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Abstract. In this paper, the theoretical and numerical analysis of the stochastic Volterra integral equations
(SVIEs) driven by Lévy noise are considered. We investigate the existence, uniqueness, boundedness and
Holder continuity of the analytic solutions for SVIEs driven by Lévy noise. The Euler-Maruyama method
for SVIEs driven by Lévy noise is proposed. The boundedness of the numerical solution is proved, and

the strong convergence order is obtained. Some numerical examples are given to support the theoretical
results.

1. Introduction

Stochastic Volterra integral equations (SVIEs) (see [11] and the references cited therein), as an extension
of Volterra integral equations (VIEs) (see [20]) and stochastic differential equations (SDEs) (see [15] and the
references cited therein), are used to model many problems in various application fields, such as biology,
chemistry, physics, mathematical finance and optimal control theory. The theory of analytic solutions for
SDEs have received a great deal of attentions in recent decades. However, there exist no explicit solutions
for most SDEs , so numerical methods become appropriate choices (see, e.g., [6, 7, 15, 17, 19]).

Let us mention the recent interesting results of SVIEs. Mao studies the stability of stochastic Volterra
integro-differential equations (SVIDEs) in [14]. Later, Mao and Riedle (see [16]) extend these results to the
more generalized type of SVIDEs. Usually, such SVIEs do not possess any explicit solution and we have
to resort to numerical methods to obtain their approximate solutions. Though there are numerous papers
on numerical methods for stochastic differential equations (SDEs), however, there are only a few numerical
results of SVIEs (see, e.g., [8, 9, 24, 25, 28] and the references cited therein). In 2020, we studied theoretical
and numerical analysis of the Euler-Maruyama method for the generalized SVIDEs([27]).

Problems in economics, finance and many other branches of science are often affected by event-driven
uncertainties. In finance, for example, the unpredictability of important events, like market crashes, central
bank announcements, changes in credit ratings, defaults, etc., can have sudden and significant effects on
stock price movements. So jumps have been studied extensively in modeling of such phenomenon([4, 5]
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and the references cited therein). A lot of progress has been made (see, e.g., [1-3, 13, 22, 26]) in the recent
decades.
In this paper, we consider the following generalized SVIE driven by Lévy noise

t Z Z
Y(t) =q(t) + fo f (Y(t), j(; ki(z,s)Y(s)ds, j(; ol(z,s)Y(s)dw(s)) dz

t Z Z
+ fo g(Y(t), j(; ka(z,8)Y(s)ds, f(; oz(z,s)Y(s)dw(s)) dw(z)

t Z Z
+f0 Ly(Y(t),fo k3(z,s)Y(s)ds,fO 03(z,s)Y(s)dw(s),é)N(dz,dé) (1)

for t € [0, T], where ¢ : [0, T] —» Rand ||p||2, = n}g;g}l(p(t)lz <oo. Here f:RXRXR—->R,g: RXxRxR — R
te[0,

and y : RxRxRXZ — R are measurable functions. The kernels k;: D — R and ¢;: D — IR are continuous
onD :={(t,s):0<s<t<T} Setlkillo = (Itn)ag ki (t,s)] and ||oi||co = (m)a>[<) loi(t,s)| fori=1,2,3.
,S)E t,5)e

It is obviously that SVIE (1) is a generalization of SDEs and SVIEs, and also more extensions of SVIDEs
in [14], [16] and [27]. To the best of the authors’ knowledge, given some new difficulties of the multiple
stochastic integral (see [12]) and Lévy noise, these are the first results in the literature for such generalized
SVIE (1) driven by Lévy noise.

The outline of this paper is as follows: we will consider the existence, uniqueness, boundedness and
Holder continuity of the analytic solution of SVIE (1) in Section 2. The Euler-Maruyama method of SVIE
(1) is proposed and its convergence order is established to be 1/2 in Section 3. Finally, we will give some
numerical examples in Section 4 to illustrate the theoretical results of SVIE (1).

2. Theoretical analysis of SVIE driven by Lévy noise

Throughout this paper, let (3, 7, {F ;}1»0, P) denote a complete probability space with a filtration {F}:>0
satisfying the usual conditions (i.e, it is right continuous and increasing while #( contains all IP-null sets), and
let [E be the expectation corresponding to IP. A 1-dimensional Brownian motion defined on the probability
space is denoted by w(t) and N(dt,d&) is a Poisson random measure defined on o-finite measure space
(z, L,v) with intensity measure v # 0 (for the case when v = 0, see [23]). Set N(dt,d&) := N(dt,d&) — v(d&)dt.
Moreover, we assume that w(t) is independent of N(t,). The family of R-valued F;-adapted processes
{x(£)}tefo,r] such that Elx(t)P < oo (p > 1) is denoted by L7([0, T];R). We denote by M?([0, T]; R) the family

of processes {x(H)}epor in L2(10, T); R) such that E [ N dt] < 0. Fora,b € R, we useaV band a A b for

max{a, b} and min{a, b}, respectively. If G is a subset of (), its indicator function is denote by 1.
The assumptions are listed below.
(A1) There exists a positive constant K such that

2 2 2
fy2) - f& 5,2 Vgt y2) - 9® 5,2 v f e y,z 6 =y 5,2 O vde)
z
<K(jw= 2P+ |y - g + 12— 2F) @)
forx,y,z,%,7,z€ R.
It can be easily to check that Lipschitz condition (A1) implies the following linear growth condition

(A2).
(A2) For x, y,z € R, there is a positive constant K such that " has been added in (A2)

f v 2" Vv gty 2 v fz vy, 2 ) vdz) < R(1+ 1P + 1yl +2P), (3)
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where K =2 (K v[£0,0,0* v ]90,0,0] v [, [y(0,0,0, )" v(dg)).
(A3) There exists a positive constant K, fori=1,2,3, such that
2 _ N _
lot) = e®| Vv Iki(t, s) - kiE, ) < Kt — 2,
joi(t,s) — 0T, S < K (It — B2 +1s - 5P)
forx,y,z,%,,Z€ Rand t,s,f,5 € [0, T].

