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On *-Metric Spaces
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Abstract. Metric spaces are generalized by many scholars. Recently, Khatami and Mirzavaziri use a
mapping called t-definer to popularize the triangle inequality and give a generalization of the notion of a

metric, which is called a *-metric. In this paper, we prove that every x-metric space is metrizable. Also,
we study the total boundedness and completeness of *x-metric spaces.

1. Introduction

It is well known that metric spaces are widely used in analysis. There are several common metric spaces,
such as the numerical straight line IR, the #n-dimensional Euclidean space IR”, the continuous functions space
and the Hilbert space. Therefore, every metric space is an important kind of topological space. A function
d: X x X — R* is called a metric on a set X if d satisfies the following conditions for every x, y,z € X:

(1) d(x,y) = 0if and only if x = y;

(2) d(x, y) = d(y,x);

@) d(x,y) <d(x,z) +d(z,v).

Then set X with d is called a metric space, denoted by (X, ).

We can obtain the generalizations of metric spaces when we weaken or modify the conditions of metric
axiom. Pseudo-metrics are obtained when we change that condition ‘p(x,y) = 0 if and only if x = ¥’
into ‘p(x,y) = 0 if x = ¥’ [3]. Quasi-metrics are defined by omitting the condition (2) [12]. Symmetrics
are defined by omitting the triangle inequality [1]. The ultrametric is a metric with the strong triangle
inequality d(x, y) < max{d(x, z),d(z, )}, for x, y,z € X [10]. There are many generalizations of metric spaces

which have appeared in literatures (e.g. see [4-6, 8, 11, 13])

Recently, Khatami and Mirzavaziri popularized the concept of metric. By extending the famous function
which is called t-conorm, a new operation called ¢-definer is obtained. It is defined as:

Definition 1.1. ([7, Definition 2.1]) A t-definer is a function * : [0, 00)X[0, 00) — [0, co) satisfying the following
conditions for each a, b, c € [0, 00):

(T1) a%xb=>b%a;
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(T2) a*x (bxc)=(axb)xc

(T3) ifa<b,thenaxc<bxc;

(T4) ax0=a;

(T5) * is continuous in its first component with respect to the Euclidean topology.

When the condition (3) in the metric axiom is extended to the *-triangle inequality, the following
definition of *-metrics can be obtained.

Definition 1.2. ([7, Definition 2.2]) Let X be a nonempty set and x is a t-definer. If for every x,y,z € X, a
function d* : X X X — [0, c0) satisfies the following conditions:

M1) d*(x,y) =0if and only if x = y;
(M2) d*(x,y) = d*(y, x);
(M3) d*(x, y) <d*(x,z) x d*(z, ),

then d* is called a *-metric on X. The set X with a x-metric is called a *-metric space, denoted by (X, d*).

The following example shows that there are *x-metrics which are not metrics.

Example 1.3. ([7, Example 2.4.]) Clearly,axb = (Va+ Vb)? is a t-definer. The function d*(a,b) = (va— Vb)?
forms an *-metric which is not a metric. In fact,

4@, ) = (Vi — VB = (Vi VE+ VE- VB
< [\/(xf— VER + (Ve - VE)Z]

= [V#* @0 + Vi (e, b)]2
=d*(a,c) » d*(c,b)

while d*(1,25) = 16 % d*(1,16) + d*(16,25) = 10.

Remark 1.4. There are two most important ¢-definers:
e Lukasiewicz t-definer: a x b =a + b;
e Maximum t-definer: a %, b = max {a, b}.
Obviously, a *;-metric is actually a metric and a *,,-metric is an ultrametric.

Assume that (M, d*) is a x-metric space. For any 2 € M and r > 0, denote by
Bp(a,r)={xeM:d*(a,x) <r}

and
I« ={U S M : foreacha € U there is an r > 0 such that By« (a,r) C U}.

Let # = {By«(x,€) | x € X, € > 0} be a family of open balls on a *-metric space (X, d*).
Khatami and Mirzavaziri proved the following results:

Theorem 1.5. ([7, Theorems 3.2, 3.4, 3.5]) For every x-metric space (X,d*), the T3« forms a Hausdorff topology
on X and the topological space (X, Fp+) is first countable and satisfies the normal separation axiom.

The following problem is posed naturally.

Problem 1.6. Is the topological space (X, F) metrizable for every *-metric space (X, d*)?
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In this paper, we give a positive answer to Problem 1.6. Also, we extend the concepts of the totally
boundedness and completeness in metric spaces into x-metric spaces and discuss their properties.

