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Abstract. In this paper, we introduce a new class of submanifolds which are called pointwise quasi bi-slant
submanifolds in almost Hermitian manifolds which extends quasi bi-slant, bi-slant, hemi-slant, semi-slant
and slant submanifolds in a very natural way. Several basic results in this respect are proved in this paper.
Moreover, we obtain some conditions of the distributions which is involved in the definition of the new
submanifolds. We also get some results for totally geodesic and mixed totally geodesic conditions for
pointwise quasi bi-slant submanifolds. Finally, we illustrate some examples in order to guarantee the new
kind of submanifolds.

1. Introduction

One of the interesting and active research topic is the theory of submanifolds in differential geometry.
The theory has many interesting applications such as economic modelling, mechanics, image processing
and computer design. In the theory of submanifolds, the notion of slant submanifolds was introduced by
B. Y. Chen as a natural generalizations of holomorphic immersions and totally real immersions. Most of
the studies and examples related to slant submanifolds can be found in [5].

In the course of time, this interesting notion has been studied broadly by several geometers ([6], [9], [11],
[12], [22], [25], [26]). As a generalization of slant submanifolds, there are several kinds of submanifolds:
semi-slant submanifolds ([2], [14], [23]), generic submanifolds ([20], [21]), hemi-slant submanifolds ([13],
[28]), bi-slant submanifolds ([3], [4], [27]), quasi hemi-slant submanifolds ([18], [19]), quasi bi-slant sub-
manifolds ([1], [17]). In 2012, B. Y. Chen and O. J. Garay [7] studied pointwise slant submanifolds in almost
Hermitian manifolds which was first proposed by F. Etayo [10] under the notion of quasi slant submanifold.

In 2013, B. Şahin [24] defined the notion of pointwise semi-slant submanifolds. In 2014, K. S. Park
([15], [16]) defined the notion of pointwise almost h-slant submanifolds and pointwise almost h-semi-slant
submanifolds in an almost quaternionic Hermitian manifold. The author obtained some geometrically
important properties of these manifolds.

On the other hand, in Akyol and Beyendi [1] initiated the study of quasi bi-slant submanifolds of an
almost contact metric manifold by generalizing slant, semi-slant, hemi-slant and bi-slant submanifolds.
(See also: [17]).
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Taking into account of the above studies, we introduce the notion of pointwise quasi-bi-slant subman-
ifolds, in which the tangent bundle consists of one invariant and two slant distributions which have slant
functions instead of slant angle, of almost Hermitian manifolds as a generalization of quasi bi-slant, bi-slant,
hemi-slant, semi-slant and slant submanifolds in the present paper.

The summary of the present paper is as follows: In Sect. 2, the basic notions, important definitions
and some properties of both almost Hermitian manifolds and the geometry of submanifolds are given. In
Sect. 3, we define the notion of pointwise quasi-bi-slant submanifolds, giving a non-trivial example and
obtain some basic results for the next sections. In Sect. 4, we deals with main theorems related to the
geometry of distributions in this section. Finally, we mention another non-trivial example for this new class
of submanifolds.

2. Preliminaries

In this section, we give the definition of a Kaehler manifold and some background on submanifolds
theory.

Let M̃ be a smooth manifold of dimension 2m. Then, M̃ is said to be an almost Hermitian manifold if it
admits a tensor field J of type (1, 1) and a Riemannian metric 1 on M̃ satisfying

J2 = −I, 1(JX, JY) = 1(X,Y), (1)

for any vector fields X,Y on TM̃, where I denotes the identity transformation. The fundamental 2 -form Ω
on M̃ is defined by Ω(X,Y) = 1(X, JY), ∀X,Y ∈ Γ(TM̃), with Γ(TM̃) being the section of tangent bundle TM̃
of M̃. An almost Hermitian manifold M̃ is called a Kaehler manifold [29] if

(∇̃X J)Y = 0, (2)

where ∇̃ is the Levi-Civita connection on M̃ with respect to 1.
Let M be a Riemannian manifold isometrically immersed in M̃ and induced Riemannian metric on M is

denoted by the same symbol 1 throughout this paper. Let A and h denote the shape operator and second
fundamental form, respectively, of immersion of M into M̃. The Gauss and Weingarten formulas of M into
M̃ are given by [6]

∇̃XY = ∇XY + h(X,Y) (3)

and

∇̃XV = −AVX + ∇⊥XV, (4)

for any vector fields X,Y ∈ Γ(TM) and V ∈ Γ(T⊥M), where ∇ is the induced connection on M and ∇⊥

represents the connection on the normal bundle T⊥M of M and AV is the shape operator of M with respect
to normal vector V ∈ Γ(T⊥M). Moreover,AV and h are related by

1(h(X,Y),V) = 1(AVX,Y), (5)

for any vector fields X,Y ∈ Γ(TM) and V ∈ Γ(T⊥M).