2.1. Existence and uniqueness of the analytic solution
The proof of the following lemma can be found in [10, 18, 21].

Lemma 2.1. Let r > 2. There exists a constant c1, depending only on r, such that for every real-valued, B[0, T] X) £
-measurable function g satisfying

T
fo f;lgt(z)l v(dz)dt < oo

almost surely, the following estimate holds,
E sup

¢ r T r/2 T
[ [ emat,ae ScllE( [ |gt<5)|2v<d5)dt) vak [ [ nraod. @
0<t<T |JO Z 0 Z 0 VA

It is known that if 1 < r < 2, then the second term in (4) can be dropped.

In order to prove the existence and uniqueness of the analytic solution of SVIE (1) under (A1), we present
the following lemma.

Lemma 2.2. Under (A2), if Y(t) is a solution of SVIE (1), then
IE|Y(t)|2 < KO/ te [0/ T]/ (5)

where Ko depends on ki, k, k3, 01, 02, 03, T, K and ¢.
In particular, Y(t) belongs to M?([0, T]; R).

Proof. For any integer n > 1, define the stopping time
T, =T ANinf{t € [0,T] : |Y(t)| = n}.

Is is easy to see that 7, — T a.s. by letting n — oo.
Define Y,(t) := Y(t A t,) for t € [0, T]. Then one can prove that Y,,(t) satisfies

Z

Yo(t) =(t) + fo @, fo 12,5 Yo (8) 100, (5) s, fo 91(2,5)Y 101 d0(S) g0, (2)

t Z Z
# [ oo [ om0, [ 02,609 o) ) ),

t 4
[ [ Ave [ kEvieoeds
0 Jz 0
f 03(2,5)Yu(5)Lj0,c,1(5) dw(s), é)l[oﬂn](z)N (dz,d&) te][0,T]
0
Applying the elementary inequality, Cauchy’s inequality and Ho6lder’s inequality, one obtains that for any

te[0,T],

2

t
1Y) <4lpt)? + 4t f dz
0

f(Yn(z), fo k1(Z,8) V() 10,,1(5) ds, fo 61(2,s)Yn(s)l[olTn](s)dw(s))l[oﬂnl(z)
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2

t Z Z
+4‘ fo o(vu2), fo ka(z,8)Ya($)Li0.,1(5) ds, fo 92(2,9)Y (o) (5) d(®) 1,12 o)

fo | fz y(y" @ L Z ka(z, 8)Yu($)110,1,1(5) ds,

f 952,21 (5) d20), €, (IN, )
0

+4

2

Taking the expectation and using Holder’s inequality and It6 isometry, we have
E|Y,.(t)* < 4E|p(t)? + 4TB; + 4B, + 4Bs,

where

- ¢ 2

Bl =E f dz},
L JO
- ; 2

Bz =E f dZ}
L JO

t Z v4
By :=E fo fz v, fo Ks(z,$)Y(5)1j0,5,1(5) d, fo 95(2,5)Y 102,19 d0(s), € Jio . (N, )

2
] dz,
2

] dz.

(O I ECITICToY (ENCRNAC OO Ry e

2
} dz.

A1) [ b M0ni s, [ 01,60 o))

g(Yn(z), f ka(z,8)Yn(s)10,7,1(s) ds, f az(z,s)Yn(s)l[o,T”](s)dw(s))l[o,T,,](z)
0 0

and
2

Thus, one uses (A2) to estimate B and B,,

2 z
+]E‘f 01(z,8)Y(s) dw(s)
0

2

t 4
B; <K f [1 +E|Y,(2)* + ]E' f ki(z,s)Yn(s)ds
0 0

t
B, st [1 +E)Y,@)P?+E +E
0

fz ka(z,8)Y,(s)ds
0

fz 02(z,8)Y ,(s) dw(s)
0

Due to Lemma 2.1 and (A2), B3 can be estimate as follows

T
Bs SCllE(f f
0 V4
T
SKle
0

Holder’s inequality and It isometry imply, fori = 1,2,3,

2

v(dg)dt)

2 z
+1E‘f 03(z,8)Y,(s) dw(s)
0

1+E)Y,P +E ’ f k3(z,5)Yn(s) ds
0

2 z t
< Zf kil 3 EI Y (5)* ds < IIkiIIin EY,(s)I* ds
0 0

E fz ki(z,s)Y,(s)ds
0

and

z 2 z t
E f 01(2,9)Y,(6) du(s)| < f IR EY () ds < [lodE. f EIY.(s)P ds.
0 0 0

Consequently,

t
E[Y,(t)* < 4E|p(t)* + 4KT (T + 1 + ¢1) + 4K (C1oT + C11) f E|Y,.(s)]* ds,
0
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where Cig := 1+ [lkil3 T2 + llo1ll T and Ci1 := 1+ ¢1 + [lkallZ, 7> + lo2llZ T + callks 5,72 + eallos| I, T
Gronwall’s inequality yields that

E[Y, ()P < [4llgl + 4K (T +1 +c1) T| exp (4C1T) =: Ko,

where C1 = K (CloT + Cn).
Thus, we have

E|Y(tA 1) < Ko.
Consequently, (5) follows by letting n — co. [
Theorem 2.3. Under (A1), there exists a unique solution Y(t) to SVIE (1) in M?([0, T]; R) and

ElY®? <C

for t € [0, T], where C := 3 (1 + C1T) llpl|% exp (3C1T). Here Cy is defined in the proof of Lemma 2.2.

Proof. We divide the proof into two steps.

Step 1: Uniqueness. Let Y(t) and Y(t) be two solutions of SVIE (1). Due to Lemma 2.2, both of them
belong to M?([0, T; R).

