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Approximation by a Generalized Szasz-Bézier Operators

Qiulan Qi?, Dandan Guo?

® School of Mathematical Sciences, Hebei Normal University, Shijiazhuang, 050024, P.R. China

Abstract. The application of Bézier type operators is very extensive and has attracted people’s attention.
In the year 2017, Ren established a generalized Bernstein-Bézier type operators acting on C[0, 1]. Inspired by
this, in this paper, a generalized Szasz-Bézier type operators, with Gamma function defined on the positive

semi-axis, is extended. Then, the equivalent theorem and the Voronovskaja type asymptotic formulas are
also obtained.

1. Introduction

The approximation properties of the classical Szasz operators S,(f; x) were widely investigated in the
literaturel!I"®l. During the past thirty years, the Bézier basis function was extensively used to construct
various generalizations of many classical approximation processes” 4. In 2017, Ren et all**! introduced a
generalized Bernstein-Bézier type operators acting on C[0, 1], have been considered in connection with Beta
function, and obtained a Jackson type direct theorem. In order to get the Bernstein type inverse theorem,
in [15], we introduced a kind of Bernstein-Bézier operators with parameters. This paper is concerned with

generalized Szdsz-Bézier type operators acting on functions defined on the positive semi-axis, with Gamma
function. The Szész-Bézier operators are defined as follows:!!!]

= [k
Snalf;x) = f(;) : (],(f,k(x) - ]ﬁ/kﬂ(x)), (1.1)
=0

where a > 1, J,x(x) = Z]f”:k snj(X),k = 0,1,...,8,(x) = (”]—’?je‘”", Jux(x) is the Szdsz-Bézier basis function.
Obviously, when a = 1, S, ,(f;x) becomes S,(f;x), and for x € [0, ), one has!'!l 1 = ], 5(x) > J,1(x) >
Sk () 2 Jups1(X) 2 oo 20, Jup (%) = Jugr1(x) = 8p(x).

In this paper, we are going to study a new kind of Szész type operators for f(x) € Cg[0, o) as follows:

Dap(f%) = fO)s0(0) + Y sux@TENS), (12)
k=1
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where0 < <1,

0= 1 f Sty (ﬁt +(1- ﬁ)%)dt

I'(-) is the Gamma function. When 8 = 0, D, g(f; x) becomes S, (f; x).
We will also study a generalized Szédsz-Bézier-type operators for f(x) € Cp[0, c0) as follows:

(o]

DI(fFix) = FO)GH @) + Y GOTE(f), (1.3)

k=1
where0<f<1,a>1, G( () = (x) ]n 1r1 (%), Jnk(x) and T(ﬁ ) (f) are defined as above.
The operators D(a) ( f;x) are bounded and positive on C;l0, oo) Whena =1, D(“) ( f;x) becomes D, g(f; x).
When g =0, D:)%(f, x) becomes Sy, 4(f; x).

The goal of the paper is to investigate the rate of convergence. Direct and inverse theorems are proved
using Ditzian-Totik modulus of smoothness. The Voronovskaja type asymptotic formulas are also obtained.

Remark 1 Throughout this paper, M is a positive constant independent of 7 and x, the value of M may be
different in different places.

Remark 2 In this paper, for f(x) € Cg[0,00):={f : f is continuous and bounded on [0, )} , the norm of
f(x) is defined as || f|| = max{|f(x)| : x € [0, c0)}.

Remark 30
DS,(Lx)=1;
(2)Su(t;x) = x;
(B3)Su(t%x) = x? + %;
@)S,(5x) = 2 + 2 + ;2,

(

3
5)Su(thx) = x* + & + I 4

113

2. Estimates of the moments

By the definition of Tff l){( f), Dng(f;x), Remark 3 and using the integral by parts, we have Lemma 2.1,
Lemma 2.2 and Lemma 2.3. Here we omit the details.

Lemma 2.1 For T)(¥),i=0,1,2,3,4,0 < § < 1, we have
MTH) = 1;

@T, 0 =%
2
@) = 5+
B3y _ B, 3K 28k,
Tt )= e o
k
BT = & + L + BP0 88

Lemma 2.2 For D, 4((t — x)’;x),1=2,4,0 < B < 1, we have
1+ B2
p ©
n

(WD p((t — x)%x) =

3+ 682+ 38 1+ 68% +88% +9p*
/32 ﬁx2+ B 35 ﬁx.
n n

(2D 5((t = x)%2) =

Lemma 2.3

D)y Lty Jak(0) = x;
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()5 T2y kni(x) = %3 b g
B) 3 it K Ju(x) = x—34 + 3 ,fz,
@) T2 B lui(x) = 5 + Xyl

Lemma 2.4 Let a>1,we have
(1) limy,ye0 + Y [ () =

@ Himy, e 2 Y2 K2 (1) = Y;
(3) limy— oo % Y KT = %5

4

(@) Hmy e 37 Tty T2 (0 = %

WoN.