Now, we have the following definition from [7]:

Definition 2.1. A submanifold M of an almost Hermitian manifold M̃ is called pointwise slant if, at each point
p ∈ M, the Wirtinger angle θ(X) is independent of the choice of nonzero vector X ∈ T∗pM, where T∗pM is the tangent
space of nonzero vectors. In this case, θ is called slant function of M (cf. [7]).

Finally, a submanifold M is called (i) (D1,D2)-mixed totally geodesic if h(Z,W) = 0, for any Z ∈ Γ (D1)
and W ∈ Γ (D2) (ii) D-totally geodesic if it is (D,D)-mixed totally geodesic.



M. A. Akyol et al. / Filomat 36:19 (2022), 6687–6697 6689

3. Pointwise quasi bi-slant submanifolds

In this section, we define a new class of submanifolds which can be considered as a generalization
of quasi bi-slant, bi-slant, hemi-slant, semi-slant, slant etc. submanifolds. We also give some non-trivial
examples for illustrating the notion.

First, we have the following definition:

Definition 3.1. Let M be an isometrically immersed submanifold in a Kaehler manifold M̃. Then we say that M is
a pointwise quasi bi-slant submanifold if it is furnished with three orthogonal distributions

(
D,Dθ1 ,Dθ2

)
satisfying

the conditions:

(i) TM = D ⊕Dθ1 ⊕Dθ2 ,

(ii) The distribution D is invariant, i.e. JD = D,

(iii) JDθ1 ⊥ Dθ2 and JDθ2 ⊥ Dθ1 ,

(iv) The distributions Dθ1 ,Dθ2 are pointwise slant distributions with slant function θ1, θ2, respectively.

The pair θ1, θ2 of slant functions is called the bi-slant functions. A pointwise quasi bi-slant submanifold
M is called proper if its bi-slant function satisfies θ1, θ2 , 0, π2 , and both θ1, θ2 are not constant on M.

If we represent by d1, d2 and d3 the dimensions ofD,Dθ1 andDθ2 , respectively, then from our generalized
definition of pointwise quasi bi-slant submanifold M, we can obtain the following known subclasses as
remarks:

Remark 3.2. M reduces to a pointwise bi-slant submanifold [8] for d1 = 0.

Remark 3.3. M is a quasi bi-slant submanifold [1] for d1 , 0 and 0 < d2, d3 < π
2 where d2 and d3 are different slant

angles.

Remark 3.4. M is called a pointwise-slant submanifold [7] for d1 = d2 = 0.

Remark 3.5. M is a bi-slant submanifold [3] for d1 = 0 and 0 < d2, d3 < π
2 where d2 and d3 are different slant angles.

Remark 3.6. M is simply to a slant submanifold [5] for d1 = d2 = 0 and 0 < d3 < π
2 .

Now, we present a non-trivial example of proper pointwise quasi bi-slant submanifold in R12.

Example 3.7. For t, s , 0, 1; θ1, θ2 ∈ (0, π2 ), consider a submanifold M of a Kaehler manifold R12 given by the
equations

x1 = s cosθ2, y1 = t cosθ1, x2 = s sinθ2, y2 = t sinθ1, x3 = s cosθ1, y3 = t cosθ2

x4 = s sinθ1, y4 = t sinθ2, x5 =
1
√

3
θ1 +

1
√

2
θ2, y5 =

1
√

2
θ1 +

1
√

3
θ2, x6 = u, y6 = v.