Applying Holder’s inequality, It6 isometry, Lemma 3.1 and (A1), using the same way as the proof of
Lemma 2.2, one can show that

2

t Z
E|Y(t) - 1‘/(t))2 <3T fo K[IE [Y(s) - 1‘/(s)|2 +E ‘ fo ki(z,5) (Y(s) — Y(s)) ds

2
] dz
IJZ ka(z,8) (Y(s) — Y(s)) ds
2
] dz
t B B 2 Z B
+3 fo Kcl[]E [Y(s) - Y(s)| + E ' fo ks(z, ) (Y(s) — Y(5)) ds

2
]dz.
2 t z _ )

dz < fo [Z]E( fo |ki(z,5) (Y(s) - Y(5))| ds)] dz

t
Nl f E[Y(s) - Y(o)| ds
0

+E U: 01(z,8) (Y(s) — Y(s)) dw(s)

2

t
+3fK[]E|Y(s)—Y(s)|2+E
0

+E

L@@mm%ﬂWM@

2

+E ‘I)Z 03(z,8) (Y(s) — Y(s)) dw(s)

Noting that, fori =1,2,3,

t
[=
0

f%@ﬂ&@—ﬂM%
0

and

t
[=
0

\fm@@ﬂ@—ﬂWWM)

2 t z _ 5
dz Sfo ]E(fo |o,-(z,s) (Y(s) - Y(s))' ds) dz

t
<tloif [ v - Yo d
0
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we get
t
E|Y(t) - Y| <3G f E|Y(s) - Yo)| ds,
0

where C; := K(CyoT + C11).
Gronwall’s inequality implies that

E[Y() - Y|" = 0.

Hence, Y(t) = Y(t) for all t € [0, T] almost surely. The uniqueness has been proved.
Step 2: Existence. Set Y(f) = ¢(t) and define the Picard iterations

t Z Z
V. =p+ [ f(Yn1<z>, [ mevaen m(z,s)Ynl(s)dw(s)) dz

t
. f (M(z) f Ka(2, )Y nr (5) s, f 02(2,5) Y, 1<s>dw<s>) duo(z)

f f Yo (@), f ks(z,9)Yor(5)ds, f 73(2,5) Y2 5) o), € Nz ) ®)

fort € [0,T] and n = 1,2,.... It is easy to see that Yo(-) € M?([0, T];R) and by induction we also have
You() € M*([0, TI; R).

Similarly to the proof of Lemma 2.2, we have
t
EIY,0F < 4p0F +4C1 [ B, @F iz
0

where C; is defined in the proof of Lemma 2.2.
Hence for any n > 1, we get

¢
max E|Yi(t)[? §4||(p||§0 +4C, f max E|Yy_1(2)* dz
1<k<n o0 1<ksn
¢
<dl|pll%, +4Cy f []El(p(T)|2 + max 1E|Yk(z)|2] dz
0 1<k<n

t
<4(1+CT) gl +4C; f [max IEIYk(z)|2] dz
0 1<k<n

Gronwall’s inequality yields that

max E[Yy(H) < 4(1+CiT) g, exp (4C:T) =
<k<n

Since k is arbitrary, one can get
E|Y,(H)* <C for te[0,T], n>1. )

Noting that

Yi(t) = Yot =|Ya(H) - 9O

t Z Z
Yo (z), k1(z,8)Yo(s) ds, ,8)Yo(s)d d
[ f( 0@, [ kv, [ a9 w(s)) :

2
<3
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2
+3

t Z Z
f g(Yo(z>, f ka(z,5)Yo(s) ds, f cfz(z,s)Yo(s)dw(s)) duu(2)
0 0 0

[ [t [ e s, [ ost o o, s o

and taking the expectation, we have
E[Y1(8) - Yo < 3G Tligll%, < Co.

We claim that forn > 0,

2
+3

E Y- vy < 2020

where C; is defined in the step 1. Then, inductively, (8) need to be still holds for n + 1. Noting that

|Yn+2(t) - Yn+1(t)|2 <3

t 4 Z
fof(Y,M(z),j(; kl(z,s)YnH(s)ds,jO‘ ol(z,s)Yn+1(s)dw(s)) dz

t Z Z
- Yn 7 k 7 Yn d , P Yn d d
fo f ( (2) fo 1(z,8)Yu(s)ds fo 01(z,8)Y,(s) w(s)) z

Y,+1(2), k2(z,8)Y s ds, ,S)Y s d d
fo g( @) fo 22,8)Y e (5) ds f 02(2,9)Y 1 (5) w(s)) w0(2)

0

2

+3

2

t Z Z
_ fo g(Yn(Z), fo ka(z, 9)Yo(s) ds, fo oz(z,swn(s)dw(s>) du(2)

+3

fo t fz (Y2, fo (e, )Y (5) s, fo o5, Y (9 (), &Nz, )

_ j: fz‘ y(Yn(z), fo‘ zk3(Z,S)Yn(S)dS’ ](; Z03(z,s)Yn(s)dw(s),éj)N(dz,dé)

and using (8) and similarly to the proof of Lemma 2.2, we derive that

2

©)

t
E |Yn+2(t) - Yn+1(t)|2 S3C2 f E |Yn+1(z) - Yn(z)|2 dz
0

t n
S3C2b[‘£b£§£ézl_dz
0

n!
_Co (3Gt
o+
Namely, (8) holds for any n. Therefore,
Co BC,T)"
E V) - Yy < 2C2T

Applying Chebyshev’s inequality, we have

P - V(R > ) < LEST

Since Y, CoBCT) (3C2T)
n=0 n!
ng = no(w) such that

< 00, by the Borel-Cantelli lemma, for almost all w € Q, there exists a positive integer

Y1 (8) = Yu(HP < 31 for n > no.



Wei Zhang, Rui Li/ Filomat 36:19 (2022), 6713-6734 6720

It follows that, with probability 1, the partial sums

n—1
Yo(t) + ), Vi (H) = YiH] = Y,(9)
k=0

are convergent uniformly for t € [0, T]. Let Y(f) be the limiting. It is easy to see that Y(t) is continuous
and F-adapted. Moreover, we see from (8) that for any ¢, {Y,(t)},>1 is a Cauchy sequence in £2([0, T]; R).
Consequently, Y, () = Y(t) in L*([0, T]; R). Thus,

E[Y(H)]> < C for t€[0,T],
where C depends on ki, ks, k3, 01, 02, 03, T, K and ¢, which yields Y(-) € M?([0, T]; R). It remains to show

that Y(t) satisfies SVIE (1).
Since

t Z Z
BJE‘f f(Yn(z),f kl(z,s)Yn(S)ds,f al(z,s)Y,,(s)dw(s)) dz
0 0 0

t Z Z
_ﬁf(Y(Z),L kl(z,s)Y(s)ds,‘f0 Gl(z,s)Y(s)dw(s))dz

t Z Z
+3]E‘ f g(Yn(z), f ka(z,5)Y(s) ds, f az(z,s)Yn(s)dw(S)) dw(z)
0 0 0

2

2

t Z Z
- j(; g(Y(z), I} ka(z,8)Y(s) ds, jo‘ az(z,s)Y(s)dw(s)) dw(z)
t Z Z
fo fz V(Yn(z)/ fo k3(z,5)Ynu(s) ds, fo 03(Z,S)Yn(5)dw(S),cf)N(dz,dé)

