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Abstract. Homogeneous and non-homogeneous Lizorkin-Triebel spaces with generalized smoothness
FQ;')(]R") and FQ,;')(IR”) have been considered. In particular, under some assumptions of the function A(f) :
R* — R*, A(1) = 1 determining the generalized smoothness properties, the discretization procedure is
realized and the relationship is established between these spaces on R"” and their discrete analogues.

1. Introduction

In this paper, homogeneous and non-homogeneous Lizorkin-Triebel spaces with generalized smooth-
ness FQ,;')(]R") and F;}‘;')(IR”) are discussed. Under some assumptions of the function A(t) : R* — R*,A(1) =1
determining the generalized smoothness properties, the discretization procedure is realized and the rela-
tionship is established between these spaces on R" and their discrete analogues. In modern mathematical
analysis, the function spaces play the key role. The most important among these spaces is the class of spaces
containing smooth functions (in general functions with non entire order). One can cite the widely used
spaces that are Nikoliski-Bezov [, ] and Lizorkin- Triebel [F;, ] spaces (Frazier and Jawerth 1988, Frazier et
al.1991, Mutarutinya 1996, Mutarutinya 1999). The authors Farkas and Leopold 2006, studied the function
spaces of generalized smoothness of Besov and Triebel- Lizorkin type.They established the equivalent
quasi-norms in terms of maximal functions. A more recent study by Ullrich 2012 investigates the con-
tinuous Characterizations of Besov-Lizorkin-Triebel Spaces whereby characterizations for homogeneous
and inhomogeneous Besov-Lizorkin-Triebel spaces in terms of continuous local means for the full range of
parameters are established. A paper by Moura et al.2014 considers the Spaces of generalized smoothness
in the critical case: Optimal embeddings, continuity envelopes and approximation numbers. In this paper,
the necessary and sufficient conditions for embeddings of Besov spaces of generalized smoothness B;:f;’ (R™)

into generalized Holder spaces /\‘;,(I'Z(IR”) are established and the analogous results for the Triebel-Lizorkin
spaces of generalized smoothness F;:;V (IR") are given. In this study, we consider the Lizorkin-Triebel spaces
of differential functions with generalized smoothness on IR". The topicality of this study of functions with
generalized smoothness is most found in applications of inclusion and approximation theories. The impor-
tance of using this generalization is the transit from the real number parameters to generalized parameters,

2020 Mathematics Subject Classification. Primary 46E35 ; Secondary 46F10

Keywords. Lizorkin-Triebel spaces, Norm Discretization, generalized smoothness, dyadic cubes

Received: 16 February 2021; Revised: 05 April 2021; Accepted: 01 August 2021

Communicated by Dragan S. Djordjevié

Email addresses: mutavedik@gmail.com (Vedaste Mutarutinya), kmpimbo33@gmail.com (Marco Mpimbo),
gabrielnshizirungu@gmail.com (Gabriel Nshizirungu)



V. Mutarutinya et al. / Filomat 36:2 (2022), 615627 616

functions or sequences with minimum limitations on them. We start by giving notations of basic concepts
and background tools, then proceed with defining homogeneous and non-homogeneous Lizorkin-Triebel

spaces denoted by F;\‘;')(IR”) and F;}‘;')(IR”) respectively. Next, we deal with discretization of norms in ho-
mogeneous Lizorkin-Triebel spaces using so called ¢-transform. Finally, the relationship between these
spaces and their discrete analogues generalizing the known Frazier-Jawerth results is established (Frazier
et al.1991, Bownik 2000).

1.1. Notations and some background tools

As usual, the notations Z ,IR and C will denote the set of integers, real numbers and complex numbers
respectively. Consider the function ¢ : (R") — C. Let

t>0, ppx) = t‘”(p(t_lx) (1)

Choosing ¢ € S(IR") such that

suqu,C{S: %SIEISZ} )
and
3 5
Fu@|2 o> 0. 21< 2, ®
thenVf €S and Vt> 0, we can define the convolution
def n
(00 £)o0 < @y (i - ).
From the theory of generalized functions, it is known that
(P + £) e =R 1 5 ).
In addition, the formula
Fow * £)o) = Fpo)©ENE
or
(9= N0 = | Fpu)@(EFEN| )
holds. Hence, we see that
! -
sup F(gpq * f) S sup Foy C {E P <|El<2t 1} 4)

