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Abstract. In this paper, we investigate a quasilinear Schrédinger problem under Dirichlet boundary condi-
tion in a regular domain with asymptotically linear nonlinearities. We use Cerami version of the mountain
pass theorem to prove the existence of solution without using the Ambrosetti-Rabionovitz condition or any

of its refinements. Then, we prove that the same techniques work when the nonlinearity is superlinear and
subcritical at infinity.

1. Introduction and main results

In this paper, we consider the following quasilinear elliptic problem

—Av + o(x)v h(x,v) in Q 1
v = 0 on 0JQ, 1)

where Q c RN, N > 2, is a regular bounded domain in RN and ¢ € C(Q) is a positive function. The equation
(1) arises in models of combustion [10, 11], describing the thermal explosions [10] and the nonlinear heat
generation [14]. Also, We find them in the description of the gravitational equilibrium of polytropic stars
[7,12], in the study of electromagnetic radiation, seismology and acoustics.

The results of the study of the problem (1) differs according to the type of the nonlinearities h(x, ), the

diffusion source. In this paper, we are interested to study the case when the function k(x, t) is not necessarily
linear but asymptotically linear, that is

h(x, t
lim () =

t—+00

a < 00,

In the beginning Mironescu and Rddulescu, in [18], supposed that o(x) = 0 and h(x, t) depends only on ¢ and
has the form h(x, t) = A f(t) where A is a positive parameter and f is a positive convex C! function satisfying

limm:a<oo

4
t—+o0
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and they proved that there exists a critical value A* > 0 such that the problem has a positive solutionif A < A*
and it does not have positive solutions if A > A*. When A = A%, the sign of the value [ := lim;,,.(f(t) — at)
determines whether or not a branch of unstable positive solutions exists.

After that, in [2] with the same type of nonlinearities, Abid et al. consider the problem (1) when o(x) = const.
and generalized the results of [18]. Also, with these type of nonlinearities many problems have been treated
and we can refer to [1-3, 6, 15-18, 21, 22] and the references therein.

For a more large class of asymptotically linear nonlinearities and for the case when h(x, t) depends on x and
t, we suppose that

(H1) h(x,t) is a nonnegative continuous function on QxRand h(x,t) =0 for t <0and x € Q.

h(x, t h(x, t
(H2) ltirro1 % = p(x), tlim M = a € (0, o0) uniformly in a.e.x € Q, and [|p(x)ll < v1, where v1 > 0 is the
— —+00
first eigenvalue of (—A + a(x), H}(CY)).

t
(H3) The function h(i’ )

is nondecreasing with respect to t > 0, for a.e. x € Q.

This type of conditions was first introduced by Zhou in [27] in order to study equation (1) when o(x) = 0
and then they are used in [25, 26] for some elliptic problems.

In this paper, we consider the case when ¢(x) is a positive continuous function and we prove the following
theorem.

Theorem 1.1. Assume (H1) and (H2) hold, then we have.

(i) If « < vy and (H3) holds, then the problem (1) does not have a positive solution.
(ii) If @ > v1, then the problem (1) has a positive solution.
(iii) If @ = vy and (H3) holds, then (1) has a positive solution v € H(l)(Q) if and only if there exists a constant ¢y > 0
such that v = co¢py and h(x,v) = viv  a.e. in Q, where ¢y is a positive eigenfunction associated to vy.

For the proof of the existence of nontrivial solution, we use the variational method. We use a mountain pass
theorem and we prove the compactness condition without using the Ambrosetti-Rabionovitz condition
(AR) [4, 19]: There exists a constant 4 > N and a constant T > 0 such that for all |{{ > T and x € (),

t
0< ,uf h(x,s)ds < h(x, t)t.
0

Since the condition (AR) gives

lim H(x, = 400,
tSto0 12
for
t
H(x,t) = f h(x,s)ds 2)
0
- h(x, 1) . .
and so lim = +oo. Therefore, we can not suppose and use such condition for the asymptotically

t—>+00

linear nonlinearities.
For other conditions imposed to solve the compactness problem, we can refer to [8, 9, 13, 20, 23, 24, 27] and
the references therein.

The techniques that we use in the proof of the Theorem 1.1 are still valid when the nonlinearities are
superlinear and subcritical. More precisely, we prove the following second result.