_fotfz')/(Y(Z), f: k3(z,5)Y(s)ds, foz 03(z,8)Y(s) dw(s), E)N(dz,dé)

T
Ssz E|Y,(s) - Y(s)* ds — 0 as n — oo,
0

+3E

2

letting n — oo in (6), we get
t Z Z
Y(t) =q(t) + f(; f(Y(z),fO ki(z,s)Y(s) ds,‘[O 01(z,8)Y(s) dw(s)) dz

t Z Z
+ fo g(Y(z), ](; ka(z,8)Y(s) ds, jo‘ az(z,s)Y(s)dw(s)) dw(z)

+ I}t fz y(Y(Z), fo § k3(z,)Y(s)ds, fo z 03(Z,S)Y(s)dw(s),é)N(dz,dé).

The proof is complete. [

2.2. Holder continuity of the analytic solutions

1
As mentioned in [15] for SDEs, the analytic solution is Holder continuous with exponent v = 7 Now
we prove that this property is inherited by the analytic solution of SVIEs (1).

1
Theorem 2.4. Under (A1), the solution Y(t) is Holder continuous with exponent v = 7
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Proof. For0 <r <t,
t Z Z
Y() - Y(r) :f f(Y(z),f ki(z,8)Y(s) ds,f 01(z,8)Y(s) dw(s)) dz
r 0 0

t Z Z
+ f g(Y(z), L ka(z,8)Y(s)ds, fo az(z,s)Y(s)dw(s)) dw(z)

v f,t fz)/(Y(z), fo k(e 9)Y(s) ds, fo (2, )Y(6) o), £, ).

Taking expectation, we have
E|[Y(t) - Y(r) < D1 + Dy + Dj,

where
2

7

t Z Z
D, :=3E f f(Y(z),f k1(z,s)Y(s) ds,f 01(z,8)Y(s) dw(s)) dz
r 0 0

2

t Z Z
D, :=3E f g(Y(z), f ka(z,8)Y(s)ds, f 02(z,8)Y(s) dw(s)) dw(z)
r 0 0

and

2

Ds := 3E f t fz y(Y(z), fo (2, 9)Y(5) ds, fo ) og(z,s)Y(s)dw(s),é)N(dz,dE)

By the application of Hélder’s inequality and (A2), we have

2

f
Dy <3(t- r)f K[l +EY@) +E + B

2
]dz

t t t
S3K(t—r)[(t—r)+ f E|Y(s)P ds + T?|lk1]loo f E[Y(5)P ds + Tllo1llo f ]E|Y(s)|2ds]
0 0 0

<BK(t-7r)Ch,

fz ki(z,5)Y(s) ds
0

f ) 01(z,8)Y(s) dw(s)
0

where C} := T + TCyoC.
Using It6 isometry, Lemma 2.1 and (A2), one obtains the following estimate

z 2 z
Dy + D3 <3 ftK[l +EY@)P +E ‘f ka(z,5)Y(s)ds| +E ‘f 02(z,5)Y(s) dw(s)
r 0 0

t
+3C1fK
r
t

t
<3 f K[l+c1+(1+c1)E|Y(z)|2+T2||k2||oo f E[Y(s)] ds
r 0

2
]dz

2 z 2
+E ’f 03(z,8)Y(s) dw(s) ]dz
0

1+EY@)P+E ‘ f ) ks(z,5)Y(s)ds
0

f f t
+ Tlloalle f EIY(s)P ds + Trllkslle f EIY(s)P ds + Tllos]le f 1E|Y(s)|2ds]dz
0 0 0
<BK (t-r)C3,

where Cé’ =1+ +Cq1C.
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Therefore, we have
E|Y(t) - Y()* <3K(t—7r)C, +3K(t—1)Cy =C3(t—71),

where C3 := 3K (Cé + C’3’), which depends on ki, k», k3, 01, 02, 03, T, K and K. Thus Y(t) is Holder continuous
with exponent1/2on [0, T]. O

Remark 2.5. Let y = 0, then (1) is reduced to the following SVIDE

t v4 Z
X(t) =(p(t)+~f0 f(Y(t)'L kl(z,s)Y(s)ds,fO‘ al(z,s)Y(s)dw(s)) dz
t Z Z
Y(t), ko(z,8)Y(s) ds, ,5)Y(s)d d
+ fo g( 0 fo 2z, 5)Y(s) ds fo 02(2,9)Y(6) w(s)) w(z) (10)

which was considered in [27].
In SVIE (1), let ki(t,s) = 0i(t,s) = 0, wherei =1,2,3 and y = 0. Then SVIE (1) is reduced to the following SDE

dy(t) = f(Y(8)) dt + g (Y(1)) duw(t), (11)

which has been studied in [15]. We observe that the result obtained in Theorem 2.4 is consistent with that in [15].

3. The Euler-Maruyama method

Denote Ij, := {t, :=nh:n=0,1,...,S (ts = T)} which is a given meshon I = [0,T]. Forn =0,1,...,5 -1,
define

n-1 tre1
XVH—l :(P(tn) + hf (Xn/ Z f kl(tn/s)xl dS,

n—1 1 n—1
+g|x Z Kalt,5)Xids, Y| 0a(tn, 1) X1 A,
b 1=0

n—1

o1(ty, tl)Xzsz]
1=0

Aw,

1

41 141 n—
f f X,, f Kt )Xo, Y 03(ty )Xot €N, ) (12)
I

=0

with initial data Xy = ¢(0), where t, = nh and Aw, = w(t,+1) — w(ty).
(12) can be rewritten as the following form:

r—

r—1 f141 1
er Z f kl(tr/ S)Xl dS, Z Gl(trr tl)XlAwl
1=0 VH 1=0

Xu1 =p(0) + ) hf
r=0

" -1 t11 r-1
DME2 |t 9%ids 3 0at i | v,
1=0 =0
n fri1 t141 r-1 N
+ f fV f ks(tr, 8)X;ds, ) o3(t 1) Xzsz,é)N(dZ,dé) (13)
=0 z 1=0 1=0

by induction.
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3.1. Boundedness of the numerical solution

In order to deal with the difficulties caused by multiple random integrals and 1évy noise, we propose
the following lemma and obtain the boundedness of the numerical solution to generalized SVIE (1).