This paper is organized as follows. Section 2 is given a positive answer to Problem 1.6. We obtain that let
(X, d*) be a *x-metric space, then the set X with the topology .7« induced by d* is metrizable (see Theorem
2.4). In Section 3, total boundedness of x-metric spaces are studied. We prove that: (1) let (X, d*) be a totally
bounded *-metric space, then for every subset M of X the x-metric space (M, d*) is totally bounded (see
Theorem 3.4); (2) let (X,d*) be a x-metric space; then for every subset M of X the space (M, d*) is totally
bounded if and only if (M, d*) is totally bounded (see Theorem 3.5). We show that the Cartesian product
and disjoint union of finite totally bounded *-metric spaces are totally bounded under specific *-metrics
(see Theorems 3.7 and 3.9). In Section 4, the completeness of *-metric spaces are explored. We obtain that:
(1) a *-metric space (X, d*) is compact if and only if (X, d*) is complete and totally bounded (see Theorem
4.6); (2) a x-metric space is complete if and only if for every decreasing sequence F; 2 F, 2 F3 2 ... of
non-empty closed subsets of space X, such that lim,,_,. 6(F,) = 0, the intersection (), F, is a one-point set
(see Theorem 4.9); (3) the completeness of the Cartesian product and disjoint union of complete *-metric
spaces are studied under specific x-metrics (see Theorems 4.12 and 4.13); (4) in a complete x-metric space
(X,d*) the intersection A = (,_; A, of a sequence Ay, A,,... of dense open subsets is a dense set (see
Theorem 4.14).

2. Metrizability of x-metric spaces

In this section, we shall give a positive answer to Question 1.6. Let (X,d*) be a *-metric space. We
shall prove that the set X with the topology 7 induced by d* is metrizable. We need to use some related
symbols, terms, and preliminary facts.

Let% beacoverofaset X. Forx € X, denotebyst(x, )=\U{U : U € %,x € Uyand st(A, % )= es st(x, %)
for A C X. Let %, ¥ be two covers of a set X. We say that the cover ¥ refines % , if for every V € ¥, there
exists a U € % such that V c U, denoted by ¥ < % if {st(V, ¥) : V € ¥} refines % , then we said that ¥ star

refines % , denoted by ¥ <.

Definition 2.1. ([3, Definition 4.5.1]) Let X be a set and ® = {%, : @ € A} a non-empty collection of covers
of X which satisfies:

(U1) if  is a cover of X such that %, < % for some a € A, then Z € O;
U2) for any a,f € A, there exists a y € A such that %, < %,, %, < U;

(
(U3) for every a € A, there exists a § € A such that % < Uy,
(U4) if x, y are different elements of X, then x ¢ st(y, %,) for some a € A.

Then X is called a uniform space with the uniformity ®, denoted by (X, ®). Let X be a uniform space with
the uniformity ® = {%, : a € A} and let @’ = {7 : € B} be a subcollection of ®. If for every a € A, there
exists a § € B such that % < %,, then the collection @” is called a base of the uniformity.

Let X be a uniform space with the uniformity ® = {%, : a € A} and

Jo ={U : U C X, for each x € U, there is a a € A such that st(x, %,) c U}.
Then 9 is a topology on the X.

Recalled that a topological space X is said to be metrizable if there exists a metric d on the set X that
induces the topology of X.

Lemma 2.2. ([3, Theorem 4.5.9]) Let (X, ®) be a uniform space. Then the set with the topology Jo induced by @ is
metrizable if and only if there is a base of the uniformity consisting of countably many covers.

The following theorem shows that * is continuous at the point (0, 0).
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Lemma 2.3. For r > 0, there exists an r1 > 0 such that [0,71) % [0,71) C [0, 7).

Proof. For r > 0, we have 0 % %r € [0, r) by [Definition 1.1, (T4)]. According to [Definition 1.1, (T5)], there
exists an 7y > 0 such that [0, 7g) %r C [0, 7). Without loss of generality, let 0 < r¢ < r by [Definition1.1, (T3)].
Taker| = %7"0. Then, we can claim that [0,7;) % [0,71) € [0, 7). For every x, y € [0,r1), we have that

1
*YSXK ST
XK Y<Kkt

Noting that x % 37 € [0,71) * 37 C [0,79) x 37 C [0,7), we have that x % 37 € [0,7), which means x % 37 < r.
Since x % y < x % 37, X % y <, we have thatx, y € [0,7). [

The following theorem gives a positive answer to Question 1.6.
Theorem 2.4. Let (X, d*) be a x-metric space. Then the set X with the topology J induced by d* is metrizable.

Proof. First we shall show that # = {93% :n € IN} is a base of a uniformity on set X, where %’% = {B«(x, %) |
x € X}. Indeed, it is enough to show that % satisfies the conditions (U2)~(U4) in Definition 2.1.

(U2). For each x € X and arbitrary ny,n, € IN, take an 1y € IN such that nyg > n; and ny > n,. Take a
Y € Byx(x, 1), Then we have that d*(x, y) < n%, < %, which implies that y € B (x, rle)' Thus we have that

np
B« (x, nio) C Bys(x, %). Therefore . < .. Similarly, we can prove that Z1 < %.1. So, # satisfies the
ng n ] n
condition (U2).
For (U3). For any #ny € IN, by Lemma 2.3, there exists an r; € IN such that 7y x r; % 11 < nlo Take n; € N

such that nll < r1. Now we shall prove that %1 <% . Hence the proof is completed once we show that
”1 PZO
st(Bg«(x, nll), PB1)C By (x, nlo), for any x € X. Take any y € X such that B4« (y, nll) N By« (x, nll) # (0. Then, there
m

exists a z; € B+ (y, nl—l) N By« (x, nl—l). For each z, € By (y, nll), we have that

d*(ZZI x) < d*(ZZr ]/) * d*(yl Zl) * d*(zlrx)
1 1 1
<— % — Kk —<rp%r xn
n n ni
1
< —.
no

Therefore, z; € By« (x, nlo). This implies # satisfies the condition (U3).