Theorem 1.2. Suppose that (H1), (H2) and (H3) hold and a = +oo.
If lim M )

to+oo -1
where

= 0 uniformly in x € Q, for some real r with v € (2,2*). Then the problem (1) has a positive solution,

yo| &5 if N>2
T | 4o if N<2
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Through this paper, the constants C, Cq,Cy, - - -, may change from line to another.

2. Preliminaries and variational setting

Let ) be a bounded open domain in RN,N > 2. Forv € LF(Q),1 < p < 00, we denote

ol = ( [ 1o )

the well known Lebesgue norm in the space LP(Q). When v € H(l)(Q), we set

ol = [ 1vor )’

the standard norm in Hé(Q) and we define

lll = ([ V0P + o(x7) )’ ®)

the norm coming from the inner product

(u,v), = fQ [Vu.Vo + o(x)uv]dx. 4)

In this paper, we consider the following definition of solutions (weak solutions) for the problem (1).

Definition 2.1. A function v € H}(Q) is called a solution of the problem (1) if

L VoVodx + L o(x)opdx = L h(x, v)pdx, (5)
for all ¢ € Hy(Q).

Since the equation (1) has variational form, let 7 be the functional defined on Hé(Q) by

I(v) = %LHVZJF + o(x)v?]dx — fQH(x, v)dx (6)

where the function H(x, s) is given by (2).
To prove the existence of nonzero critical point of 7, we use the following different version of the mountain
pass theorem introduced in [9].

Theorem 2.2. [9] Let X be a real Banach space and I € CY(X,R) a functional satisfying

(i) There exist 6, © > 0 such that Yv € 0B(0,0),I(v) > 7.
(ii) There exists x1 € X such that ||x1|| > 6 and I(x;) <0.
(iii) max{Z(0), I(x1)} < 7.
Let ¢ be the number characterized by
= inf T(y(t
¢ := infmax (v(®),

whereI' := {y € C([0,1],X); y(0)=0 and y(1) = x1} the set of continuous paths joining 0 and x; in X.
Then, ¢ > T and there exists a sequence (vy,) in X satisfying the Cerami conditions:

I(vy) > ¢ as n— +oo @)
and

(I + [l DI’ @Il — 0 as n — +oo. ®)
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In the Theorem 1.1, we consider ¢; a normalised positive eigenfunction associated to vy, the first eigenvalue
of the operator —A + o(x) with Dirichlet boundary condition on the open domain €, that is

—A¢1 + a(x)qbl = 1/1(]51 in Q
(]51 =0 on dQ 9)
Jpdx = 1.

3. Proof of the Theorem 1.1

The proof of the Theorem 1.1 will be given in many steps. After introducing the Energy I by the formula
(6), we have interest to use the norm ||u||; given by (3). So, the first elementary result is the following.

Lemma 3.1. The space Hé(Q) endowed with the norm ||v||, is a Hilbert space.
Proof. Recall that (H(l)(Q), Il.Il) is a Hilbert space. For v € Hé(Q), we have
oIl < [[ollo.

Since 0% = sup, g0(x) > 0, by using the Poincaré inequality, the two norms are equivalent and so
(Hé(Q), II.ll;) is a Banach space. From (3) and (4), the space (H(l)(Q), II.lls) is a Hilbert space.

O
Next, we prove the first geometric property of the functional 7.

Lemma 3.2. Suppose that (H1) and (H2) hold, then we have.

(i) There exist 5 > 0and Tt > 0 such that Yo € dB(0,0), I (v) = 1.
(it) Whenvy < a, I(tp1) > —coast — +oo.

Proof. (i) Lete > 0, there exists C = C(e) > 0 such that for all t > 0 and for all g > 1, we have
h(x, t) < (Ilp(0)lleo + )t + CIt|7 (10)

and then

H ) < 5010l + F + CIH )

Let1 < g <2' -1, by Sobolev embedding theorem IIUIIZE < C1||U||Z+1, for some positive constant C;. From
(3) and (6), we get

1
1(0) = 3ol - [ H ) (12
Q
By (11), we get
1 1
1) = S0l = 5@l + el ~ Clrolf
So,
1 1
70) 2 S0l - 5(Ip@ e + ol = ool
and then,
1o Pl +e
1) 2 501~ =5l - Gl (13)
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If we consider € > 0 such that ||[p(x)[l + € < v1, then we can choose ||v]|; = 0 small enough in order to have
I (v) > 7 for some 7 > 0 sufficiently small.