Proof (1) Fore>0,6>0, there exists a positive integer N = N(g, 0), since

. _ , for k<n(x—e);
;}l—rgo]"’k(x) B { 0, for kx=n(x+e),

we see that

0<1- ];’I‘J:l(x) <o, for k<n(x-e);
0 < Jur(x) <6, for k=n(x+e).

671

Since Ypoq Jux(X)[1 — ]ﬁl(x)] is convergent, then for 6 > 0, there exists an enough big K, such that

itk k@)1 = Jo (0] <.
By Lemma 2.3 (1),

0<x-2 Y 100 = 2 Y ful[1- 150
k=1 k=1

+Z+

1
n
k<n(x—e)  k>n(x+e)  n(x—e)<k<n(x+e)

With the last three terms denoted by }., }.,, Y3 respectively. For enough big n, the following estimates are

easily obtained

6
k<n(x €)
0 <% <5 Y @i fwl<s
k>n(x+a
0 <Y <1 Z _1~21/l€_28
—_ 3 = n - - .

n(x—e)<k<n(x+e)

Hence x — }1 Yy ]z,k(x) — 0, we get Lemma 2.4(1).
(2) By Lemma 2.3 (2), one has

N

X
k=1
From Lemma 2.3 (2), for ¢ > 0, there exists K’ € N, for k > K’, such that

(o8]

= Y Ko

k=K’

< E&.

1 1 v x 1y,
Y@= ; Kusl) = == — ; Kt (-

2.1)

2.2)
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From Lemma 2.4 (1), there exists N’ € N, for n > N’, such that
1 (o]
x == ) )
k=1
For a fixed x € [0, o0), choosing N = max{K’, N’}, we write
2

%_%i k] ()] < Z]nk(x)__Z]ak( )|+
k=1

Combining Lemma 2.3 (1) and (2.1) ~ (2.4), we have get Lemma 2.4(2).
Similarly, we can obtain Lemma 2.4(3), (4) by some computations.

<e&. (2.3)

> Z k], (x) + g (2.4)
k=N

Noting J? (x) =1, Yo Q( () = 1 and Lemma 2.4, by simple calculation, one can get the following Lemma
2.5. '

Lemma25Leta>1,0<p <1, wehave
(D12 = 1;

2) hm,,_,oo D(a) (t xX)=x;

3) lim o0 D;“;(ﬂ x) = %

4)limy,e0 Dy g (5.%) = 2%

5) limy,e0 D <“>(t4 x) = 24,

(
(
(
(

Lemma26Leta>1,0<p<1,¢*x) =x,wehave

(WD =x%2) < S(1+ fpi(x);
1+6p%+8p° +9p
n

P* ()|

(2)D(“)((t hx) < = [(3 +6p%+3p ) A(x) +

Proof Using the mean value theorem for differential calculus, for x € [0,00), a > 1, k = 0,1, ..., we have
0 < G¥(x) < as,x(x). Since

Dt =x%x) = xZG;‘f(),(x>+ZGL‘f,Z(x)Ti,’f;«t—xF)

IA

[

x25,,0(x) + ank<x>T<’” (t x)z)l

- Dup((t = 2%53) = (1 + fp*(),

we get Lemma 2.6(1). Similarly, we can obtain Lemma 2.6(2), we omit the details.

Remark 4 By the Korovkin theorem!'*l and Lemma 2.5, the following result follows immediately:
For f(x) € Cg[0, 00), the functions qua;( f;x) converge to f(x) on [0, o).

3. Direct Theorems

For f(x) € C5[0, ), p(x) = vx,0 < A < 1, let!1]

wp(f;1) = sup  sup

0<h<t hq)M €[0,00)

7

i)
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be the Ditzian-Totik modulus, and

Kp(fit) = _int {If = gl + g 11},

€W, [0,00)
be the corresponding K-functional, here W, = {glg € A .C [0, %), |lp" || < oo}. It is well know that!3!
K(p" (f/ t) ~ Wepr (fr £).
Theorem 3.1 For f € Cp[0,00),a > 1, p(x) = Yxand 0 < < 1,0 < A < 1, then we have

qo“(x))

IDY(f3 %) = F@)] < Mgy ( £ 7

Proof Let g € W,, then

DY) (g;) - g(x)|.

t
f oM u)du ;x) ,

<2 Mx) - |t - x]. (3.1)

DY (f) = f@)] < DS = g0 + | f@) - 9] +

Since g(t) = fxt g’ (u)du + g(x), D,(:Z(l;x) =1, we know

|fo,;(!7;x) —-g(x)| < ||(pAg'|| . D,(f,;(

and by the Holder inequality, we get

“Mu)du

Thus,

D,(f,%(g; x) - 9(x)| <2lp*gIl- 7 Mx) - D(“’ (It — x|; x) .