For (U4). For x,y € X with x # y, put d*(x,y) = r. Then r > 0. Take an n; € IN such that % < r. Then

we have that y ¢ By« (x, nll). By Lemma 2.3, there exists an 1y € IN such that nlo * nlo < nll Then, we claim

that for each B« (zo, nlo) € B (z0 € X), By« (20, nlo) can not contain both x and y. If not, x, y € By« (2o, ”lo), then
o

d*(x,y) < d*(x,z0) * d*(z0, y) < nl—o * nio < % < r, which is a contradiction with d*(x, y) = r. Thus % satisfies
the condition (U4).

Thus we have proved that % is a base of a uniformity on X, denoted by ®;. According to Lemma 2.2,
the set X with the topology 3, induced by the uniformity ®;+ is metrizable. Therefore, to complete the
proof, it is enough to prove that the topology .7« induced by d* is the same as the topology %, .

(1) For each U € 3+ and x € U, there exists an n € IN such that By« (x, %) C U. By Lemma 2.3, there

exists an ny € IN such that nl—o * nio < % Then we shall prove that st(x, 1) C B« (x, %) c U. Take each
1o

z € st(x, 1). Then there exists a y € X such that x € st(y, 1) and z € st(y, ). From the fact that
IlO Ilo VIO

1 1 1
* * * _ _ -
d*(x,z) <d*(x,y) x d*(y,2z) < - * o < o

it follows that z € st(x, %.1), i.e. st(x, Z 1) C U, which implies that U € 7, . Therefore 73+ C Ty, .
n VIO
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(2) For each U € Jg,, and x € U, there exists an n € IN such that st(x, 1) C U. Since By (x, %) -
st(x, 1) c U, wehave U € I+, i.e. Ty, C Jg«. Then we get that T, = Tp=. O

From Theorem 2.4 it follows the following two corollaries.

Corollary 2.5. Let (X,d*) be a %-metric space and X with the topology Ty« induced by d*. Then the following
statements are equivalent:

(1) X has countable base;

(2) X is Lindelof;

(3) every closed discrete subspace is a countable set;

(4) every discrete subspace is a countable set;

(6) every collection of disjoint open sets in X is countable;
(6) X has a countable dense subset.

Recalled that a topological space X is called pseudo-compact if every real valued continuous function on
X is bounded. X is called countably compact if every countable open cover of X has a finite subcover. X
is called sequentially compact if every sequence of points of X has a convergent subsequence. A point x is
called w-accumulation point of X if arbitrary neighborhood of the point x contains infinite points of X.

Corollary 2.6. Let (X,d*) be a x-metric space and X with the topology T~ induced by d*. Then the following
statements are equivalent:

(1) X is pseudo-compact;

(2) every infinite subset of X has a cluster point;

(3) every infinite subset of X has an w-accumulation point;
(4) every sequence of X has a cluster point;

(6) X is countably compact;

(6) X is sequentially compact;

(7) X is compact.

3. Total boundedness of *%-metric spaces

Total boundedness is an important property in metric spaces. We generalize the concept of totally
boundedness into x-metric spaces and study their properties. Now we need to give some related definitions.

Definition 3.1. A *-metric space (X, d*) is fotally bounded, if for any € > 0 there exists a finite set F(¢) C X
such that X = (U,ep() Ba(x, €). We also said that the finite set F(e) is e-dense in X.

Theorem 3.2. Let (X,d*) be a x-metric space and every infinite subset of X have an w-accumulation point in the
topological space X with the topology induced by d*. Then (X, d*) is totally bounded.

Proof. Suppose the contrary that there exists €y, but there is no finite set F(eo) such that X = (Ucp(e,) Ba= (%, €0)-
Take an x; € X. Since X # By« (x1,€9), we can take an x, € X — B« (x1,€9). Next, since X # U?:l B+ (xi, €0), we
can take an x3 € X — Ule Bas(xi, €0). Repeat this procedure, and we obtain an infinite set {x1,x2,...,%p,...}
such that d*(x;, xj) > € (i # j). By assumption, this infinite set has an w-accumulation point xo € X. Thus,
by Lemma 2.3, take an €; > 0 such that €; x €; < €y. Then the open-ball By (xo, €1) should contain infinite
points of {x1,x3,...,%,,...}. Let x,,, x,, € Bg»(x0, €1), then

A* (X, x0) < d* (X, x0) * d*(x0, %) < €1 % €1 < €.
This contradicts d*(x;, y;) > €o. Therefore (X,d*) is totally bounded. [

By Corollary 2.6 and Theorem 3.2, we have the following corollary:
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Corollary 3.3. Let (X,d*) be a x-metric space. If X with the topology induced by d* is countably compact, then
(X, d*) is a totally bounded *-metric space.

One can easily verify that for every subset M C X of a x-metric space (X, d*), (M, d* |yxm) is a *x-metric
space, where d* |y« is the restriction of the *-metric 4* on X to the subset M. The *-metric space
(M, d* |pmxam) will also be denoted by (M, d4*).

Theorem 3.4. Let (X,d*) be a totally bounded -metric space. Then for every subset M of X the k-metric space
(M, d*) is totally bounded.