(i) Suppose that v; < a < +00. Let t > 0 and consider

2
e G T L 14

From (9), we obtain

12
I(tpr) = EVl - f H(x, t1) dx. (15)
Q
Then, by the use of the Fatou’s Lemma,

I(tp1) 1 . H(x, t1)
< EVl_Ltll)rg ([’(?T)gb% dx.

im
t—o00 t2

Since h(x, t) is asymptotically linear, we get

. H(x,t) «a
MmTe Ty (16
Therefore,
Ap) 1
tll)Ig 12 < E(Vl - 0(). (17)
Then, tlim I(t1) = —co0.
O

Proof of the Theorem 1.1

(i) Assume that 0 < a < v; and (H1) — (H3) hold. Suppose that v € Hé(Q) is a positive solution of the
problem (1). In this case, from the conditions (H1) — (H3), we get

[IVol? + o(x)v*]dx = f

Q

h(x,v)vdxﬁfavzdx. (18)
Q

Q

So, v1 £ @ and this contradicts the hypothesis of this first case. Then, Theorem 1.1 (i) is proved.

(i1) Assume that v; < @ and (H1) — (H2) hold.
The functional I introduced by (6) is C! and satisfies 7(0) = 0.
By Lemma 3.2, there exist 0 > 0, T > 0 and there exists x; € Hé(Q) such that ||x1|| > 6 and Z(x;) < 0. Since

max{Z(0), 7 (x1)} <1,

by the Theorem 2.2, there exists a sequence (v,) C H(l)(Q) verifying (7) and (8). The idea is to prove that the
sequence (v,) has a convergent subsequence in Hj(Q) to a nonzero function v and then v will be a critical
point of 7 and so a nontrivial solution of the problem (1). After that, by the maximum principle, the solution
v will be positive.

From (7) and (8), we get

I(vy) = %Ilvnllﬁ - LH(X, v,)dx > ¢ as n— +oo (19)
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and
I @)l =0 as n— +co. (20)

If the sequence (v,) is bounded in H(l)(Q), then there exists v € H(l)(Q) and a subsequence still denoted (v,)
satisfying

v, — v weakly in Hé(Q) as n — +oo
v, —» v stronglyin L*(Q) as n — +oo
v,(x) = v(x) a.ein Q as n — +oo.

From (20), for all ¢ € Hj(Q) we have

f[an.V¢) + o(x)vuPpldx — f h(x,v,)$p dx — 0 as n — +oo, (21)
Q Q

that is
—Av, + o(x)v, — h(x,v,) > 0 in Hal(Q). (22)

where H;'(Q) the dual space of H}(Q).
Note that by (H2), h(x,v,) — h(x,v) in L*(Q) and since the dual space of L*(Q) is the space L*(QQ) and
L*(Q) — H;'(Q)), we have

—Avy, + a(x)v, = h(x,0) in Hy'(Q). (23)

Therefore, by using the fact that the operator L = —A + o(x) is an isomorphism from Hé (Q) to Hy 1Q), we
get

v, — LN (h(x,v)) in H(Q). (24)

From (24) and the uniqueness of the limit, we deduce that the sequence (v,) converges to the function v in
H}(Q). The sequence (v,) induced by the Theorem 2.2 is relatively compact and the limit of its convergent
subsequence is a critical point of the functional 7.

To finish the proof of the part (ii), we have to prove that (v,) is bounded in H(l)(Q). For this, we argue
by contradiction and we suppose that (v,) is not bounded in H(l)(Q). So, up to a subsequence, |[v,]l; — +co.
Let

Un
Zy =

=——, t, = lvalls- 25
oy [ = oulle @3)

Since z, is bounded in Hj(€Q), there exists z € Hy(Q) such that
zp =z weakly in H(l)(Q),

zy =z  strongly in L*(Q),

and
Zu(x) — z(x) aein Q.