In addition, if t > 0, then

lp@l(R") = 7" lp(t " x)ldx,
]R”

lp(wldy,

]Rn
=c< ™
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This norm does not depend on t, Consequently, from generalized Minkowiski inequality if 1 < p < oo, then
YgeL,
o * gll, < llelicligli, (5)
= cligllL,

where ¢ = [|¢|lz, and does not depend on t and on the function g.
Now, Let’s consider the function A defining the generalized smoothness:
A:R" — R A1) =1;

0< )\0\%<A0<00Vt>01€[t,2t] (6)

Thus, for example if do, f € R : /\t()

Mty A1) ¢
oG
5 Alt) 1@ (T)“

T (1ncreases) l (decreases); then, ¥t > 0, T € [t, 2], we have

T
= (%)a > min{1;2%)

If « > 0, then T&; <1 (here Ag = 1); while if a <0, then (})* > ﬁ((f) =2%> 0 (here Ag = 2%). So, if A(t) T, then
AT

0 2 Ao > 0,V7 € [t,2t]. Analogically, V7 € [t, 2t] we have

At)  A(r) tf
O R0
At) P (T)“

>
Tt A®)

T\
= (;) < max{1; 2%}

If B > 0, then ?‘((:)) < 1 (here Ag = 1); while if 8 < 0, then AA((:)) < 28 (here Ay = 2f). Hence, if % 1, then

ﬁ((j)) > Ag < o0,V € [t,2¢].

1.2. Generalized Lizorkin-Triebel spaces
Forv e Z,¢ : R" - C C S, wehave ¢,(x) = ¢27")(x) = 2""p(2"x), and we suppose the system
{®, ¢, v = 1} forms the Fourier expansion of 1, that is,

FOE) + ) Fpy(&) = 1,¥E € R",
v=1
Definition 1.1. Let 1 <p < ooand 0 < g < oo. Then,
"
B ®) = {s 5 = [T 1o AT <) 7)
P
is the homogeneous generalized Lizorkin-Triebel space. Note that if A(t) = t*,a > 0, then FA()(]R”) =F!, Fyo(R") which

is a usual Lizorkin-Triebel space (Frazier et al. 1991, Mutarutinya 1999). The condition such that FQ,;)(IR”) =
means that f € P, the class of all polynomials.
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Definition 1.2. Let 1 <p < coand 0 < g < oo. The space

is called the non-homogeneous generalized Lizorkin-Triebel space, where @ € S(IR") and

E,V(R") = {f €5 tl|fllpo= H{‘fb*f < oo} ®)

sup Fo C (& : [IE]l< 2}, [FD(E)| = 0, for |&] < § o

For non-homogeneous space

Ifllo=0 & f=0(nS)

and we have to note that

fllpo~ 10+ I, +

(i)

Likewise in the case of homogeneous spaces, if A(t) = t* then F;;') (R™) = Fp, (R") is a usual non-homogeneous
Lizorkin-Triebel space.

} (10)

L,

1.3. Relationship between homogeneous and non-homogeneous Lizorkin-Triebel spaces

The following theorem gives the relationship between homogeneous and non-homogeneous Lizorkin-
Triebel spaces.

Theorem 1.3. Let1 <p < coand 0 < g < oo, A(-) T satisfy the condition A(2t) > AgA(t), VYt > 0, where Ay > 1, then
feFORY & (fel,) {feFA() R" }
and

“f”F;)l;’)zH(P”Ll + “f”p;}‘[(]-)
Note that A(t) = t*In”(2+1), « > 0, y € R satisfies the condition of this theorem, while A(f) = t* In”(2+t), Vo €
R doesn't.
2. Main Results

Our first result is about the discretization of the norm in Lizorkin-Triebel space using ¢— transform.
Let the functions ¢ and 1 satisfy the conditions (1) — (3) and such that

Y Fp@OFyY(2'8) =1,V #0 (11)

veZ

As above, Let

@u(x) =2"(2"x), Py (x) =2"P(2"x),v € Z (12)
We introduce the dyadic cubes: Vv € Z, K € Z", we define

Q=0 = {(xl,xz, ) €RT 27K <3 <27 +1), = 1,2, n} (13)
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The point 27"k = xg is the left lower vertex of cube Q,« and £(Q) = 27" is the side of length of the cube. Next,
suppose for the cube

Q:1Ql = 4(Q)" =27 (the volume of cube)
we define
Po(x) = 1QI 2 p(2'x ~ k)
= 1QI" gy (x ~ xg) (14)
Similarly, we define for ©
Yo = QI Y(2'x - k)
= Q72 (x — x)