Then the tangent bundle ofM is spanned by {e1, e2, e3, e4, e5, e6} where

e1 = cosθ1
∂
∂y1
+ sinθ1

∂
∂y2
+ cosθ2

∂
∂y3
+ sinθ2

∂
∂y4

,

e2 = cosθ2
∂
∂x1
+ sinθ2

∂
∂x2
+ cosθ1

∂
∂x3
+ sinθ1

∂
∂x4

,

e3 = −t sinθ1
∂
∂y1
+ t cosθ1

∂
∂y2
− s sinθ1

∂
∂x3
+ s cosθ1

∂
∂x4
+

1
√

3

∂
∂x5
+

1
√

2

∂
∂y5

,

e4 = −s sinθ2
∂
∂x1
+ s cosθ2

∂
∂x2
− t sinθ2

∂
∂y3
+ t cosθ2

∂
∂y4
+

1
√

2

∂
∂x5
+

1
√

3

∂
∂y5

,

e5 =
∂
∂x6

, e6 =
∂
∂y6

.
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Then D = {e5, e6} is holomorphic distribution and Dθ1 = span{e1, e2}, Dθ2 = span{e3, e4} are pointwise bi-slant
distributions with slant functions cos−1[cos(θ1 − θ2)] and cos−1( 1

6(t2+s2)+5 ). Hence M is a proper 6-dimensional
pointwise quasi bi-slant submanifold in R12.

Let M be a pointwise quasi bi-slant submanifold of a Kaehler manifold M̃. Then, for any X ∈ Γ(TM), we
have

X = PX + QX + RX, (6)

where P,Q and R denotes the projections on the distributions D, Dθ1 and Dθ2 , respectively.

JX = TX + FX, (7)

where TX and FX are tangential and normal components on M. By using (6) and (7), we get immediately

JX = TPX + TQX + FQX + TRX + FRX, (8)

here since JD = D, we have FPX = 0. Thus we get

J(TM) = D ⊕ TDθ1 ⊕ TDθ2 (9)

and

T⊥M = FDθ1 ⊕ FDθ2 ⊕ µ, (10)

where µ is the orthogonal complement ofFDθ1 ⊕FDθ2 in T⊥M and Jµ = µ.Also, for any Z ∈ T⊥M,we have

JZ = BZ + CZ, (11)

where BZ ∈ Γ(TM) and CZ ∈ Γ(T⊥M).
Taking into account of the condition (iii) in Definition (3.1), (7) and (11), we obtain the followings:
TDθ1 ⊂ Dθ1 , TDθ2 ⊂ Dθ2 , BFDθ1 = Dθ1 , BFDθ2 = Dθ2 .
With the help of (7) and (11), we obtain the following Lemma:

Lemma 3.8. Let M be a pointwise quasi bi-slant submanifold of a Kaehler manifold M̃. Then, we have

(a)BFU1 = − sin2 θ1U1, (b)BFU2 = − sin2 θ2U2,

(c)T 2U1 +BFU1 = −U1, (d)T 2U2 +BFU2 = −U2,

(e)FTU1 + CFU1 = 0, (f)FTU2 + CFU2 = 0,

for any U1 ∈ Dθ1 and U2 ∈ Dθ2 .

By using (2), Definition (3.1), (7) and (11), we obtain the following Lemma:

Lemma 3.9. Let M be a pointwise quasi bi-slant submanifold of a Kaehler manifold M̃. Then, we have

(i) T 2
i Ui = − cos2 θiUi,

(ii) 1(TiUi,TiVi) = (cos2 θi)1(Ui,Vi),
(iii) 1(FiUi,FiVi) = (sin2 θi)1(Ui,Vi)

for any i = 1, 2, U1,V1 ∈ Γ(Dθ1 ) and U2,V2 ∈ Γ(Dθ2 ).

Proof. The proof follows using similar steps as in Proposition 2.8 of [7].
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Lemma 3.10. Let M be a pointwise quasi bi-slant submanifold of a Kaehler manifold M̃ with pointwise slant distri-
butions Dθ1 and Dθ2 with distinct slant functions θ1 and θ2, respectively. Then

(i) For any X,Y ∈ Dθ1 and Z ∈ Dθ2 , we have(
sin2 θ1 − sin2 θ2

)
1 (∇XY,Z) = 1

(
AFT2ZY − AFZT1Y,X

)
+ 1

(
AFT1YZ − AFYT2Z,X

)
(ii) For Z,W ∈ Dθ2 and X ∈ Dθ1 , we have(

sin2 θ2 − sin2 θ1

)
1 (∇ZW,X) = 1

(
AFT2WX − AFWT1X,Z

)
+ 1

(
AFT1XW − AFXT2W,Z

)
.