We claim that

—Az+o()z=az" in Q. (26)
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For the proof of the claim (26), we divide (21) by ¢, = [|v,|l; we get

f [Vz, Vo + 0(x)zupldx — f hl(lz’ ﬁ”)cp dx — 0 forall ¢ € H\(Q). 27)
Q Q nllo
That is,
h(x/ Un) . -1
-Az, + 0(x)z,, — ol — 0 in H; (Q). (28)

Since
h(x/ v‘rl) _ h(x/ Un)

lTllo B Un

and v, = ||vylls2z,. Then, limy, 10 v, = +00 if z(x) > 0 and so by using conditions (H1) and (H2), we get

. h(x/ vl’l)
Iim ——z, =az
n—+o0o Un

n

+

in {x € Q/z,(x) — z(x) and z(x) # 0}.

h
If z,(x) = z(x) and z(x) = 0, from (H1) we deduce that (<, 0n)

Un

z, converges to zero. Thus

h(x,vy)

n

z, converges to az" a.e.in Q.

Now, the sequence z, — z in L?(Q2). By Theorem IV.9 in [5], the sequence (z,) is dominated in L*(Q), up to
a subsequence.
h(x, on)

Therefore, z, is dominated and then converges to az* in LZ(Q).

(&
Since L*(Q) — Hy 1(Q), from (28), we get the equation (26) and so the claim is proved.

Therefore,

—Az + 0(x)z azt  in Q
z =0 on JQ.

(29)

By the maximum principle, z > 0 and then z = z* satisfies the problem (29).
It follows that z = c¢4, for some constant ¢ > and a = vy, which contradicts the fact that v < o < 0.

(iif) Let @ = v1. Suppose that v is a positive solution for the problem (1). If we take ¢ = ¢; in (5), we
obtain

f[VU.Van + o(x)v.p1] dx = fh(x,v)gbldx. (30)
Q Q

Conversely, consider the equation (9) and take v as a test function, we obtain

f[VU.V(P1 +o(X)v.p1]dx = a f vp1dx. (31)
Q Q

So,
f(h(x, v) — av)prdx = 0.
Q

Now, from (H1) — (H3) and the fact that ¢1 > 0, we get h(x,v) = av a.e. in Q. Hence, h(x,v) = v1v a.e. in Q
and the result follows from the fact that the eigenvalue v; is simple.
Conversely, If o = v1, h(x,v) = v1v and v = co¢p; for some constant ¢y > 0. Then, v is an eigenfunction
satisfying (9) and so a solution of the problem (1).

O
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4. Proof of the Theorem 1.2

We start by proving the geometric properties for the functional 1 introduced by (6).

Lemma 4.1. Suppose that (H1) — (H3) hold, a = 400 and the function h(x, t) is subcritical at t = +oco uniformly on
x a.e. in Q. We have:

(i) There exist 6, > 0 positive constants such that I(v) >  forall v € Hé(Q) with ||v|| = 6.
(ii) tlim I(ty) = —co.
—+00

Proof. (i) In this subcritical case, the condition

h
lim ()

t—+o0 -1

=0 forsome r€ (2,29 (32)

and the first part of the condition (H2) gives that for any € > 0, there exists C = C(e) > 0 such that for all
te Rand x € Q

H 0 < S (Pl + O + CH, @3)

and so , .
I(v) > Ellvllﬁ - E(IIP(X)IIDO +e)l[oll3 — Clioll.

Since 2 < v < 2%, by Sobolev embedding theorem we have ||v|[; < C||v]|}, for some constant C; > 0 and then

1 1
1(v) 2 Ellvllﬁ ~ 5Pl + e)llollz — Calloll;. (34)

We know that one characterization of vy is that vi|[vll < |[v]|2, for all v € Hj(Q2) and so

()l +

1 € 2 r
IT@) 251~ vl = Callollg. (35)
V1

Now, we can choose € > 0 in (35) such that [|p(x)ll + € < v1 and [[v|| = 6 small enough in order to have
I (v) > B for B > 0 sufficiently small.