Lemma 3.1. Assume that (A2) holds. Let {X,} be the numerical solution of the Euler-Maruyama method (12).
Denote

2

n r—1 fre1 r=1
F,=E 29 Xr/Zf ka(ty, s)Xids, ) o2ty t) XiAw; | Aw,
=0 =0 Vh 1=0
and
n fri1 r-1 te1 r—1 2
F3 =E Zf f)/(Xr, f kg(tr,S)deS, 03(tr,tl)XlAwl,é)N(dz,dé) .
=0 Y1Ir z =0 Yt 1=0
Then

n
F» +F3 < (1+¢1)KT + RCi1h Z EX?,
1=0

where Cyy is defined in the proof of Lemma 2.2.

Proof. By Lemma 3.1 of [27], one has

2 2
n =1 b r-1
F shKZ; 1+ EXP+E ;‘ L ko(t,,s)X;ds| +E ;‘az(tr, 1) X Aw;
r=i = =l

<hK

n n n
(n+ 1)+ Y EXL 4l T Y EIXP + ool T ) EIXP
r=0 1=0 1=0

Using Lemma 2.1, we obtain

n L1 r-1 Fri
F3 SZOI Cl]E j;y(xr/lzo“ft; k3(t7/ S)XI ds/ l
r= r = =
r-1 £ 2
Zf k3(t,,8)X; ds
1=0 Yt

n n n
T+l ) EXP+ hlIRT? Y EIXP + Hllos2T Y EIXP
r=0 1=0 1=0

_ 2

dz

1
o3(tr, t) XiAwy, E)V(dé)
0

r=1 2

Z oo (ty, t) X1 Aw,

1=0

1+EX,?+E +E

Jo

§C1K

This completes the proof. O

Theorem 3.2. Assume that (A2) holds. Let {X,,} be the numerical solution of the Euler-Maruyama method (12).
Then there exists a positive constant My such that

E|X,[> < My, (14)

where My depends on ky, ka, k3, 01, 02, 03, T, ¢ and K, but not on h.
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Proof. Taking the expectation of (13) and using the elementary inequality, for all 0 < t,,,; < T, we get

2
n r—1 tri1 r—1
E[X,1 [ <4E|p(0)] + 4E th Xr,Z f kit )X ds, Y o1t ) XiAawy
=0 1=0 Yt 1=0
I Ll S 8 =1 2
+4E Z X, Y f ka(t,, $)Xpds, Y oa(ty, ) XiAw; | Aw,
1=0 1=0

2
+4E

n fran trit -1
y f f y(X,, f Kaltr, X ds, ), s, t) i, € )Nz, d)
r=0 Yir z

1=0

<AE|p(0)]* + 4F; + 4F, + 4F3,

where

— 2

r—1 1141 1
Xr,lZ_O‘j; kl(trrS)deS/ZUl(tr;tl)XlAwl

=0

F1 =E

and Fj, F3 are defined in Lemma 3.1. The Cauchy inequality, (A2) and the discrete Holder’s inequality
imply that

n =1 £r41 r-1 2
Fi<(n+ 1) ]E hf X, f ki(t,, s)X;ds, 01(t , X Aw,
tre1 2 r-1 2
<(n+ 1)h2K2 1+ EX[+E Z f ki(t, s)X;ds| +E Zal(t,, 1) X Aw,; (15)
1=0
Applying Holder’s inequality and Minkiskii’s inequality, one obtains
n r—1 faq 2 n (r=1 f141 2 r-1
Z]E Z f ki(t,, )X ds| < 2 [Z f ki(t,, ) ds Z EIX; 2
r=0 |i=0 vt r=0 \1=0 IVh 1=0
n r—1 r—1
<Y’ [Z ka2, ) EIXP2
r=0 \ =0 1=0
n r—1
<Pl ) r Y EIXP
r=0 [=0
n
<l G+ 1) ) EIXP
1=0
n
<l Y EIXR. (16)

1=0

Similarly to (16), we get

n r—1 2 n r—1
Y EY ot t)Xidw| <Y { jo1(tr, 1) 1E|X1|2|sz|2]
r=0 =0 1=0

r=0
n

r—1
<h ( lloalIZELX
0
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n
<lonlAT ) EIXP. (17)
1=0

Substituting (16) and (17) into (15), we derive

n
Fi < RT? + RTCyoh ) " EIXP. (18)
1=0
One uses Lemma 3.1 and obtains the following

E|X,1/? < 4(jp(0)P + K(1 + ¢)T + KT?) + 4K (C1oT + Ca1) Z EIX,2. (19)
1=0

The discrete Gronwall inequality implies

E|X,41* < My,

where My := 4 (|p(0)? + K(1 + c1)T + KT?) exp [4K (C1T + C11) T]. Here Cyp and C; are defined in the proof
of Lemma22. [

3.2. Convergence of the Euler-Maruyama method

Now we introduce the approximate time continuous interpolation of discrete numerical approximation,
and then obtain the convergence results of Euler-Maruyama method (12).
Define

sp:=t, and Xj(s) := X,,, for s € [ty tys1)

with 0 <n < S —1. Let X(t) be the continuous form of X, with X(t,) = X,,, i.e.,
X(t) =p(t) + f f(xh<zh>, f ey $)X0(5) ds, f hm(zh,sh)xh(s)dw(s)) iz
ty 0 0
f (Xh<zh) f Koz $)X,(5) ds, f h az<zh,sh)xh<s>dw<s>) du(z)
f f Xi(z1), f Ks(zh, )X () d, f 51 51)X1(5) o), €N )
—p(0) + f (xh(z;» f K1z, )X (5) ds, f hm(zh,sh)Xh(s)dw(s)) iz
t 2
« [ g(thzh), f faz, X905, [ az<zh,sh>xh<s>dw<s>) doo(z)
0 0 0

+ j: fz y(Xh(Zh), fo i k(zn, 5)Xu(s) ds, fo ! o3(zh,sh)Xh(s)dw(s),é)N(dz,dg),

where t € [t,, 1) With0<n <S—1.