4. Main Results

Theorem 4.1. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, the invariant
distribution D defines a totally geodesic foliation on M if and only if

1(AFQ1Z JU − ∇JUTQ1Z,V) = 1(T∇JUV +Bh(JU,V),Q2Z)

and

∇JUBW − ACW JU ∈ Γ(Dθ1 ⊕Dθ2 ),

for any U,V ∈ D, Z = Q1Z + Q2Z ∈ Γ(Dθ1 ⊕Dθ2 ) and W ∈ Γ(TM)⊥.

Proof. From equations (3) and (7), we have

1(∇̃JU JV,Z) = −1(∇̃JUV,TQ1Z) − 1(∇̃JUV,FQ1Z)
+ 1(J(∇JUV + h(JU,V)),Q2Z),

for any U,V ∈ D,Z = Q1Z + Q2Z ∈ Γ(Dθ1 ⊕ Dθ2 ). Further, taking into account of (4), the above equation
becomes

1(∇̃JU JV,Z) = 1(∇JUTQ1Z − AFQ1Z JU,V)
+ 1(T∇JUV +Bh(JU,V),Q2Z). (12)

Now, for any W ∈ Γ(TM)⊥ and U,V ∈ Γ(D), we have

1(∇̃JU JV,W) = −1(∇̃JUV,BW) − 1(∇̃JUV,CW)
= 1(V,∇JUBW + h(JU,BW)) + 1(−ACW JU + ∇⊥JUCW,V)

= 1(∇JUBW − ACW JU,V). (13)

The proof comes from (12) and (13).

As a direct consequence of the above theorem, we can give the following result:

Corollary 4.2. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, we have

J∇JUV +Bh(JU,V) ∈ Γ(Dθ1 ⊕Dθ2 ),

∇JUTQ1Z − AFQ1Z JU ∈ Γ(Dθ1 ⊕Dθ2 ),

∇JUBW − ACW JU ∈ Γ(Dθ1 ⊕Dθ2 ),

for any U,V ∈ Γ(D), Z = Q1Z + Q2Z ∈ Γ(Dθ1 ⊕Dθ2 ) and W ∈ Γ(TM)⊥.
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Theorem 4.3. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, the slant distribution
Dθ1 defines a totally geodesic foliation on M if and only if

sin2 θ11([U1,Z],V1) − sin 2θ1Z(θ1)1(U1,V1) = 1(AFTU1 Z,V1) + 1(AFU1 Z,TV1)
− 1(∇⊥ZFU1,FV1)

and
∇
⊥

U1
FTV1+∇

⊥

U1
CFV1+h(U1,BFV1) = 0,

where U1,V1 ∈ Γ(Dθ1 ),Z ∈ Γ(D ⊕Dθ2 ).

Proof. For any U1,V1 ∈ Γ(Dθ1 ),Z ∈ Γ(D ⊕Dθ2 ) we have

1(∇̃U1 V1,Z) = U11(V1,Z) − 1(V1, ∇̃U1 Z)

= −1([U1,Z],V1) + 1(∇̃ZT
2U1,V1) − 1(∇̃ZFTU1,V1) − 1(∇̃ZFU1, JV1).

Furthermore, from Lemma 3.9 and using the property of slant function, we deduce

1(∇̃U1 V1,Z) = −1([U1,Z],V1) + sin 2θ1Z(θ1)1(U1,V1) − cos2 θ11(∇̃ZU1,V1)

+ 1(∇̃ZFTU1,V1) − 1(∇̃ZFU1, JV1)

= −1([U1,Z],V1) + sin 2θ1Z(θ1)1(U1,V1) + cos2 θ11(∇̃U1 V1,Z)

+ cos2 θ11([U1,Z],V1) − 1(∇̃ZFTU1,V1) − 1(∇̃ZFU1, JV1).

From the above equation, we obtain

sin2 θ11(∇̃U1 V1,Z) = − sin2 θ11([U1,Z],V1) + sin 2θ1Z(θ1)1(U1,V1)
1(AFTU1 Z,V1) + 1(AFU1 Z,TV1) − 1(∇⊥ZFU1,FV1). (14)

Now, for any W ∈ Γ(TM)⊥ and U1,V1 ∈ Γ(Dθ1 ), we have

1(∇̃U1 V1,W) = −1(∇̃U1JTU1,W) − 1(∇̃U1JFV1,W)

= −1(∇̃U1T
2V1,W) − 1(∇̃U1FTV1,W) − 1(∇̃U1BFV1,W)

− 1(∇̃U1CFV1,W).