For the ¢— transform and its inverse transform we proceed as follows:
Let’s introduce the operators: S, (¢ — transform) and S;, (inverse ¢ — transform). Note that the function

@ = p(—x) also satisfies the conditions (2) and (3). For the dyadic cube Q = Qi f € S'(R")/P (the space of
tempered distributions modulo polynomials). We have

O R U] OB GV (15)
knowing that

(@ * f)(x) € CO(R") N S'(R") see (1)
Thus, the value of the function at xg = 27"k is defined. Finally, applying the operator Sg to the function
f € S (R")/P, we obtain the collection of numbers S, f = {(S(p f)Q} satisfying the dyadic cubes Q. Now, let

S = {Sp}o be a given collection of numbers satisfying all dyadic cubes Q. Then, the operator T, is defined
by

(THE)@) = Y Satol), (16)
Q

where the sum is taken over all dyadic cubes Q, i.e.,
S= {Sv,k}vlek eZ"
and

(TyS)(x) = Y SaWo(x)

Q
- Z 2% Z S, W, (x — 27K). 17)
veZ. veZ

Finally, we define the discrete analogous space of FQ,;)(]R”), for S = {Sp}g and denote it by

llgy= H{Z[A(ZVNSQV(Q(X)][]};
Q

where Yo(x) = |Q|‘% Xo(x) is the normed characteristic function of dyadic cube in L, and f;;')(]R") is the set
of all sequences S = {Sg}q, such that ||S||f-,\<.>< 00..
P9

(18)
LP(IRn)

This leads us to our next result.
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Theorem 2.1. (Discrete analogous of homogeneous Lizorkin-Triebel space ng(')(]R”)).
Let1 <p <ooand1 < q < oo; each of the functions ¢ and  satisfy the conditions (1) - (3) and in addition, @ and
satisfy the relation (11). Moreover, if the function A(-) > 0 is such that

Alt) = A(z) for T € [t,2t] and t > 0,
then, under the assigned conditions on p, q, ¢ and 1, the operators

A(")
pq

5, FO
and
Ty fi)— £
are bounded. Furthermore,
Tyo0S,=id: P;,\[;') — FQ,;').
In particular,

A0y 1Sl gy (19)

and P;,\,;')(]R”) can be identified with complement space in PQ;')(]R”).

Remark 2.2. The operator S, identifies F;,;')(]R”) with space S(P(F;,‘,;')) C ;};') and thus the operator

P, =SpoTy: fol! — S,(E0)
is the projector in f;};') .
Indeed,
P% = (S(p 0 Tll})(sqj 0 Tlp)
=85,0(Sp0Ty)oTy
=Sp0ldoTy
= S(l} 0 Tlp
=P,
Thus, there exists a bounded projection P, such that
IPAI< 1Sg [Tyl

To prove Theorem 2.1, we need two lemmas. First of all, let us introduce the following notations.
Let S = {Sg}g be a family / set of numbers corresponding to dyadic cubes Q, £(Q) the side’s length of

Q, xg = 27"k the left lower angle of the cube Q = Q1,0 <v < 00, 6 > 0 fixed, 5, = {(S;)Q} where
Q

1Spl" :
se={ Y E N
p:L(p)=4(Q) 1+ 0(Q) Hxy — x4l

It is clear that
(Sy)o = 1Sal

The sum from the right hand side in the relation (20) is greater than one term where P = Q.
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Lemma2.3. Let 1 <p < o0, 0 < g < 00, §>n,and the function A(-) > 0. Then

r=min{p, g} - [I/l o
~ |5y|f;;(->

Furthermore, for f € S'/P and Q = Q,x(i.e.£(Q) = 27,|Q| = 27*"). By letting
sup(f) = {sup(f)}
Q Q

we see that sup(f) is a sequence of the form

sup(f) = QI sup|(gv *f)(y)' 1)
Q veQ

Lemma 2.4. Let1 <p < oo, 0 <q < oo, 0> n,and the function A(-) > O satisfy the condition
A7) = A(t), VYt > 0,1 € [t, 21].
Then,
||f||p2;~> z||51113(f)||f;q<~>
First, let us prove the theorem basing on Lemma 2.3 and Lemma 2.4 and thereafter, we will prove the lemmas.
Proof of theorem 2.3

1. For the dyadic cube Q = Q,x, we have

QI =27%,
Sy flol B 2% @y + HERH)
< 2% sup |(@y + f)(y)l
yeQ
Z sup(p).
Q

So,
“Swf”F;};') (L) H[Z I/\(ZV)KS@f)QWQ(X)WF HL
Q P

< IH% A@)lsupl(f )XQ(X’”F HW)

sup(f)
Q

AC)
o
Lemma 2.4

= Cl”f”f;)](')
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Thus,

A()

. pAC)
Sq,.qu — fpg

is a bounded operator.