Combining Lemma 2.6 (2), using the Cauchy-Schwarz inequality, we have

1-A
R BN e f

By the definition of Dm) (f x) and Lemma 2.5 (1), we have |D( /s(f )| < Ifll, so

1-A
DN (fix) = f(x)'<2llf gll+ 241+ pa - ||¢Ag||.(P_(x)'

\n
Taking infimum on the right hand side over all g € W,, one can obtain
1-A 1-4
¢ () ¢ )
s - o) < Mk L (7 o)

Theorem 3.2 For f (x) is continuous and bounded on [0, c0),and @ > 1,0 < 8 < 1, p(x) = v/, then

2
fo;(f;X)—f(x)| < ,/ ﬁ {||f ||+w( 7) (1+ /(1+ﬁz)a.(p(x))}_¢(x).

Proof For 6 > 0, t,x € [0, o), |t — x| < 0, by the Taylor’s expansion, we get

[f() = f(x) = Fr @)t — )| <

(=l + 67t - x?),
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applying the Cauchy-Schwarz inequality, we have

DB = £() = ()t = x));)|

< w(f;0)- (D¢ |t—x|x)+51D“>((t x));x)
< w(f;0)- [m +57 DY@ - %) - D - x5
Thus,
DYY(f30) - £
< P D (= 3) + (50) -1+ 67 D = 0% )| - DU - 0.

Taking 6 = ‘/Lﬁ, by Lemma 2.6 (1), we can obtain the desired results.

4. Inverse Theorem
Lemma 4.1 Let f € Cp[0, ), p(x) = Vx,a >1,0<p<1,0< A <1, we have
'@ (DL ) | < 99 ) VallfIL
Proof We write

(Df:) = £0) (C) [ZG‘”(x)T(’f}((f)] =Ry + Ry, (4.1)

and will estimate R; and Ry, respectively. Noting that ];/O(x) =0, we have

—m()a—l . e—nxl < nalf(0)| )

- enx

IRi| = [narf(0) - (1 -e

For a fixed x € [0, +0), lim, \g/n—”? = 0, one may say ‘e/f <1, then

(PA(x)'|R1|SM avi-lIfll < ap™'(x) Vi - Il (4.2)

Ry=a Z T(ﬁ) f) ] (X) n k+l(x)] ]n k+1 X) + ] (X) : S;,k(x)} .

Fork=0,1,2,3..,1 = Ju0(x) 2 Ju1(x) 2 ... 2 Jup(x) 2 Jups1(x) 2 ... 2 0, and J} ,(x) = 0, J} , (x) = 15, -1(x) 2 0,

n_k Ook—l —nt | ( _ k)
r(k)fot e fpt+ (1P |t

()| = <IIfll

we have

IRs| < all | [Z [T ) = 1,0 T ) + ZI s;,,k<x>|] = allfll(Vs +V2). (43)
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Noting that |/ ; (x) > 0, J;0(x) =0, we have

Vi< Y T 0 ) = | Y S G (0 = 27 T ()
k=0 k=0
= Y @6 - Zl“ L8700 = Y T GOy ()
k=0 k=0 k=0
+(1 _ e—nX)a—l .pe ™
< ]n0 (x)s’, nk s,’q,k(x)| +ne ™
k=1
thus,

2
Vi<Vy+ e—” (4.4)

[% - x] $uk(x), combining the fact that J37!(x) = (1 —e™)* !5 | = ne™™ (1 - nx), we

For x > 0, s;,k(x) = 1

write that

n
(%)

PV < ne‘”x(l+"X)'(PA(X)+Z]§}1(X)' s, ()] - ')

Vi Anx-x'T \/_ (nx)? - xT+n

- enx enx E = x|+ S k() - qo/\—Z(x)
k=2
< 2909w + e 2w - (.- %),
then,
P (V2 < 39" (x) Vn, (4.5)
and @' (0)V; < 3 (x) Vit + 21 - M 1(x) - Y < 5pA1(x) /1.
So
@ (X)Ra| < allfll - 9 (x) (V1 + V) < 8a Vallfll - " 2(x). (4.6)

From (4.1)-(4.6), the desired result follows.