By using the property of the slant function, we get

1(∇̃U1 V1,W)=−(sin 2θ1)U1(θ1)1(V1,W) + cos2 θ11(∇̃U1 V1,W)
− 1(∇⊥U1

FTV1,W) − 1(h(U1,BFV1),W) − 1(∇⊥U1
CFV1,W)

which gives

sin2 θ11(∇̃U1 V1,W)=−1(∇⊥U1
FTV1+∇

⊥

U1
CFV1+h(U1,BFV1),W). (15)

The proof comes from (14) and (15).

For the geometry of Dθ2 , we have the following theorem:

Theorem 4.4. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, the slant distribution
Dθ2 defines a totally geodesic foliation on M if and only if

sin2 θ21([U2,Z],V2)−sin 2θ2Z(θ2)1(U2,V2)=1(∇ZBFU2−AFTU2 Z−ACFU2 Z,V2)

and
∇
⊥

U2
FTV2 − FAFV2 U2 + ∇

⊥

U2
FV2 = 0

for any W ∈ Γ(TM)⊥ and U2,V2 ∈ Γ(Dθ2 ).
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Theorem 4.5. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then,D is totally geodesic
if and only if

∇UBW − ACWU ∈ Γ(FD1 ⊕ FD2)

and

h(U,BW) + ∇⊥UCW ∈ Γ(µ)

for any U,V ∈ Γ(D) and W ∈ Γ(TM)⊥.

Proof. For any U,V ∈ Γ(D) and W ∈ Γ(TM)⊥, from (3), (4), (7) and (11), we have

1(h(U,V),W) = 1(∇̃UV,W)

= 1(J∇̃U JW,V)
= 1(T (∇UBW − ACWU) +B(h(U,BW) + ∇⊥UCW),V)

which achieves the proof.

Theorem 4.6. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, Dθ1 is totally
geodesic if and only if

1(∇̃⊥U1
W,FTV1) = 1(AFV1 ,BW) + 1(∇⊥U1

CW,FV1)

where U1,V1 ∈ Γ(Dθ1 ) and W ∈ Γ(TM)⊥.

Proof. By virtue of (7), (11), we get

1(h(U1,V2),W) = −1(∇̃U1 JW, JV1)

= 1(∇̃U1 W,T 2V1) + 1(∇̃U1 W,FTV1)

− 1(∇̃U1BW,FV1) − 1(∇̃U1CW,FV1)

for any U1,V1 ∈ Γ(Dθ1 ) and W ∈ Γ(TM)⊥. Furthermore, taking into account of Lemma 3.9 and using the
property of slant function, we obtain

1(h(U1,V2),W) = − cos2 θ11(∇̃U1 W,V1) + 1(−AWU1 + ∇
⊥

U1
W,FTV1)

+ 1(−AFV1 U1,BW) − 1(∇⊥U1
CW,FV1)

which gives

1(h(U1,V1),W) = csc2 θ1{1(∇⊥U1
W,FTV1) − 1(AFV1 U1,BW) − 1(∇⊥U1

CW,FV1)},

which completes the proof.

For the slant distribution Dθ2 , we have the following theorem:

Theorem 4.7. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, Dθ2 is totally
geodesic if and only if

1(h(U2,BW) + ∇⊥U2
CW,FV2) = 1(∇⊥U2

W,FTV2)

where U2,V2 ∈ Γ(Dθ2 ) and W ∈ Γ(TM)⊥.
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Theorem 4.8. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, D − Dθ1 mixed
totally geodesic if and only if

F∇VTU = −Ch(V,TU)

for any U ∈ Γ(D),V1 ∈ Γ(Dθ1 ) and W ∈ Γ(TM)⊥.

Proof. For any U ∈ Γ(D),V1 ∈ Γ(Dθ1 ) and W ∈ Γ(TM)⊥, we have

1(h(U,V1),W) = 1(∇̃UV1,W) = 1(∇̃U JV1, JW).

On the other hand, by using (3), (7) and (11), we get

1(h(U,V1),W) = 1(∇̃V1 JU, JW)

= −1(J∇̃V1TU,W)
= −1(F∇V1TU + Ch(V1,TU),W)

which gives the proof.

