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Abstract. In this paper, we prove two estimates useful in applications for the Fourier-Bessel transform in
the space L7 (R%, x>+ 2%+ dxdy), (1 < p < 2), as applied to some classes of functions characterized by a
generalized modulus of continuity.

1. Introduction and preliminaries

In [2], Abilov and Kerimov proved two estimates for the Fourier-Bessel transform in the space L?(IR?)
characterized by the generalized modulus of continuity. In this paper, we prove of these estimates in the

space LP(IR2, x> 120+ dxdy), (1 < p < 2). We point out that similar results have been established in

the context of Bessel transform in the space L’(IR*), for the Dunkl transform, for the Cherednik-Opdam
transform, for the Fourier transform and etc ( for example see [3-6]).

Assume that IP(R2) = LP(R?, x?@* 120t dxdy), (1 < p < 2 and a1, > —3), is the space of p-power
integrable two-variables functions f : R2 — R with the norm

£l = il e, = f G, )P 2 gy

R

For a > —1, we introduce the normalized spherical Bessel function j, defined by

) 1 k
o0 =T+ DY eGPz e,
k=0

where I'(x) is the gamma-function.
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From [1], we have

1—ju(u)=0(1), ux1. 1)
1-ja(w)=0@W?), 0<u<l. (2)
i) = O(u™~%) (3)

Definition 1.1. The Fourier-Bessel transform for two-variable functions is defined on L}(IR2) by
Fleo = [ [ 56 ia €0t daay
RE
Proposition 1.2. Let f be in D.(R?), then we have inversion formula

fxy) = .
Y)= 22(a1+a2)1"2(a¢1 + 1)r2((X2 +1)

f f FCE 1o (E3) i ()2 2
®

where D.(R?) the space of C*-function on R?, with compact support and even with respect to each variable.
The Fourier-Bessel transform above extends to a bounded linear map f — ffrom L(R2) to L1(R?). We
have the Hausdorff Young inequality
Iflly < Alifll,, Vf € LP(RY) (4)

where ; + ; = 1and A is a positive constant.
In L7(R2), consider the following generalized translation operator defined by

Tnf(x, ¥) = cayan f f F(Vx2 + h? - 2xh cos u, \/ Y2 + h2 — 2yh cos v) sin*" (1) sin®* (v)dudo,
(0,7

wich corresponds to the Bessel operator for two-variable functions

_&2 92 2a1+18+2a2+1&

8x2+W+ x  Ox y dy

and with
F(al + 1)F(a2 + 1)

nF(ocl + %)F(O(Z + %)

Carjar =
We note the important property of the Fourier-Bessel transform: If f € LP(IR2)

DAE ) = —(E+P)FE ) (5)

The following relation connect the generalized translation operator and the Fourier-Bessel transform

(TWf)E ) = fuu (ERos (VS 1) ®)
Note some its propreties (see [1, 7])

1. Ty, is a linear operator

2. Thjay (AX) jao (1Y) = Jay (AR) fay (1h) fiay (A ) fay (1Y)
3. ITuf = fllp, > 0as h — 0*
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The first-and higher order finite differences of f(x, y) as defined as follows
Anfley) =Tuf(x, y) = fOoy) = (T = Dfxy)

AN y) = MDA f(x, ) = (T = D f(x, ) )

where I is the identity operator in the space L/(R?) and k = 1,2, ....
The kth-order generalized modulus of continuity of a function f € LP(IR?) is defined as

Qu(f, 6) = sup [IAL Fx, I,

0<h<d

Denote by /(D) (r = 0,1,...) the class of functions L?(R?) having generalized partial derivatives
2 2
g—i:, 3—1;, %, (;i—;y ... in the sense of Levitan (see [8]) that satisfy the condition D" f € L (D).
Let er (D) (r=1,2,.;k=1,2,..) denote the class of functions f € LP(IR2) for which D" f € L’(R?) and

Q(D'f,0) = O ("),

where ¢(t) is a nonegative function defined on [0, o). Moreover, for the Bessel operator we have

Df=f, Df=DMD'f), r=1,2,.

2. Estimates for the Fourier-Bessel transform for two-variable functions

In this section, we estimate the integral

f f é T] |q52a1+1 2a2+1d£dﬂ

2412 2N2

in some classes of two-variable functions.