Lemma4.2Let f € Wy, p(x) = Vx,a>1,0<8<1,0< A <1, wehave
o) (DE3(f50)) | < 38allp 1

Proof Since f(x) (D(“)(l x)) =0, we get

(DY(F0) = 1£0) - FI(G) + Y [T - F@] 12, = Jon @]
k=1

we write
(DS (s %) =Hi + Hs, 4.7)

and will estimate H; and H, respectively. First, from (3.1), we have

, _i o an ,
¢ @IHl < 9" @) - lp* 11242172 - 25 < 20l £, (48)
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Next,

f =1t [f (ﬁt +(1- ‘3)5) - f(x)] dt - []f:,k(x) - ]ﬁf,kﬂ(x)],

pr+(1-p) & ,
= r_ f fe-lgmnt . f Frdu-dt-[J2,0 - 4, )] -

From (3.1), we have

o
I
8 Tl\ﬂz
&

pre=pr , 1Py
¢Wk£ £ (u)du sW@WVWL ww%
< 2| a-pE-o,
then,
o) k 00 ,
Wm%lS2WWWZ§B£t“NﬁWHbmgmemM—%Mﬂ‘
k=1
= 2allp*f]l - {Z % f t=Temmt 1Bt + (1 —ﬁ); — x|dt- [13}1(") - ]Z/,:L(x)]
k=1 0
[e] k 00 k
EMAM+2:§5i;#%”“W+ﬂ—@;—xﬂ4ﬁ%@Hﬂﬂ}
k=1
Write

e ()| Ha| < 2allp™f']l - (A + B). (4.9)

We will estimate A and B on ES and E,, respectively.
(D). Forx € E; = [0, 1

.
B < ;%fo tlent gt + (1 - ﬁ)——x dt - J%, L) - (n (Sn k- 1(x)—5nk(x))|
(o) k 00
< ; %fo t=temmt 1Bt 4 (1 — ﬁ)% — x|dt - 15, 51(x)
[ k o
+ ; % f(; fk=lo-nt Bt+(1- ﬁ)g — x| dt - ns, (%),
we write

B<Li+L,. (4.10)

(1+p%)x
n

Since Dy, 5((t — x)% x) = , by the Cauchy-Schwarz inequality, we get

LZSn(nMa—xﬁx»% J1+p2 (4.11)

Using the fact that I'(j + 1) = jT(j), and for j > 1

00
f tje—nt .
0
; 00
l e_nttj_l .
nJo

m+a—m£—xﬂ

—x dt+éf e Hdt,
n Jo

pr+(1-p)2
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then

dt - nsy, j(x)

T‘l]+1 —nt 1_ﬁ
F(]+1f . dt-nsn,](x)

- mf fe

pt+ (1 - ,B)% -—x-(1- ﬁ)%‘dt - MSy,0(%)

°° nitl S ]
j,—nt . _ S .
+].Z_;F(j+1)fo He" - |Bt + (1= ) (%)
e B
j—nt  ___I” . .
+;Hﬁnﬁt6 nﬂn%m
< Fpy Ly 100 f Frle -\t + (1 - ﬁ)——xdf 115n,;(¥)
- n1\7 enx enx enx 1"() nJ

= nj+1 ﬁ 0 . Tl l _ﬁ 00 o
. —_ J,—nt 3¢ . . IR ) jo—nt g '
+ L T fo te ™dt - nsy, j(x) + Z S f(; He™dt - nsy, j(x)
1
< — z ] 1 —nt
= enx en“( enx r(])f

n]+1 Sl ;
- te ™ . 4t . (x).
F( j+1) n L ¢ Monj )

B+ (1= ﬁ)

we get

Li<3+L+1<4+ 1+p2, (4.12)

from (4.10)-(4.12), we know B <4 + 2 4/1 + 2.
Noting that J/ ,(x) = 0, for x € [0, %), one has

(o] k 00
A= Y e I
k-1 —n
_Z r(k)f ! -
k-1 —nt

_Z r(k)f f

n kl—nt
L3+B—;mf t

Bt + (1 —[3)— — x|dt- ] (x)snk(x)

dt - ]ak+1(x) ’ ]:’1,k+1(x)