(i7) Since the positive function ¢ is in C(Q). Let Qy € RN be an open domain such that Qy C Qp c Qand
let y > 0 be a number satisfying ¢1(x) >y > 0 for all x € Qy. From (H3), we obtain

0 < 2H(x,t) < th(x, 1), (36)
H(x,t)

and then the function " is nondecreasing with respect to ¢ > 0 for a.e. x € Q.

a = +oo implies that

lim Hx ) = 400
tSto0 2
So, forallx €e Qyand t > 0,
H(x,t H(x, t
(x, tP1(x)) S (x, ty) 37)
27 (x) 12y?
For all B > 0, there exists t; verifying for all t > #; and for all x € Qg
H(x, tpq(x
(x, th1(x)) > B, 8)

PPi(x)
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I(td1) 1 ) 2 H(x, t1) ,,
— =5 L[|V¢1| +o(x)p7ldx — e cf)1 (39)
So,
I(tp1) 1 ) H(x, t$1) ,
g =3 fg Prdx = fg (td1)? gy N1 4o
From (38) and (40) we get
I(t ( 1 2
= (pld -B | ¢7dx,
=" Q0
and so Tt
1
5 < 5vi = By |
We can choose B > 0 large enough such that
I(t
UM)_—C<O,
12
where C > 0 is a positive constant. Therefore
lim T(tgn) = -

O
Before starting the proof of the second existence result Theorem 1.2, we recall the following result which
the proof is similar to [27, Lemma 2.3].

Lemma 4.2. Let 1 the functional defined by (6). Suppose that (H3) holds and
I (vy),v,) > 0 as n — +oo.
Then, (v,) has a subsequence, still denoted (v,,), satisfying for all t > 0 and for alln > 0

1+

I(to,) < + 1 (vy).

Proof of the Theorem 1.2

Suppose that @ = +oco, the conditions (H1) — (H3) hold and h(x, t) is subcritical at +co uniformly a.e.
on x € Q. From Lemma 4.1 and Theorem 2.2, there exists a sequence (v,,) satisfying the Cerami conditions
(7) and (8) and so (19) and (20). We have only to prove that the sequence (v,) is bounded in Hé(Q) and the
rest will be the same as in the proof of the Theorem 1.1 (ii).

Suppose that (v,) is not bounded in H(l)(Q), then up to a subsequence ||v,|l; — +co, whenn — +co. Letd > 0
be a positive number and set

Uy 1
Zy = 57—, = .
dl[vnlls ||yl

(41)

So, there exists z € Hy(Q2) such that, up to a subsequence z, — z weakly in H(Q), z, — z strongly in L*(Q)
and z,(x) — z(x) a.e in Q.

As consequence,

zt >zt in  L3(Q),

Zy + |2n]

5 and

where z;} =

* 5zt ae in Q.
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From the formula (6)

I@) = gl - f H(x, 20)dx.
Q

From the condition (H1), we get

1
76 = 3l = [ sz

Let Q, = {x € Q;z*(x) > 0}. Forx € Q,,
0, (¥) = dz; (V)[vally — +oo
and so, for any B > 0, there exists 11 = n1(x) > 0 such that for all n > n;, we have

hx, v, (x))

rn’ > B.
uw o

Also, z (x) — z*(x) then there exists 1, = n,(x) > 0 such that for all n > n,, we have

z* (%)
=

From (42) and (43), we get

zh(x) >

h(x, 07 (%) ., 5 (@)
W(Z‘n (x))” =B 4
So, for n large enough and for all x € Q),,
b on () L @)

From (21), by taking the test function ¢ = v,, we get

lfoall5 — f h(x, vy)0, dx — 0,
Q

hence

! Lﬂﬂ@@fwﬁa

d? Un

From (46) and the condition (H1), we obtain

h(x, vt
lim “?@Wﬂ;%
n—+oo Jo vy d
Therefore,
1 hx, vt
— > lim igﬁwfw

—+00
n—+ Q. M

. h(xop(x) o
> L lim —————(z;(x))

, 1o+ ZJ; (x)

By (45), we have then

1 _ B .
z > Zf(;+(2 (x))? dx

638

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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and this is for all B > 0. So, |QQ,| = 0 and then z* = 0.
From (42), we obtain

. 1
Jin T = 5 )

On the other hand, by the Lemma 4.2 and up to a subsequence, we get

I(z,) = I(tyvn) < %(1 +12) + I(v,). (50)

From (19), (41),(49) and (50)

2 =C

for all d > 0. This is impossible and so the sequence (v,,) is bounded in Hé(Q) and Theorem 1.2 follows. 0O
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