Proof. Let (X,d*) be a *%-metric space and M C X. For every € > 0, by Lemma 2.3, take an ¢; > 0 such
that e; % €1 < €. Take a finite set F(e1) = {x1,X2,...,x¢} which is €;-dense in X. Let {x;,, Xp,, ..., Xm, | be the
subset of F(e1) consisting of all points which satisfy that d*(x, x;) < €3, for each x € M and x; € F(e1). Let
F={x,x},... /X } be a finite set satisfying d*(x;.,xm].) < €1 for j < I. We shall show that the set F’ is e-dense
in M. Let x € M, there exists an x; € F(e1) such that d*(x, x;) < €1. Hence x; = x,,; for some j < ], then we
have

d*(x, X)) < d*(x, Xm;) * d*(xmj,x}) <€ ke <E.

O

Theorem 3.5. Let (X, d*) be a x-metric space and for every subset M of X the space (M, d*) is totally bounded if and
only if (M, d*) is totally bounded.

Proof. Assume that (M, d*) is totally bounded. For € > 0, by Lemma 2.3, take an €; > 0 such thate; x €1 <,
and take a finite set F(e1) = {x1,x2, ..., xx} which is €;-dense in M. For each x € M, we have By (x,e1)NM # 0.
Take a y € By« (x,€1) N M. Then there exists an x; € F(e1) such that d*(y, x;) < €1. Then we have d*(x, x;) <
d*(x, y) * d*(y,x;) < €1 k€1 <€.

On the other hand, assume that (M, d*) is totally bounded. One can easily obtain that (M, 4*) is totally
bounded by Theorem 3.4, because M is a subset of M. [J

Corollary 3.6. If a x-metric space (X,d*) has a dense totally bounded subspace, then the space (X,d*) is totally
bounded.

Let {(X;, d})}’, be a family of finite nonempty *-metric spaces. Consider the Cartesian product X =
[T, X; and for every pair x = (X))i<1<n, ¥ = (Vi)i<1<n Of points of X let

dr(x,y) = di (x1, y1) * dy (X2, y2) * -k dys (Xn, Yn) (3.1)

and
d:;ax(x/ ]/) = maXx d,‘*(xi/ yl) (32)
1<isn
In [7, Theorem 4.3], Khatami and Mirzavaziri proved that the formulas (3.1) and (3.2) define two *-
metrics on the Cartesian product X = []; X;. Furthermore the topology induced by these two *-metrics
on X is the same as the product topology on X.

Theorem 3.7. Let {(X;,d})}L, be a family of finite nonempty %-metric spaces and X = []iL; X; the Cartesian
product. Then:

(1) X with the x-metric d. defined by formula (3.1) is totally bounded if and only if all x-metric spaces (X;,d)
are totally bounded;
(2) X with the x-metric d,

wax defined by formula (3.2) is totally bounded if and only if all *-metric spaces (X;,d)
are totally bounded.
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Proof. (1) Necessity. Assume that the x-metric space (X, d%}) is totally bounded. The subset X}, = [, A;
of X, where A, = X, and A; = {x}} is a one-point subset of X; for i # m. Then the subspace Xj, is totally
bounded by Theorem 3.4. One can easily verify that p;, = p Ix;: X}, — X, is a isometric isomorphism and
according to the definition of d7, for x*, y* € X}, C X, d7(x*, y*) = dy,(pu(x"), pm(y")). Therefore, if a finite set
F is e-dense in (X}, d7}), then p,,(F) is e-dense in (X, d}), and from this it follows further that (X, d7) is
totally bounded.

Sufficiency. Let every (X, di*) be totally bounded. For € > 0, by Lemma 2.3, take an €; > 0 such that

n times
—_——
€1 % €1 % - %k €1 < €. For every i < n take a finite set F; which is e;-dense in X;. We define that

F= H F;
i=1

then F is a finite set. To conclude the proof it suffices to show that F is e-dense in the space (X, d7). Let
X = (x1,X2,...,%,) be an arbitrary point of X. For every i < n, since F; is e-dense in X;, there exists a y; € F;
such that di* (xi,v;) < €1 and take a point y = (y1, 2, ..., yu) € F we have

n times
e N
dy(x,y) = dy(x1, y1) * dy (X2, y2) * - * dy(Xn, Yp) < €1 k€] k- k€] <€,

By the foregoing, F is e-dense in (X, d7.).

(2) Necessity. Assume that the x-metric space (X, d},,,) is totally bounded. Then the method of the proof
is the same as that of necessity in (1).

Sufficiency. Let every (X,-,di*) be totally bounded. For € > 0, take a finite set F; which is e-dense in X,

for every i < n. We define that
n

F= F;.
i=1
Clearly, F is a finite set. To conclude the proof it suffices to show that F is e-dense in the space (X, d%,,). Let
x = (x1,X2,...,X,) be an arbitrary point of X. For every i < n, there exists a y; € F; such that dl*(x,, yi) <€and
take a point y = (y1,¥2,...,ys) € F. Without loss of generality, choose maxi«i<x d;* (xi, yi) = d,:‘ (%%, yx), then
we have
max(x y) maXd (xl/ yl) = d*(Xk, yk) <E€.

