a finite complex matrix introduced by S. B. Malik and N.
Thome in [15].

According to the statements of [20, Section 3.A], if ¢ € End(V) is finite potent admissible for the
Moore-Penrose inverse, then one has that:

L gogpitop=g,;
2. (Pd'+ = (PD o le(p;

3. (@MY= (pP o @™)2 if n is even ‘
P po(pPophT ifnisodd

4. i(p?) < 1;

5. (((Pd,’r)D)D — (pd,fl.

6. If o = @, then ' = ¢P;

7. ¢** = @ if and only if ¢ is EP and tripotent;

8. @' = 0if and only if ¢ is nilpotent or ¢ = 0.

Moreover, given a finite potent endomorphism ¢ € Endi(V) admissible for the Moore-Penrose inverse,
from [20, Section 3.B] we have that:

L pop™op=09,;

2. (p+’d = P[Kerq)]L o (pD,’
3. (M ("o pP)2 if nis even
P - ((erO(pD)%O(p ifnisodd
4. i(pt) < 1;
5. (((P+,d)D)D — §0+'d;
6. (p*'d = (0 if and only if ¢ is nilpotent or ¢ = 0;
7. if o™ = ¢, then o' = ¢";
8. (ptd = @ if and only ¢ is EP and tripotent.
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Lemma 5.1. If H is a Hilbert space and ¢ € By,(H) with closed Im ¢, then one has that ¢*F, @ € B, (H).

Proof. Since ¢ and @' are finite potent, we only have to check that both linear maps are bounded to
prove the claim. Thus, bearing in mind that from [20, Theorem 3.2] we know that ¢ = P o g o ¢t and [20,
Theorem 3.17] shows that ¢ = ¢! o ¢ o ¢, the boundedness of these endomorphisms are immediately
deduced from Lemma 4.1 and Proposition 3.2. [

Proposition 5.2. If H is a Hilbert space and ¢ € By,(H) with closed Im ¢, then the IDMP-inverse (¢*)** and the
rDMP-inverse (¢*)™ of the adjoint linear map ¢ exist. Moreover, (¢*)*F, (") € Bg,(H), ()" = (™) and
(@) = (9.

Proof. The existence and uniqueness of the bounded finite potent endomorphisms (¢*)** and (¢*) follow
from Proposition 2.3 and Lemma 5.1. Now, if i(¢) = r, from Proposition 4.2 and Proposition 3.3 we have
that

o (") 0 o (p") = (p™T);
o (@) o (p?) = (¢ o (g");
o ¢ o (@) =g o ()
and

o (M) ogmo (M) = (™)
o (@) o (@™ = (¢7) o ()
o (pM)yog =(p)Pog"

Hence, bearing in mind that [19, Corollary 4.4] shows that i(¢*) = r, we conclude that ()%t = ()
and (p)™ = (™). O

From the above-mentioned properties of the IDMP-inverse and the rDMP-inverse of finite potent endo-
morphisms, given ¢ € By,(H) with closed Im ¢, one has that:

L g o (@) oq" =g o (@) og = (p,);

2. ((p*)td = leq) © ((P*)D/'

3. ((P*)d,+ = (QD*)D o P[Ker(p]i;

4. (()"MP)P = (™)

5. ((p)™)P)P = (p*1y;

6. If (p*)" = @* or (") = ¢*, then ¢t = ¢P;

7. (") = ¢* = (¢*)*" if and only if ¢ is EP and tripotent;
8. ()" =0 = (p*)*! if and only if @ is nilpotent or ¢ = 0.

Lemma 5.3. If H is a Hilbert space and ¢ € By,(H) with closed Im @, then (¢*)* = (¢P)* if and only if
Ker o' C Ker ¢P.

Proof. The assertion follows from Proposition 5.2, because [21, Proposition 3.1 and Corollary 3.2] show that
@ = ¢P if and only if Ker pt € Kerp?. 0O

Lemma 5.4. If H is a Hilbert space and ¢ € By,(H) with closed Im ¢, then (¢*)** = (pP)* if and only if
W, C [Ker ¢p]*.

Proof. The claim is again immediately deduced from Proposition 5.2, because from [21, Proposition 3.1 and
Corollary 3.2] we know that ¢ = ¢P if and only if W, C [Ker¢]*. O
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We shall now study the spectrum of the DMP inverses of bounded finite potent endomorphisms.

Lemma 5.5. If H is a Hilbert space and ¢ € Bg,(H) with closed Im ¢, given a non-zero A € C, one has that A is
an eigenvalue of ™ if and only if A=1 is an eigenvalue of . Moreover, the multiplicity of A as an eigenvalue of »*
coincides with the multiplicity of A™! as an eigenvalue of ¢.

Proof. Recall from [19, Proposition 3.12] that A is an eigenvalue of ¢! if and only if A is an eigenvalue of
(@ ,,- Thus, since from [20, Lemma 3.5] we know that W+ = W, , bearing in mind that
2

((Pdﬁr)lwqjdl+ = ((leq, )_1 ’

we deduce that A is an eigenvalue of " if and only if A7! is an eigenvalue of ¢.
Moreover, given a non-zero A € C, bearing in mind that

dime Ker(q), - Ald)" = dime Ker((g},,, )= ATHd)"
for every n € IN, the statement is proved. [

Corollary 5.6. If H is an arbitrary Hilbert space, ¢ € Byg,(p) and H = W & U, is the AST-decomposition
determined by @, one has that the spectrum of ™t is:

b G((Pd/-r) = {/\;1/ . '//\1;1} w”lel’l l((p) = 0,

o (g =1{0,A7%,..., A when i(p) > 1;
where (A4, ..., Ay} are the eigenvalues Of(leq] .