Lemma 3.3. Let {X,} be the numerical solution of the Euler-Maruyama method (12). Under (A2) and (A3), then
there exists a positive constant such that

E [X(t) - X, < Mih (20)

with M depends on ki, ko, ks, 01, 02, 03, T, ¢, K and K but not on h.
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Proof. We observe that
E [X(t) - Xal® < 4lg(t) — @(ta)l* + 4Gy + 4G, + 4Gs,

where

2

t 1 tn
G1 = f f (Xn, f kl(tn, S)Xh(s) dS/ f Gl(tnr Sh)Xh(S) dW(S)) dz
ty 0 0

2

n tn
G, =E ft:g(Xn,j: ka(t, )X (s) ds,fo 02(t, s1) Xp(s) dw(s)) dw(z)

and

2

t ty tn
G| [ [ (x93, [ anttn snxuto ), NGz )
ty JVZ 0 0

Applying (A2) and Holder’s inequality, one gets

2
dz

t t, tn
Gy <h JE‘f Xn, f K1 (b, $)X(5) ds, f m(tn,sh)xh(s)dw(s))
t 0 0

t
<h f
tn

t,
sth[l+lEIXn|2+ f k1l 2, ds f E|X;(s)I* ds + f ||01IIZO1EIXh(s)I2ds]
0 0 0
<h*K + W*KCyoM,.

2
+E

&

f 01ty 51) Xn(s) do(s)
0

1+ E)X,]* + ]E‘ f ki (tn, $)Xn(s) ds

Using (A2), Lemma 3.1 and It6 isometry, one obtains that

2

f t, t
Ga+Gs = f lE‘g(Xm fo Ka(tn, $)Xi(s) ds, fo oz<tn,sh>xh<s>dw<s>)

va f f ‘ . fo Ks(t $)Xi(5) 5, fo t"aa<tn,sh>xh<s)dw<s>,<s)
"
tn

t n
+0 f K [1 +EX,*> +E ' f k3(t,, s)Xp(s) ds
ty 0

2
v(d&)dz

2
} dz
2
] dz
tH tYl tVl
ShK[l +o1+ (1+c)EX, + f k212, de E[Xy(s)P* ds + f llo2 |2 EIX(s)1* ds
0 0 0

t” t?l tﬂ
+ f lk3l1Z, dsf E|X,(s)P ds + f llo3 1% EIX(s)P? dS]
0 0 0

S(l + Cl)hK + hKCllMo.

1+EX,?+E

+1E‘f 02(tn, sn) X (s) dw(s)

2

ty
[ etuxe s
0

tn
+E f 0ty 51)Xi(s) dau(s)
0

By (A3), we have

lp(t) = @(ta)* < KK2.
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Consequently, we have
E|X(t) — X, < Mih,
where
M :=4KT + 4K (T + 1 + ¢;) + 4K (C1oT + C11) M.
0

Lemma 3.4. Let {X,} be the numerical solution of the Euler-Maruyama method (12). Under (A1) and (A3), then
there exist Ky and K, such that

t
Hy + H3 < (1+c1)Koh + K} f E|Y(s) — X(s)]* ds,
0

where

t Z Z
H, ::E‘f g(Y(z),f k2(z,s)Y(s)ds,f az(z,s)Y(s)dw(s)) dw(z)
0 0 0

2

—g(xhczh), f Koz $)Xn(s) ds, f " oz<zh,sh>xh(s)dw(s>) duu(2)
0 0
and

Hs :=E f;Ly(Y(z),szg(z,s)Y(s)ds,j:03(z,s)Y(s)dw(s),é)N(dz,dé)

Zh
0

_j()‘fLy(Xh(Zh)lﬁz” kg(Zh,S)Xh(S)dS,f 03(zh,sh)Xh(s)dw(s),é)N(dz,dé)

2

with Ky and K depend on ky, 02, k3, 03, T, ¢, K and K, but not on h.

Proof. By the use of (A1), Lemma 3.1, Holder’s inequality and It6 isometry, we get

H, + H; Sf(; ]E’g (Y(z), foz ko(z,5)Y(s)ds, foz 02(z,8)Y(s) dw(s))

2
dz

—g(th), fo oz $)Xa(s) s, fo haz(zh,szh(s)dw(s))

t
+C2ff]E
0 V4

~y(xten, fo ' Kalzn $)Xi(6) ds, fo osten, X)), )

)/(Y(z), foz ks(z,s)Y(s)ds, foz 03(z,8)Y(s) dw(s), cf)

2
w(d&)dz

2

t Z Zh
SKf [(1 +c)E|Y(z) - Xh(zh)l2 +E f ka(z,8)Y(s)ds — f ko (zn, 8)Xp(s) ds
0 0 0

2
+E

f 022, )Y () duofs) - f " 02z )X (5) o)
0 0

2
+c1E

fz k3(z,8)Y(s)ds — th k3(zp, )X (s) ds
0 0
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2
] dz

f Koz, 5)Xi(s) d

2

+c1]E'fO 03(z,s)Y(s)dw(s)—jOw 03(zp, sn) Xn(s) dw(s)

+ 2
<2K f [(1 +c)EY(z) - X@)I + (1 +c1)E|X(z) - Xu(z)]* + E
0

2

+E +E

f (ka(2,5)Y(5) = kalz, $)X(s) ds
0

f 02z )X (5) dau(s)

Zn

2 2
+cE

+JE‘ f (0202, 9)Y(5) = 02(zn,51) X(s)) dee(s) f Ka(zir )X (5) ds
0 Zp

2 2

+c1E

f (ks(2,9)Y(5) — ka(z $)X(s)) ds
0

+cE

f 03z 51) Xin(s) deo(s)
) h
] dz.