By the foregoing, F is e-dense in (X, d%,.)-
This completes the proof. [

Let (X, d) be a metric space. Define d(x, y) = min{1,d(x, y)} for each x, y € X. It is well known that disa
metric on X such that the topology induced by d is the same as induced by d. For *-metric space, we have
the following result.

Proposition 3.8. Let (X,d*) be a *x-metric space and define d*(x,y) = min{l,d*(x, y)} for each x,y € X. Then
(X, d*) is also a x-metric space on X. Furthermore the topology induced by d* on X is the same as induced by d*.

Proof. We shall verify that d* is a x-metric. Clearly, d* satisfies (M1) and (M2) in the definition 1.2. Suppose
the contrary that there exist points x, y, z € X such that

1> d*(x,2) > d*(x, y) * d*(y,2).

Then, d*(x, y) <1, d~*(y,z) < 1 (since, if d*(x, y) > 1, then d*(x, y) * d~*(y, z2)>1%x0=1,1ed*(x,z) > 1).
Therefore 5 y
d*(x,y) x d*(y,z) = d*(x,y) x d*(y,z) > d*(x, z).
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This implies that d*(x,z) > d*(x,z), which is a contradiction with d* (x, z) < d*(x, z). Thus (X, d*) is a x-metric
space.
For any € > 0, x € X we define

Bix(x,€) ={ye X:d*(x,y) <€}

and

Bi(x,€) ={y e X:d*(x,y) <€}
Clearly, By-(x,€) = B (x,€) whenever 0 < € < 1 for each x € X. Thus the topology induced by d* on X is the
same as induced by d*. This completes the proof. [J

Let {(X4, d%)}aca be a family of x-metric spaces and X = @ae , Xa be the disjoint union of {X,}sea. By
Proposition 3.8, one can suppose that d}(x, y) < 1 for x, y € X, and a € A. For every x,y € X, we define

d* (v, ) = dy(x,y), ifx,y E'Xa forsome a € A,
! 1, otherwise. (3.3)

Then (X, dq*) is a x-metric space.

Obviously, d; satisfies conditions (M1) and (M2). It remains to show that condition (M3) d;‘ (x,2) <
d; (x,v) * d; (y,z) is also satisfied. Otherwise, if there exist points x,y,z € X, such that 1 > dq* (x,2) >
dy(x,y) * dy(y,z), thendy(x,y) <1,d7(y,z) < 1. Since, if d7 (x, y) > 1, then dy (x,y) x dy(y,z) 21 %0 =1, 1ie.
dy(x,z) > 1. This implies that d7 (v, z) > d} (x, z), which is a contradiction with dy (x, z) < d3(x, z). Thus, there
exists an a € A such that x, y,z € X, then we have

dy (e, y) * dy (y,2) = dy(x, y) x dy (y,2) > dy(x,2) = df(x,2),

which is a contradiction with d7 (x, z) > dj (x, y) * dy(y, 2).

One can easily show that for every a € A, the set X, is open in the space X with the topology induced
by d. Since d induces the topology on X,, di induces the topology of the disjoint union of topological
spaces {X}qea on X.

Theorem 3.9. Let {(X;,d*)}, be a family of x-metric spaces such that the metric d* is bounded by 1 for 1 <i<n,
and X = EBKK” Xi the disjoint union of {Xi}i<n. Then (X, d7) is totally bounded if and only if all spaces (X;, d}*) are
totally bounded, where dyy is defined as the formula (3.3).

Proof. Necessity. Assume that (X, d[;) is totally bounded. One can easily show that (X;,d*) is a subspace of
(X, dy). So, all spaces (X;, d)) are totally bounded by Theorem 3.4.

Sufficiency. Assume that all spaces (X,-,dj*) are totally bounded. Then, for € > 0, and for each x € X;,
there exists a yo € Fi(€) such that d*(x,yo) < €. Put F(e) = Uiz, Fi(e) and let x be an arbitrary point of X.
Obviously, x is also a point on some X;. Thus, we can find a yo € F;(€), such that d,’; (x, o) = dX(x, y0) < €.
So, (X, dy) is totally bounded. [J

4. The completeness of x-metric spaces

Completeness is an important property in metric spaces. The completeness of metric spaces depend
on the convergence of Cauchy sequences. Therefore, we extend the definition of Cauchy sequences and
completeness in metric spaces to x-metric spaces. Further, we study complete properties of *-metric spaces
and give a characterization.

Definition 4.1. Let {x,},en be a sequence of a *x-metric space (X,d*), and x € X. If for every € > 0, there
exists a k € IN such that d*(x, x,,) < € whenever n > k, then the sequence {x,},en is said to converge to x under

. a4
d*, and we write x,, — x.
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Proposition 4.2. Let (X, d*) be a x-metric space. Then the following statements are equivalent:

(1) {xp}nen converges to xo under Jys;
(2) {xu}nen converges to xo under d*.

Proof. (1) = (2) For every € > 0, clearly, By«(xy, €) is a neighborhood of xy. Since {x,},en converges to x
under 9+, there exists a k € IN such that x,, € By (xo, €) whenever n > k, i.e. d*(x,,, xo) < €. Therefore {x;},en
converges to xo under d*.