Lemma 2.1. For f € LF(R2)

f FCE DIFE + )7L~ oy () o (IR E P2 iy < ATIAKDY fF(x, y)If]

Proof. From formula (5), we obtain
D'f(E,1) = (1) (£ + 2) (&, ) (8)
We use the formulas (6) and (8), we conclude
(TDA)E ) = (=1) o (M) o (A(E? + PY F(E, ), 1< i < ©)

It followos from the definition of finite defference (7) and formula (9) the image A’ZD’ f(x,y) under the
Fourier-Bessel transform has the forme

AFDF(E 1) = (1) (& + 1) (i (R 1) = D FCE )
then , using the Hausdorff Young inequality (4), we have the result. [
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Theorem 2.2. For functions f(x,y) € LP(IR2) in the space W;’,IET)(D)

sup If (&, e+ 22t lgedn = O(N‘z”’dﬂ((—c )q))
" N

W (D)
2 E24+12=N?

wherer =0,1,..; k=1,2,..; ¢ > 0isa fixed contant, ¢ is any nonegative function defined on [0, 00) and % + % =1

Proof. Let f € W;’,I;b (D). Taking in to account the Holder inequality

[ [ Rempemsipeazan- [ [ juehinmire mpeeipagan

E2+12=N? E24P>N?
= (1= Jay (Eh)fap (DI F(E, I E P24 s
&24+n2>N?
= f f (1= jan (ER) jo, (D) F(E MITFIF(E, mIF 20+ 22 ey
E2472>N2

k=1
qk

IN

f f |ﬁ£, n)|q52m+1n2a2+1d§dr]

E2+n22N?
1

qk

* f f 11 = fau (&R oy (IDILFCE, &2 2 et

52 +n2 ZNZ
k-1
qk

— f f |]’c‘(5’ n)|q£2a1+ln2a2+ldédr]

E2+1?=N?
1

qk

; 2 a1 - i i ak| z¢ q 20141 20+1
X f f (52 + nz)qr (5 + 1]2) |1 ]al (5h)]az(ﬂh)| If(é/ TD' 5 7] dEdT]

&241122N?
gk-1
qk
< N—% f f |ﬁé/ n)|q£2a1+1n2a2+1d5d1,1
E24122N2
*
X (E + 2)VIL = oy (ER)juy (M F(E, I ER 1P i

E24m2>N2

From Lemma 2.1, we have the inequality
f f FCE MIFE + 2L = foy () oy (DI EX 2 i < ATIASDY £(x, )]
R2

Thus
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|f(5/ n)|q£2a1+1772a2+1d5dn

52+1]22N2
= f f o (ER) jos (I F(E, IPER #1120 ey
E24+12=N?
gk-1
qk
+ A%N‘% |ﬂ§, n)|q52a1+1n2a2+1d5dn IIA};D’f(x, y)”j
E24122N?

Now we estimate the integral

I= f f s (EM)jay (M) F(E, MIEX 2 g
E241P2N?

which is devided into two

el

where By = {(&,1); &+ 17> N% &>nland By = {(&,1); & +1* > N% &<l
Combining this with (1) gives

=0 ff iy (5h)||ﬁ5, ,7)|q52a1+1172a2+1d5d1] + ff”az(’?h)uﬁa n)|q52a1+1n2a2+1dédn
By By

It followos that from (3) that

oo (&) = O((E)™72); jay (&) = O((&H)™72)

Therefore

I=0|noz ffé—m—élﬁg’ T])lq52m+1n2az+1d(§d1] + s ffn_az_ﬂﬂé’ n)|qé2a1+1n2a2+1dédn
B1 BZ

Then

I = O(N—ar%)h—al—% ff|ﬁ£/n)|q52a1+1n2a2+1d5dn
By

+ O(NTert)preet ff |F(E, mp&2a+iPelggdn
By

Now let h = §;, where ¢ > 0 is an arbitray constant, then

—

I= O (max(c™"2,c7)) f f IFEE ez interldedn

&2+n2=N?

595
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We obtain
gk=1
qk
(&, mlie2at el gedn < AENTF f f F(&, e+t e dn
§2+1]22N2 52+n22N2
1 1 1 -
X AFD f(x, I} + O (max(c™~2,c772)) f f [F(E, & Perldedn

£2+n22N2

Now choosing the necessary constant ¢ > 0, such that 1 — A (max(c“"l‘%,c_“z_%)) > %, where A is a
positive contant.

f f |ﬂ£' n)|q£2a1+1n2a2+1d€dn

E2+12=N?
k-1

qk

= oN¥) f f & mpe ippetgegn | IARD! Fx, yl)

E24+12=N?

It followos that

qk

F(E I P ldedn | = ON~F)IAKD! f(x, y)lI

E242>N?
and this ends the proof. [

Corollary 2.3. Let f(x,y) € WiX.(D), (v > 0), then

[F(E, mlre2a+ el gegn = O (Nfzrqquv)

E2+1?2N?

wherer =0,1,..; k=1,2,...and % + % =1

Proof. Let f € W;]; (D) and ¢(t) = t". Then from Theorem 2.2, we have

(e, e ypodgdn = O (N2

E2+1?2N?

Thus, the proof is finished. O
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