Theorem 4.9. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, D − Dθ2 mixed
totally geodesic if and only if

1(h(U,TV2) + ∇⊥UFV2,CW) = 1(AFV2 U − ∇UTV2,BW)

where U ∈ Γ(D),V2 ∈ Γ(Dθ2 ) and W ∈ Γ(TM)⊥.

Proof. For any U ∈ Γ(D),V2 ∈ Γ(Dθ2 ) and W ∈ Γ(TM)⊥, we obtain

1(h(U,V2),W) = 1(∇̃U JV2, JW).

By virtue of (3), (4) and (7), we deduce

1(h(U,V2),W) = 1(∇̃U JV2, JW)
= 1(∇UTV2 + h(U,TV2), JW) + 1(−AFV2 U + ∇⊥UFV2, JW).

Taking into account of (11) in the above equation, we have

1(h(U,V2),W) = 1(∇UTV2 − AFV2 U,BW) + 1(h(U,TV2) + ∇⊥UFV2,CW)

which proves the assertion.

Theorem 4.10. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. Then, Dθ1 −Dθ2 mixed
totally geodesic if and only if

F (AFV2 U1 − ∇U1TV2) = C(h(U1,TV2) + ∇⊥U1
FV2)

where U1 ∈ Γ(Dθ1 ),V2 ∈ Γ(Dθ2 ) and W ∈ Γ(TM)⊥.

Proof. For any U1 ∈ Γ(Dθ1 ), V2 ∈ Γ(Dθ2 ) and W ∈ Γ(TM)⊥, we obtain

1(∇̃U1 V2,W) = 1(∇̃U1 JV2, JW).

By using (3), (4), (7) and (11), we have

1(h(U1,V2),W = −1(J∇̃U1 JV2,W)

= −1(J(∇̃U1TV2 + ∇̃U1FV2),W)
= −1(F∇U1TV2 + Ch(U1,TV2) − FAFV2 U1 + C∇

⊥

U1
FV2,W)

which has desired the assertion.
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Theorem 4.11. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. The invariant distribution
D is integrable if and only if

T (∇UTV − ∇VTU) +B(h(U,TV − h(U,TV)

has no component in Γ(Dθ1 ⊕Dθ2 ).

Proof. For any U,V ∈ Γ(D), Z ∈ Γ(Dθ1 ⊕Dθ2 ), by using (1), (2), (3) and (7), we have

1([U,V],Z) = 1(J(∇̃V JU) − J(∇̃U JV),Z)
= 1(J(∇VTU + h(V,TU)) − J(∇UTV + h(U,TV)),Z) (16)

here we have used that FU = 0 for any U ∈ Γ(D). Further, by using (7), (11) in the above equation, we get

1([U,V],Z) = 1(T (∇VTU − ∇UTV) +B(h(V,TU) − h(U,TV),Z)

which achieves the proof.

Theorem 4.12. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. The slant distribution
Dθ1 is integrable if and only if

sin2 θ11([U1,Z],V1) − cos2 θ11(∇U1 V1,Z) − sin 2θ1Z(θ1)1(U1,V1)
= 1(T(AFU1 V1 − ∇V1TU1) − B(h(V1,TU1) + ∇⊥V1

FU1),Z)

+ 1(∇ZBFU1 − ACFU1 Z,V1)

where U1,V1 ∈ Γ(Dθ1 ), Z ∈ Γ(D ⊕Dθ2 ), Z = PZ + RZ.

Proof. For any U1,V1 ∈ Γ(D1), Z ∈ Γ(D ⊕Dθ2 ), Z = PZ + RZ, by using (3), (4) and (7), we get

1([U1,V1],Z) = 1(∇̃U1 V1,Z) − 1(∇̃V1 U1,Z)

= −1(∇̃Z JU1, JV1) − 1([U1,Z],V1) − 1(∇̃V1 JU1, JZ)

= 1(∇̃ZT
2U1,V1) + 1(∇̃ZFTU1,V1) − 1(∇̃ZFU1, JV1) − 1([U1,Z],V1)

− 1(J(∇V1TU1 + h(V1,TU1) − J(−AFU1 V1 + ∇
⊥

V1
FU1),Z). (17)

On the other hand, taking into account of Lemma 3.9 and using the property of slant function, equation (17)

1([U1,V1],Z) = sin 2θ1Z(θ1)1(U1,V1) + cos2 θ1{1(∇̃U1 V1,Z) + 1([U1,Z],V1)}
− 1(AFTU1 Z,V1) + 1(∇ZBFU1,V1) − 1([U1,Z],V1)
+ 1(T(AFU1 V1 − ∇V1TU1) − B(h(V1,TU1) + ∇⊥V1

FU1),Z),

which gives the assertion.