(2) = (1) For any neighborhood U of the point xg, there exists € > 0 such that B4« (xo, €) C U. Since {x,}yen
converges to xo under d*, there exists a k € IN such that d*(x,, x9) < € whenever n > k, i.e. x,, € By (xo,€).
Thus x, € U whenever n > k. Therefore {x,},en converges to xo under J3=. [

Definition 4.3. Let (X,d*) be a x-metric space, the sequence {x,},en is called Cauchy sequence in (X, d*) if
for every € > 0 there exists a k € IN such that d*(x,, x,,) < € whenever m,n > k.

Proposition 4.4. Let {x,},en be a Cauchy sequence in %-metric space (X, d*). If {x,},en has an accumulation point

d*
Xo, then x,, — x.

Proof. For every € > 0, by Lemma 2.3, take an €1 > 0 such that €; % €; < €. Since {x,} is a Cauchy sequence,
there exists a k1 € IN such that d*(x,, x,,) < €1 whenever m,n > k;. Noting that xj is an accumulation point
of {x,}, there exists a k, € IN such that d*(xo, xi,) < €1 and k; > k;. Therefore, while m > k;, we have

d* (xo, Xm) < d*(x0, X,) * d* (Xk,, Xm) < €1 * €1 < €.
This shows that {x,},en converges to xg. O

Definition 4.5. A *-metric space (X, d*) is complete if every Cauchy sequence in (X, d*) is convergent to a
point of X.

Theorem 4.6. A x-metric space (X, d*) is compact if and only if (X, d*) is complete and totally bounded.

Proof. Necessity. Let (X,d*) be a compact x-metric space. According to Corollary 3.3, (X,d*) is totally
bounded. According to Proposition 4.4, if a Cauchy sequence in space (X, d*) has convergent subsequences,
then this Cauchy sequence converges. Since compact x-metric space is sequentially compact, which means
that every sequence of points of X has a convergent subsequence. By Corollary 2.6, every Cauchy sequence
in (X, d*) is convergent to a point of X. This implies that (X, d*) is complete.

Sufficiency. Let (X,d*) be a complete and totally bounded x-metric space. To conclude the proof it
suffices to show that X is sequentially compact which implies that X is compact, by Corollary 2.6.

Let {x,} be any sequence in the *-metric space (X,d*). From the total boundedness of space X, there
exists finite open-balls cover X with radius 1. At least one of the finite open-ball B!, contains infinite points
x, in sequence {x,}. Let the set formed by the subscript # of x,, contained in B}i* be N;. Then Nj is an infinite
set, such that x,, € Bé* whenever n € N;. Then use finite open-balls to cover X with radius 1/2. Among
these finite open-balls, there must be at least one open-ball B2, and an infinite subset N, of Nj, such that
Xy € Bﬁ* whenever n € Ny. Generally speaking, taking the infinite subset Nj of the positive integer set,
we can select an open-ball B’;Il with radius of 1/(k+1) and an infinite set Ny.; C N, such that x,, € B’;;l
whenever 1 € Ny, 1.

Take 11 € Ny, n; € Np, which np > n;. Generally speaking, when 7, has been taken, we can choose
k41 € Nigq such that ny,q > ny. Since for every Ny is an infinite set, the above method can be completed.
For i, j > k, we have n;, n; € Ni such that x,,,, Xn, € Bg*. This implies that {x,, } is a Cauchy sequence, and it is
convergent by completeness of (X, d*). O

The distance D(x, A) from a point to a set A in a *x-metric space (X, d*) is defined as

D(A,x) = D(x,A) = inlg{d*(x, y)}, if A#0, and D(x,0) = D(0,x) = 1.
yE
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Proposition 4.7. Let (X, d*) be a x-metric space, and A C X. Then A ={x:D(A,x) =0}.

Proof. Forany x, € A there exists a sequence {x,},en C A such thatx, , xo. Thisimplies that d*(x,, x¢) — 0.
Since 0 < d*(xg, A) < d*(x,, x9) — 0, we have that d*(xy, A) = 0, which implies that xy € {x : D(4,x) = 0}.
Therefore A C {x:D(A,x)=0}.

Suppose the contrary that take y € {x : D(A, x) = 0} which satisfies d*(y,A) = 0 and y ¢ A. Then there
exists €9 > 0 such that Bs«(y,e9) N A = 0, which implies that d*(y, A) > €o. This is a contradiction with
d*(y,A) = 0. Thus A 2 {x : D(A, x) = 0}.

This shows that A = {x: D(A,x)=0}. O

Definition 4.8. Let A be a subset of x-metric space (X, d*). We define 6(A) = sup, A1d* (x, y)} as the diameter
of the set A; it can be finite or equal to co. We also define 6(0) = 0.

Then Cantor theorem is an important characterization of complete metric spaces. Similarly, we extend
the Cantor theorem in metric spaces into x-metric spaces.

Theorem 4.9. A *-metric space is complete if and only if for every decreasing sequence F1 2 F; 2 F3 2 ... of
non-empty closed subsets of space X, such that lim, .. 5(F,) = 0, the intersection (,_; F, is a one-point set.