Proof. The claim is a direct consequence of [19, Proposition 3.14] and Lemma 5.5. O

Lemma 5.7. If H is a Hilbert space and ¢ € By,(H) with closed Im ¢, then o(p*) = o(p*").

Proof. Bearing in mind that from [19, Proposition 4.8] we know that o(¢*) = o(¢), one has that

a(@™) = o([(@")']") = a(l(¢)™'T) = o((¢")*")
and the assertion is deduced from [19, Proposition 3.14] and Corollary 5.6. [J

Proposition 5.8. Given a Hilbert space H and a bounded finite potent endomorphism ¢ € B,(H) with closed Im ¢,

one has that

d'l‘): t

Teg(9™") = Trar(@™) = Tryy(¢P)

and
dety(Id + ™) = dety (Id + ™) = dety(Id + ¢P).

Proof. If H =W, & U, is the AST-decomposition of H induced by ¢, it is known from [20, Section 3.B] that
Wi = Pierg-(W,) = @'(W,) .

Now, bearing in mind that

(@™ 0 pHW,) = (9 0 p)(p 0 p* 0 )W, )] = (9" 0 P)W,),
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we have the commutative diagram of isomorphisms of linear maps

D

%
W ——W,
v
@' @'
(Pf,d

W@m e W(Ptd

and we deduce that
Try (™) = Tra(@P) and  dety(Id + @) = dety(Id + ¢P).

Thus, the statement is immediately deduced from (1), (2), Proposition 4.4 and Corollary 5.6.
|

Example 5.9. If H and ¢ € Bg,(H) are as in Example 4.6, since a non-difficult computation shows that @' is
determined by the assignations

—Zu1 +up — u3 if i=1
2uq — Uy + U3 — }\ijs(jlz”j) if i=2
o) = $ur —up + 3u3 if i=3
%2]’25(%2“]‘) if i=4
0 if i>5
with A =} 55 ]% = g—; — 827, from the explicit expression of @P obtained in Example 4.6, we have that

2 1 e
—furtup—sus+ug if i=1

5 1 H H—
§M1—M2+§M3—M4 lf 1=2

.t
P (i) = .
l %ul—u2+§u3—u4 if i=3
0 if i>4
and ) . o
—3U1 + Uy — 3U3 lf i=1
5 1 P
2U| — Uy + 3U3 zf i=2
+d _ 3 3
P (ui) =

4 2 e
ur—up+3uz  if i=3
0 if i>4
Furthermore, according to Proposition 5.2, one has that
2 5 4 o
—sur+3up+zuz if i=1
Ui — Uz —Us lf i=2

(@) = (p™) = .
¢ ¢ —fuy+ 3up+3uz if i=3

0 if i>4
and
2+ 2w+ dus if i=1
Uy — Uy — U3 if i=2
@) =@y ={ Ll +lu+ dus if i=3
Uy — Uy — U3 if i=4
0 if i>5



F. Pablos Romo / Filomat 36:18 (2022), 6139-6158 6157

Now, since W(pd,f = Wq) = (U1, Uy + Uy, U3), Wora = go*(Wq)) = (uq, Uy, u3) and

-2 35 4
3 3 3
dt — — t,d
(p )lwq)d,f =1 -1 -1|=(p )lw(pm
-1 1 2
3 3 3

in the bases {uq, Uy + g, Uz} of Wq) o and {uy, uz, uzh of W, respectively, we obtain that

@

Trﬂ((pd"L) = Trq{((ptd) =-1 and dety(Ild+ (p””) = dety(Id + go*'d) = —g .
Finally, from the computations made in Example 4.6, readers can check that this example allows us to illustrate
the statements of Lemma 5.3 and Proposition 5.8.

Remark 5.10. Given an arbitrary k-vector space V, recall that a finite potent endomorphism ¢ € Endy(V) with
CN-decomposition ¢ = @1 + @2 and admissible for the Moore-Penrose inverse is Core-EP when @1 o ' = ¢t o ¢
([17, Definition 4.12]). Moreover, from [20, Section 3.C] it is known that a finite potent endomorphism ¢ € Endi(V)
admissible for the Moore-Penrose inverse is Core-EP if and only if

ot = it
Accordingly, the endomorphism ¢ € Bg,(H) studied in Example 5.9 is not Core-EP because ¢ # ¢*F,

Remark 5.11 (Final Remark). Bearing in mind the equivalence between finite square matrices and endomorphisms
of finite-dimensional vector spaces, given an (n X n) complex matrix A with core-nilpotent decomposition A = A1 +A,,
from the statements of this work we have obtained proofs of the following assertions:

1. A*. (A*)d,f LAY = A (A*)f,d LAY = (Al)*/'

(A = Prea) - (A)P;

(A = (AP Piyayye;

(((A*)d,f)D)D — (A'r,d)*;

(((A*)td)D)D — (A‘H)*;

If (A)H = A* or (A")?* = A*, then AT = AP;

(A = A* = (A" if and only if A is EP and tripotent;
(A =0 = (A" if and only if A is nilpotent or A = 0;

® NN DN

where R(A) is the range of A, N(A) is the nullspace of A, Prqa) is the orthogonal projection onto R(A) and Pinay-
is the orthogonal projection onto [N(A)]*.
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