Using Holder’s inequality, Itd isometry, Theorem 3.2 and Lemma 3.3, for i = 2,3, we have

t t Z 4
f E dz < f ( Iki(zp,, ) ds f ]Eth(s)lzds) dz
0 0 Zp Zp

<IT||kil|2, Mo,

t "z
dzsf(f |Ui(zh/5h)|2]E|Xh(S)|2dS) dz
0 zn
t; Z
<My f ( f ||oz-||§ods) dz
0 zy

<hTllol2%Mo,

o ' fo (032, 5)Y(5) — 3(zhr 1) X)) do(s)

2

fz ki(zp, )X (s) ds

Zn

2

t
[
0

f 01z )0 (5) dao(s)

2
dz

t v4
f E f (ki(2,9)Y(5) — iz $)X(s)) ds
0 0

t Z Z t Z Z
<2 f f Iki(z, s) — ki(zy, s)I* ds f E|X),(s)]*> ds dz + 4 f f lki(z, s)* ds f E|Y(s) — X(s)]* dsdz
0 0 0 0 0 0

t Z ¥4
+4 f f lki(z, )P ds f E [X(s) — Xpu(s)]* ds dz
0 0 0

t
<2T3KI*My + 4T3||k;||>. M1k + 4T?|ki|1%, f E|Y(s) — X(s)]* ds
0

and

2
dz

t z
fIE‘f (0i(z,8)Y(s) — 0i(zn, sn) Xn(s)) dw(s)
0 0
t z
Sf(; f(; E|0i(z,5)Y(s) — 0i(zn, 51) Xu(s)]* dsdz

t Z t 4
< f f 10:(2,) — i(zn, )P EIXi(s) ds dz + 4 f f Eloi(z, )2 E|Y(s) — X()P ds dz
0 0 0 0



Wei Zhang, Rui Li / Filomat 36:19 (2022), 6713—6734 6729
t Z
+4 f f E |oi(z,s)* E |X(s) — Xp,(s)]* ds dz
0 0
. t
<4T?KI*My + 4T?||o;||>. Mah + 4T |0y, f E[Y(s) — X(s)]* ds.
0
Consequently, we get
t
Hy + Hs < (1+ 1)Ko + K f E|Y(s) - X(s)]* ds,
0

where

K, :zzKT{ |27 (T + 201 + 1)) Kk + T(lkalZ, + callkallZ ) + lloa 2, + eallosllZ, | MoT
+ [1+ 4Tl + lks|1%,) + 4(Tllol2, + eallos|iZ)] Ml}

and Kj := 2KT [1+ ¢ + 4T2(Ikal2 + Kall%) + 4T(loall + sl ©
Theorem 3.5. Under (A1) and (A3), for i = 1,2,3. Let X(t) and Y(t) be the numerical solution of the Euler-
Maruyama method and the analytic solution of SVIE (1), respectively. Then there exists a positive constant M, such
that

E|X(t) - YOI < Mah, (21)
where My depends on ky, ka, k3, 01, 02, 03, T, ¢, K, K and K but not on h.
Proof. Applying (A1), Holder’s inequality and the Itd isometry, one has

E|Y(t) — X()I* < 3H; + 3H, + 3Hs,

where

t Z Z
H; :=]E‘j; f(Y(Z)'j(; kl(z,s)Y(s)ds,jO‘ al(z,s)Y(s)dw(s)) dz

2

- fo f(Xh<zh), fo azn$)Xn(5) ds, fo " m(zh,sh)xh(s)dw(s)) dz

and H,, Hs are defined in Lemma 3.4.
By (A1), Cauchy inequality, Holder’s inequality and It isometry, one obtains

t
HlﬁTf]E
0

f(Y(z), j: ki(z,s)Y(s)ds, f: 01(z,9)Y(s) dw(s))

2

—f(xh<zh>, fo oz $)Xa(s) s, fo hm(zh,smxh(s)dw(s)) dz

2

t Z Zh
SKTfO []E|Y(z)—Xh(zh)|2+]E“fo kl(z,s)Y(s)ds—fO k1(zp, 8)Xp(s) ds

Z Zh 2
+E ’f 01(z,8)Y(s) dw(s) — f 01(zn, sp) X5 (s) dw(s) ]dz
0 0
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2

t ¥4
<2KT f []ElY(z) - X@)P?+E|Xz) - Xy(z)P? + E f ki(zn, $)Xpu(s) ds
0 Zp

2 2

+E +E

f 01z, ) Xi () o)

Zn

2
} dz.

Using Holder’s inequality, Itd isometry, Theorem 3.2 and Lemma 3.3, we have

f (k1 (2,9)Y(5) - k(2 8)Xa(s)) ds
0

VE \ f (012, 9)Y() — 01z, 51) X)) dao(s)
0

t
f E[X() - Xu(z)P dz < TMih,
0

t t Z Z
f E dz < f ( f lk1(zy, s)]* ds f ]Eth(s)|2ds) dz
0 0 Zp Zp

t
< [ (i)

<h?|lky |2, TM,

t Z
dz < f ( f |ol(zh,sh>|21E|Xh<s)|2ds) dz
0 Zy

t
<y [ ol
0

<Thllo11[%Mo,

2

f K1 (21, 5)Xi(s) dis

2

t
[=
0

f 0121, )X (5) dwo(s)

Zn

2
dz

f E ‘ f (ko (2,9)Y(5) — K1 (2 $)X(s)) ds
0 0

t Z Z t Z Z
<2 f f lk1(z, s)|* ds f E|Y(s) - Xp,(s)P* dsdz + 2 f f k1(z,s) — k(z, s)[* ds f E|X;(s) ds dz
0 0 0 0 0 0
t Z Z t Z Z
<2 f f k1(z, 8) — k1(z, s)]* ds f E|X;(s)? ds dz + 4 f f k1 (z, s)]* ds f E|Y(s) — X(s)]* ds dz
0 0 0 0 0 0

t Z Z
+4 f f lki(z, s)]* ds f E |X(s) — Xu(s)]* ds dz
0 0 0

t
<2T3KW*My + 4T°|ky |2, M1 + 4T?|ky |12, f E|Y(s) - X(s)]* ds
0

and

2
dz

t z
fIE‘f (01(z,8)Y(8) — 01(zn, 1) Xn(s)) dw(s)
0 0
t z
Sf(; f(; E|o1(z,8)Y(s) — Ul(Zh/Sh)Xh(s)|2 dsdz