2. Now, let us prove the boundness of the operator:
. £A0) A()
Ty fog — Fpy

Let S = {Sk}x, Kbe a dyadic cube, f = TS given by the formulas (16) and (17), i.e.f = ¥ ; Sx{x. Then, we
have

(Pv* f) :(pu*(zk“skl/’k)

v+1

=Y [ Y s (22)

p=v=1 kk(€)=2-"
The relation (22) means that if K = Q, , then
sup Fy, € {L e R : 2071 < |g] < 2441}
(see (11) — (14) for t = 277). Then,
supF, C {c eR": 271 <|( < 2”1}
follows for
@y * Y = F'[F, - Fiy].
We have, for u < v —1and for p > v + 1, that
Pv* i = 0.
So why from this sum }’; in (22) remains only sum for K = Q,,; where v —1 < u < v + 1 so that }';cz. for

fixed u exists Y=o
3. Next, Let us prove that for Q = Q, and ¥ = min{p, g}, we have

(@ x PG <l Ser + 5o, )
where,

xeQ,Q cQcQand £(Q) =2""VgQ) = 27WgQ™) =27,
such that

Q"I =27"1QL, 1Q"| = 2*|Q|

For that the expression/assertion (23) is true Vx € Q and such that for this x we can identify Q* C Q, such
that x € Q* From (23), we see that Yx € R" and for Q = Q,k such that x € Q, s,

(e Pl < Y 10T S 1o + 10 Sato + 1Q774(5)Q Ty
QcQ
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Consequently,
1

TS | aey =
1Ty ||p;1<7> ”f”P,},;)

el (e ) (Zhersr ]

Using triangular inequality and considering that
/\(21/) — A(2V+1)
A2 =A@

=C, {Z [/\(ZV + 1)(5i)Q*XQ*] }é'L +Gs {Z [A(Zv)(s:)QXQr}q L
53 © ,,
iz e -veese] )]
=cis]..

Now, applying lemma 2.3, we obtain that
TSl = CollTy Sl o

and this proves the boundness of the operator

A A
f() ()

Finally, the identity
TW 0 Sg =id

is proved by Frezier-Jawerth on S'/P (Bownik 2000). In addition, it is also verified for F?,,;') c S'/P. The
theorem is therefore proved (if lemmas 2.3 and 2.4 are verified).

Proof of lemma 2.3
This lemma is based on two results:

Lemma 2.5. (Feffermann-Stein). Let 1 <p < 0o, 0 < g < oo, then

(S, <cl( )],

where M is maximum operator Hardi-Littlewood, defined by

<Gy
L,

1
Mfe) = sup fQ Fwldy

where the upper corner is taken for all cubes (not necessarily dyadic cubes) containing points x and having
side ||-{|| to axes of coordinates.

Lemma 2.6. ( Frazier-Jawerth). Let1 <a <r < oo, 6 > ™. Let us fixe u,v € Z,u < v, for any dyadic cube Q
with €(Q) =27V and ¥x € Q. then

2 1+5(p)|?fl|;p—xq|5}l sC[M( Z ISpI”)(p)(x)]l

pt(p)=2" Up)=2r
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where C depends onn and 6 — &
Let us now start to prove Lemma 2.3.

Proof of lemma 2.3.

Letus putr =minfp,q}, e=-1+2>0.Ifa= - = 0<a<r, 6> %

1+ ;
and according to Frazier-Jawerth lemma (and u = v), we have that

1 Co. " q
{ Z [(S )(f))? (x)]q}q by d2f1m<tzon (Sha ZV%[ Z |S,I" :
e - L1+ E(p)x, — xol
Qud(Q)=2" pid(p)=2"" P

< ((11)Vx € R, except one term with Q : Q 3 x # 0)
< (by Frazier — Jawerth lemma)