Proof. Necessity. Let (X, d*) be a complete x-metric space, and Fy, F, ... a sequence of non-empty closed
subsets of X such that

lim 6(F,) =0and Fiq CF, forn=1,2,...

n—oo

Choose x, € F,, for every n € IN. Now we shall prove that {x,} is a Cauchy sequence. According to
lim,, . O(F,) = 0, for € > 0, there exists a k € IN such that 6(F,,) < € when n > k. Whenever n > m > k, we
have x,, € F, C F,,, because {F,} is a decreasing sequence. Furthermore x,, € F,,, so that

d* (%, xm) < 6(Fm) < €.

So, {x,} is a Cauchy sequence and thus is convergent to a point xp € X. Thus, any neighborhood of x
intersects F, (n = 1,2,...). The sets F,, being closed, we have xq € (,_; F,

Now, we need prove (-, F, = {xo}. Take arbitrary point y € (1,2, F,. By lim,0(F,) = 0, we can
choose a k € IN such that 6(F,) < € when n > k, Thus we have

d*(xo,y) < 6(F,) < €, where xo,y € F.

This implies that d* (xo, y) = 0. Thus we have xy = y.

Sufficiency. Let {x,} be a Cauchy sequence of (X, d*). For every k € N, there exist points i, rx € IN such
that d* (x;,, x,) < t where n > ;. Let x;, be the smallest positive integer with the above properties, so that
I < liv1,1e < 101k = 1,2,...). Construct the following sequence of closed subset {F,} which defined by

letting
1
Fk = Bd*(xlk/ r_k)’ (k = 1121 .. ‘)1

where By« (x;,, ) = {y € X : d*(x,, y) < ;-}. By Proposition 4.7, we can get that d*(Fy) < 7, which implies
that lim,_,., 6(F,) = 0.
Now define by induction a subfamily {H,} of {F,}. We define H; = Fy,, k1 = 1. Then take H, = F,, by

Lemma 2.3, we can set that k = min{j > 2: % 7 < %}. Generally speaking, if we take the positive integer
1
Now we shall show that {H,,}

k., we can take k,41 = min{j > k, + 1 : rl—/ * rl—/ < %}, such that H,,1 = Fi
satisfies the conditions in our theorem.
Let y € Hy41, then according to the selection method of ly, we have

n+l "

*
c A7 %) < —
kn+l kn+1

d* (y’ xlkn+1 ) <
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thus

1 1 1 1
* < *

rkn+1 7"kn"'l rkn+1 rkn+1 rkn

d*(y,x,) <d*(y,x, ) *d* (g, ,x,) <

This implies that y € H,, i.e. Hy41 C Hy.
According to the assumption (,~; F, = {xo}. Now we shall show that a Cauchy sequence {x,} is
convergent to the point xo. For every € > 0, by Lemma 2.3, take a rx € IN such that % * % < €, and

d*(xy,, x,) < 7= In addition, xo € Fy, d*(x;,, X0) < 7

- 7, SO we have
N

1 1 1 1
d* (xo, xn) < d*(xo,x1) * d*(x), %) < — % — < — k — <e€.
Tk Tks1 Ty Tk

Thus, lim,,,« X, = xo, this shows that (X, d*) is a complete x-metric space. [

Theorem 4.10. A *-metric space is complete if and only if every family of closed subsets of X which has the finite
intersection property and for every € > 0 contains a set of diameter less than € has non-empty intersection.

Proof. Sufficiency of the condition in our theorem for completeness of a *-metric space follows from the
Theorem 4.9.

We shall show that the condition holds in every complete *-metric space (X,d*). Consider a family
{Fs}ses of closed subsets of X which has the finite intersection property and which for every j € IN contains
a set Fs, such that 6(1—"5].) < % Let F; = N j<i Fs,. One easily sees that the sequence Fy, F, ... satisfies the

condition of the Cantor theorem, since F,.1 C F,, and 6(F;) < 0(Fs;) < % which means lim,,_,o 6(F,) = 0. So
that there exists an x € (2, F;. Clearly, we have (2, F; = {x}. Now, let us take an arbitrary s € S; letting

F/ =F,NF fori=1,2,... we obtain again a sequence F,F,,... satisfying the conditions of the Theorem
4.9. Since
0% \F =Fy,n( |Fi=Fynlx,
i=1 i=1

we have x € F;,. Hence x € (s Fs. O

Theorem 4.11. A subspace (M, d*) of a complete *-metric space (X, d*) is complete if and only if M is closed in X.

Proof. Necessity. Let x € M, and we define F; = M N By (x, %)(k =1,2,...), then sequence {Fy} is non-empty
closed subsets in subspace M, so one can easily check that {F;} satisfies the conditions (1) and (2) in the
Theorem 4.9. Since subspace (M, d*) is complete, by Theorem 4.9, obviously (2, Fx = {x}, it follows that
x € M. Therefore M = M.

Sufficiency. Let M be a closed set, every Cauchy sequence of *-metric space (M, d*) is also a Cauchy
sequence of complete *-metric space (X, d*), so it converges to a certain point x € X. Since M is closed in X,
x € M. This completes the proof. [

The following theorem shows that in a class of *x-metric spaces, the completeness is preserved by finite
products.