t Z t Z
< f f Elo1(z )P EIY(s) - Xu(s)P dsdz +2 f f E01(z,5) — 01z s1)P EIXi(s) ds dz
0 0 0 0
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t Z t Z
<2 f f E|01(z,5) — 01(zp, sn)> EIXn(s)? ds dz + 4 f f Elo1(z, s)* E|Y(s) - X(s)* dsdz
0 0 0 0
t 74
+4 f f E |01(z, s)I* E|X(s) — Xu(s)]* ds dz
0 0
t
<4KT*W*My + 4T?||o1|A, M1h + 4T |01 |, f E|Y(s) — X(s)]* ds.
0
Thus
t
Hy <KyTh+ K;Tf E[Y(s) — X(s)]* ds,
0

where

Ky := 2KT?{[2T (T + 2) Kh + a2 + lloa | Mo + [1 + 4T2[lky |2, + 4Tl |12, ] M }

and Kj := 2K [1 +4T?|kq 1% + 4T||01||§0].
Together with Lemma 3.4, we derive

t
E[Y(t) - X()* < 3 (KT + Ko) b+ 3(K{ T + K) f E|Y(s) - X(s)]* ds.
0

Hence by Gronwall’s equality, we have
E[Y(t) ~ X(OF* < Mah,
where
M, =3 (KT + Ko) exp [3 (KT +K5) T] .
O

Remark 3.6. Due to Theorem 3.5, we observe that the strong convergence order of the Euler-Maruyama approximate
solution for SDE (11) is 1/2 under (A1), which is consistent with [15]. We also find that the strong convergence
order of the Euler-Maruyama approximate solution for SVIDE (10) is 1/2 under (A1), which is consistent with [27].

4. Numerical experiments

In this section, we support the results obtained in Theorem 3.5 numerically with some examples. We
use discrete Brownian paths over [0, 1] with At = 2712 and take the numerical solution with i = At to be an
approximation of the analytic solution and compare this with the numerical approximation using h = 2°At,
h = 2°At, h = 27At and h = 28At over M = 4000 sample paths. Here the mean-square error is denoted as
follows:

M 1/2
Error, := A%ZjY;(T)—Ygt(T))Z ) (22)

i=1

where Y! (T) denotes the numerical solution of Euler-Maruyama method along the ith sample pathatt = T

with stepsize h, and the strong convergence order is defined numerically by

Errory,
Errory,

Order = log /log(2).



Wei Zhang, Rui Li/ Filomat 36:19 (2022), 6713-6734 6732

Consider the following SVIE:

t Z Z
Y(t) :fo [aY(z) + bcos (fo k1(z,8)Y(s) ds) + csin (fo 01(z,5)Y(s) dw(s))] dz
t Z Z
+ ‘fo [lY(z) + msin (j(; ky(z,8)Y(s) ds) + 1 cos (fo 02(z,5)Y(s) dw(s))] dw(z)

t > .
+ fo L [pY(z) + g cos ( j(; k3(z,8)Y(s) ds) + U cos ( f(; 03(z,5)Y(s) dw(s))] EN(dz, dE)  (23)

with initial data ¢(t) = 1and A = 0.5.
Firstly, we discuss two particular types.

Example 4.1. In 23), wetakea =c=1=n=T=1,b=m=p=qg=u =0, ki(t,s) = ka(t,s) = 1 and the
following two cases of o1(t, s) and o,(t,s):

Case 1: 01(t,s) = 0a(t,s) =t—s+1;

Case 2: 01(t,s) =t —sand g5(t,s) = sin (2t — s).

Table 1: Strong convergence order for Example 4.1.

Case 1 Case 2
stepsize  Error  order  Error  order
At 0.4310 0.3946

20At 0.3055 0.4956 0.2836 0.4765
27 At 0.2245 0.4445 0.2022 0.4881
25At 0.1557 0.5279 0.1404 0.5262

Example 4.2. In (23), wetakea=b=1=m=T =1,c =n =p =g = u = 0 and the following two cases of ki(t,s),
ky(t,s), 01(t, s) and o(t, s):

Case 1: The simplest convolution kernels ki(t,s) = ka(t,s) = 1 and convolution kernels o1(t,s) = o2(t,s) =t —s+1;

Case 2: The convolution kernels ki(t,s) =t —s, ka(t, s) = sin(t — s), 01(t,s) = cos(t — s) and o5(t,s) =t —s + 1.

Table 2: Strong convergence order for Example 4.3.

Case 1 Case 2
stepsize  Error order  Error  order
25At 0.4411 - 0.4207 -

20At 0.3168 0.4775 0.2988 0.4936
27At 02284 04720 0.2193 0.4463
28At 0.1585 0.5271 0.1508 0.5403

Observe Table 2, we can see that the Euler-Maruyama method of the generalized SVIEs is convergent of
order 1/2 which is consist with that of [27].
secondly, we consider a more generalized type.

Example 4.3. In (23), wetakea=b=c=1=m=m =T =p = q = u = 1 and the following three cases of k1(t,s),
kZ(t/ S)/ k3(t1 S)/ Gl(tl S)/ GZ(t/ S) and 03(t1 S)"

Case 1: The simplest convolution kernels ki(t,s) = ky(t,s) = ks(t,s) = 1 and convolution kernels o1(t,s) = o3(t,s) =
t—sand oy(t,s) =t—s+1;
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Case 2: The convolution kernels ki(t,s) = ks(t,s) = t — s, ka(t,s) = sin(t — s), 01(t,s) = o3(t,s) = cos(t — s) and
oa(t,s)=t—s+1;

Case 3: The generalized kernels ky(t,s) = ts, ky(t,s) = costs, k3(t,s) = 0 and o1(t,s) = 03(t,s) = cos(2t —s) — coss
and o,(t,s) = sin(2t — s);

Table 3: Strong convergence order for Example 4.3.

Case 1 Case 2 Case 3
stepsize  Error  order  Error order Error order
25At 0.5175 - 0.5222 - 0.3587 -

20At 0.3749 0.4651 0.3842 0.4427 0.2636 0.4444
27 At 0.2725 04602 0.2759 04777 0.1882 0.4861
28At 0.1930 04977 0.1942 0.5073 0.1278 0.5584

The strong convergence results of the Euler-Maruyama method of Example 4.3 are shown in Table 3.
From this table, we can see that the Euler-Maruyama method of the generalized SVIEs driven by 1évy noise
is convergent of order 1/2.
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