<cilm( Y |sp|qxp)<x>]Z

=2
o
= X svw)|
(=2

The last inequality comes from the case that the sum p : £(p) = 27 for any x only one term is not zero such

that
a
24 Y Isbnm) =24 Y IS

=2~ tp)=2~

Consider that

2" xp(x) = Xy, for E(p) =2
So,

s =[(Txew ¥ [spore] }HL

fr” veZ Q:0Q)2

q

(¥ )]V,

veZ pl(p)=2-

{Z[M( YA, m])] }HL

VveZ pl(p)=2-

<c

=cC

Noting
fo= ). A@ISITI (24)
pd(p)=27"

Then,
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Applying theorem Feffermann-Stein ( g/a > 1 replaces q and p/a replaces p), then

_ 1 a
a)q
)
- 81
A
"

(Y newsiul))

P
YeZ pd(p)=2""

L,

z

veZ

L

from (24)
= C1

L,

=C15

FA()
o

In summary, we get that

s| < ClHS
f;:](-)

20
fp‘]

The inverse inequality is clear and automatic because (5;) > |Sg| for all dyadic cubes Q. Thus, Lemma 2.3
is proven.

Proof of Lemma 2.4.
This proof is based on two supplementary lemmas.

Lemma 2.7. Let f € S',supFf(&) € {& : |&] < 2}. Let also y € Z,y > 0. For dyadic cube let put a = {ag}o,b =
{bglq, where

ag = Sug[f(y)], bo = max{inf If(y)l: QCcQUQ =27UQ)
ye

Let 0 <r < o0 : £(Q) =1 and y sufficient close. Then,
@)q = (by)o

with constant which does not depend on f and Q (Bownik 2000). Let us denote for f € S'/P and dyadic
cube Q,

inf = 1013 max{inf (9. () : Q € QUO) =274}
Then, let’s deduct the sequence of numbers:
it =lngl,
responding all cubes Q.
Lemma 2.8. For f € S'/P,0 <p < o0, A(t) >0, A(t) = A(t), Vt >0, T € [t,2t]. Then

inf(f)

< C)/,n P
A() /
f pa

Proof. Let K be a dyadic cube, £ = {t¢}. Let define by formula

f

FAC)
FFW

b = K2 inf Py * £|(w), for €0 =27 (25)
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Then, for 0 < v < oo, for dyadic cube Q, we have
inf(f) 7o) < Cy 227 Y (G)TK), (26)
KcQ
where (26) means that

k) =2776Q) (27)

(See definition (20), 6 from (20), but for ¢ on the place S'). Let put r = min{p, g} and get

1

Zpen ¥ [ona])]

yez Q:(Q2

(YreryY | ¥ f:mm(x)]q};HLp

Vez fa)2  KCQ:(k)=21"

by def

by 27) Co 200"

= ((#) for x only one term is different from 0)

a2 |(Tpern Y, @l
yez fk)2r-v Ly
= c, 2 Y@ e Y @k
yeZ o2 Ly
(@A VpeZ) i
o e 3 g
ez 202+ L,
=Cl||t:
£
< (by lemma 2.3)
< C||t
()
1z
So,
1nf(f) 0 < C||t o
rq
- [(Zuewfen oo}
Uez P
~(a@™)

~ 20" YueZ

~ {Z[A(zufy)]q q}'l*

(@y—y * f)(x)

ez ’
= ' f 210

P
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Hence, Lemma 2.8 is proved. Now, let us prove Lemma 2.4.

Proof of Lemma 2.4

The inequality

. <[
FW

)
qu

follows immediately from definition. Let us prove the inverse inequality. Applying Lemma 2.3 to each
function (¢ * f)(2"x), we have the inequality

(sup(f):)Q < cl(iry\fm:)Q, for r = min(p, ), €Q) =2 (28)

But then, we have

sup(f) sup(f);

by (28)
< G

<
A() FA()
f rq f P9

in(f);

J

by Lemma 1 || ,

inf f(x)
')/

~
=~

)
qu

By applying Lemma 2.8, we obtain

sup(f)

<
)

1.

A
fV‘Y

which proves lemma 2.4.

3. Conclusion

This paper has dealt with homogeneous and non-homogeneous Lizorkin-Triebel spaces with generalized

smoothness F;;')(]R”) and FQ;')(]R”). In particular the Lizorkin-Triebel spaces of differential functions with
generalized smoothness on IR"” have been considered. We have discussed the discretization of norms
in homogeneous Lizorkin-Triebel spaces and established the relationship between these spaces and their
discrete analogues by generalizing the known results of Frazier-Jawerth and Bownik(Frazier et al.1991,
Bownik 2000).
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