Theorem 4.12. Let {(X;,d*)}L, be a family of finite nonempty *-metric spaces and X = [[i_; X; the Cartesian
product. Then

(1) X with the *-metric df defined by formula (3.1) is complete if and only if all *-metric spaces (X;,d}) are
complete;
(2) X with the x-metric d},

max defined by formula (3.2) is complete if and only if all x-metric spaces (X;,d}) are
complete.
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Proof. (1) Assume that the space (X, d¥) is complete. For every subspace X;, = [1i-; A; of X, where A,, = X,
and A; = {x}} is a one-point subset of X; for i # m, is closed in (X, d}). Then the subspace X}, is complete
by Theorem 4.11. One can easily verify that p;, = pu Ix;: X;, — Xy is a isometric isomorphism, since
axlx:, (P (%), P (y)) = d5(x, y). Therefore, for every Cauchy sequence {x;,} in (X, dy;,), the sequence {p;_l(xn)}
is a Cauchy sequence in Xj,. Then

p(lim p;, 7 (x,)) = lim x,

so that the space (X, d};) is complete.
Assume that all spaces (X;,d*) are complete. Take any Cauchy sequence {yi}kew in (X,d}), where
Yk = (xi.‘), for 1 < i < n. Then the sequence {xif}kE]N is a Cauchy sequence in (Xj, dl.*) and thus converges to a
point x? € X;. Now, we shall show that {y}xen converges to a point x° = (x?). For € > 0, by Lemma 2.3, take
n times
—_——
ane€; > 0such thate; x €1 % -+ x €1 < €. Since {xi.‘ Jkew converges to a point x?, there exists m; € IN, such that

dar (xi.‘, x?) < €1, where k > m;. Thus choose m = maxy«;<,{m;}, such that

n times
—————
d;(yk,xo) = d{‘(x’{,x?) * d;(x’;,xg) *ookdX (0K, x0) <ep ke k- kep <6,

whenever k > m. We have shown that (X, d7}) is complete.

(2) Assume that the space (X, d7) is complete. The method of proof is the same as (1).

Assume that all spaces (X;,d*) are complete. Take any Cauchy sequence {y}ren in (X, dy,.y), where
Y = (xf), for 1 < i < n. Then the sequence {xi,< }en is a Cauchy sequence in (X;,d) and thus converges to
a point x? € X;. Now, we shall show that {y}ren converges to a point K = (x?). Since {xé‘}keN converges
to a point x?. For every € > 0 there exists m; € IN, such that di*(x’i‘, x?) < €, where k > m;. Without loss of
generality, let maxi<ic, d¥ (xf, x7) = d}* (x’]f, x‘]?), then while k > m = m;j, such that

*

* 0y _ k 0y _ gx/k -0
dmax(yk'x)_{gi);dl (xi,xi)—dj(x].,xj)<e.

We have shown that (X, d.,) is complete. [

Theorem 4.13. If {(X, d})}aea is a family of *-metric spaces such that the x-metric d}; is bounded for each a € A,
and X = €@ _, X be the disjoint union of {X,}. Then X with the %-metric dy defined by formula (3.3) is complete if
and only if all spaces (X,, d}) are complete.

Proof. Necessity. Assume that (X, d7) is complete. Then it is easy to see that all sets X,, are open-and-closed
in X. So, all spaces (X,,d}) are complete by Theorem 4.11.

Sufficiency. Assume that all spaces (X,,d}) are complete. Then (X,d}) is complete, because every
Cauchy sequence of x-metric space (X,, d}) is also a Cauchy sequence of (X, d) and it converges to a certain
pointxe X, CX. O

The Baire theorem is a very important result in complete metric spaces. We shall extend this theorem to
complete x-metric spaces.

Theorem 4.14. [n a complete x-metric space (X, d*) the intersection A = (", A, of a sequence Ay, As, . .. of dense
open subsets is a dense set.

Proof. Let A = ;-1 Ay, for every A, an open dense subset of complete x-metric space (X,d*). Now,
construct the sequence of closed subset {F,} which satisfies conditions in Theorem 4.9. Since A; is dense in
X, and U is a non-empty open set, then A; NU # 0. Take x; € A; NU, since A; N U is an open set, there exists
€1 which satisfies 0 < €; < 1/22, such that By (x1,€1) € A; N U. Since A; is dense in X, and By«(x1,€;) is an
open set, then A, N By« (x1,€1) # 0. Take x5 € Ay N By« (x1, €1), since Ay N By« (x1, €1) is an open set, there exists
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€, which satisfies 0 < e, < €1/2, such that By«(x2,€2) C Az N By« (x1,€1). Obviously, Bys(x2,€2) C Byx(x1,€1)
and By« (x, €2) € A, N U. Going on, one can easily obtain the sequence of closed subset {F,,} = {By« (x4, €4)}
which satisfies F,41 C F,, and 0(F,) < 1/2" (n=1,2,...). This implies that {F,} satisfies conditions in Theorem
4.9. Noting that F, € A, N U, by Theorem 4.9, (,; F,, # 0, then we have

Amu:(ﬁAn)nU: ﬁ(AnﬂU)D ﬁFn;t(Z),
n=1 n=1 n=1

this implies that A is densein X. [

Every metric space is isometric to a subspace of a complete metric space. It would be interesting to find
out whether this result remain valid in the class of *-metric spaces:

Problem 4.15. Is every x-metric space isometric to a subspace of a complete *-metric space?
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