For the slant distribution Dθ2 , we have the following theorem:

Theorem 4.13. Let M be a pointwise quasi bi-slant submanifolds of a Kaehler manifold M̃. The slant distribution
Dθ2 is integrable if and only if

sin2 θ21([U2,Z],V2) − cos2 θ21(∇U2 V2,Z) − sin 2θ2Z(θ2)1(U2,V2)
= 1(∇ZBFU2 − AFTU2 Z,V2) + 1(∇V2 U2,TPZ + TQZ) + 1(h(V2,U2),FQZ),

where U2,V2 ∈ Γ(Dθ2 ), Z ∈ Γ(D ⊕Dθ1 ), Z = PZ +QZ.

Finally, we mention the following example:
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Example 4.14. For θ1, θ2 ∈ (0, π2 ), consider a submanifold M of a Kaehler manifold M̃ defined by immersion ψ as
follows:

ψ(θ1, θ2,u, v, s, t) = (u cosθ2, v cosθ2,u cosθ1, v cosθ1,u sinθ2, v sinθ2,u sinθ1, v sinθ1, θ1, θ2,uθ1 + vθ2, 0, s, t).

We can easily see that the tangent bundle of M is spanned by the tangent vectors

e1 = −u sinθ1
∂
∂x2
− v sinθ1

∂
∂y2
+ u cosθ1

∂
∂x4
+ v cosθ1

∂
∂y4
+

∂
∂x5
+ u

∂
∂x6

,

e2 = −u sinθ2
∂
∂x1
− v sinθ2

∂
∂y1
+ u cosθ2

∂
∂x3
+ v cosθ2

∂
∂y3
+

∂
∂y5
+ v

∂
∂x6

,

e3 = cosθ2
∂
∂x1
+ cosθ1

∂
∂x2
+ sinθ2

∂
∂x3
+ sinθ1

∂
∂x4
+ θ1

∂
∂x6

,

e4 = cosθ2
∂
∂y1
+ cosθ1

∂
∂y2
+ sinθ2

∂
∂y3
+ sinθ1

∂
∂y4
+ θ2

∂
∂x6

,

e5 =
∂
∂x7

, e6 =
∂
∂y7

.

We define Kaehler structure J of R14 by,

J(
∂
∂xi

) = −
∂
∂yi

, J(
∂
∂y j

) =
∂
∂x j

, 1 ≤ i, j ≤ 6.

We have,

Je1 = −v sinθ1
∂
∂x2
+ u sinθ1

∂
∂y2
+ v cosθ1

∂
∂x4

,−u cosθ1
∂
∂y4
−

∂
∂y5
− u

∂
∂y6

Je2 = −v sinθ2
∂
∂x1
+ u sinθ2

∂
∂y1
+ v cosθ2

∂
∂x3
− u cosθ2

∂
∂y3
+

∂
∂x5
− v

∂
∂y6

,

Je3 = − cosθ2
∂
∂y1
− cosθ1

∂
∂y2
− sinθ2

∂
∂y3
− sinθ1

∂
∂y4
− θ1

∂
∂y6

,

Je4 = cosθ2
∂
∂x1
+ cosθ1

∂
∂x2
+ sinθ2

∂
∂x3
+ sinθ1

∂
∂x4
− θ2

∂
∂y6

,

Je5 = −
∂
∂y7

, Je6 =
∂
∂x7

.

Then D = span{e5, e6} is holomorphic distribution and Dθ1 = span{e1, e2}, Dθ2 = span{e3, e4} are pointwise bi-slant

with slant functions cos−1

(
−1√

(2u2+v2+1)(2v2+u2+1)

)
and cos−1

(
−2√

(θ2
1+2)(θ2

2+2)

)
. Thus ψ defines a proper 6-dimensional

pointwise quasi bi-slant submanifold M in M̃.
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