Jprra-pt-x

IA

B+ (1- 5)__th ]3k+1(x) Jrks1 (),
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and
]+1 +1
Ly = Zr(1+1) e e - ﬁ>——xdf i i @)
j+1
< Zr(yjln) e o1 ﬁ>——xdf nit @ (@)
Sl ni+l 0 = —ﬁ
j+1
Ly < Z%f E_nt't]_l ﬁt+ 1 ﬁ)__x‘it ]n]+1(x)]n]+1(x)
= N Jo
j+1
(7+1 ﬁf Tt [ @) ()
< m e 107 Bt — x| dt - TN )T (%)
2 f g B+ (1 - ﬁ)——x dt- Jo i (], 1 ()
=1
n]+1 * —nt
Z;‘F(Hl Efo St [ @) (),

thus, we have that

Ly < (EP\G0)+2)- 1,00+ i ‘ f plem 1Bt + (1 - ﬁ)——x dt- i (0], 1 (0
=
Y@,
=
< ;—xx+g%f0w plgmnt 5t+(1—ﬁ)£—x dt - gﬁl(x)];ljﬂ(x)+i%];,j(x)
< 1+gr(?)j-tfowtj_l Bt +(1- ﬁ)——x dt - ]n]+1(x)]n]+1(X)+ZSn] !

ﬁt + (1 ﬁ)_ —x|dt- n]+1(x)]n ]+l(x)

nl
]1fnt
“j_zlr(j)-tfo t

hence A <2 +|B| <6+24/1+ B2
Combing A and B, we have,

| (OH| < 2allp£/ll- (10 + 4 (1 + B2) < 36allp* f]l. (4.13)
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From (4.7), (4.8), (4.13), for x € E, we have |¢p*(x) - (D( S(fi20)] < 38allp ]I
(II). x € E, = [, +00): Noting 57 () =

<p2(x) [S —x] -sn,k(x) using the Cauchy-Schwarz inequality,

~pE —ofar15,, 0

os]
IA IA
—
D 107
’;‘3» 5‘:
H-8 5
T‘ =
2
—_—
=
+
o
=
|
|
\L

1

dt - snrk(x)]

2

. k 2 n
X(; Sn,k(x)(; —x) ] 2®

(Dug((t = xP50) - (Su¢t —0%)) -

IA

n
P*(x)
VI+p2-9(x) o) n >
ST e pew VT

Using the same method as used in the case (I)x € [0, 1), we get A <2+ B <2+ /1 + 2, then

o (x)Hal < 12alg” £
Hence, for x € E,, we have |p’(x) - (D( (i) < lpt (x)Ha| + [t (x)Ha| < 14allp? £]I.
Theorem 4.1 Let f(x) € Cp[0, ), p(x) = Vx,0<p<1,0<y<1,0<A <1, if
IDSN(f;%) = f()l = O(n77), onehas wu(f;t) = OF),
Proof By the definition of the K-functional, for g € W,,
Ko (Fi0) < |f= DS + £ ot (S0 |

M + £ (Il () (DEX(f = 9):20) 1l + Nl @)D g 0) )
Mn™7 + t\/E(llf— gll + —||<PA!J'|I)

\n
M(n’% +t\/ﬁ'Kq,A(f;n’%)),

IA

IN

IN

IA

applying to the Berens-Lorentz Lemmal'l, then K,,\(f; ) = O(#").
We know!!l: wp (f;1) ~ Ky (f; 1), then one get Theorem 4.1.
From Theorem 3.4 and Theorem 4.1, we get the equivalent theorem.

Theorem 4.2 Let f(x) € Cg[0, ), p(x) = Vx,a>1,0< p<1,0<y<1,0<A<1, wehave

D%(f;x) —f(x)| =0 ) & W (fit) = OF").

5. Voronovskaja type theorem

In this section, we will first prove Voronovskaja type theorems for the operators D(“) ( f;x) by means of
the Ditzian-Totik modulus of smoothness w,(f; t).
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Theorem 5.1 For any f (x) is continuous and bounded on [0,00), @ > 1,0 < 8 < 1, and #n sufficiently
large, the following inequality holds:

DOF50) ~ F0) = B () = 2Fuf () < 2@ (£57E),

where E,(x) = ij';(t —x;x); Fu(x) = ij';((t —x)%x).
Proof For t, x € [0, o), by the Taylor’s expansion, we have

t
£ - £ = =2 = [ 6= 0"y + 502,

we write f(£) = f(X) = F/@)(E—2) = 1t =027 () = [t = DI ) - £ @)1y,
) (f; x) to both side of the above relation, we get
¢
f It =yl

Applying D;’ﬁ
fxt It—yllf"(y) - f”(x)ldy' was estimated as follows:[1673%71

f
f|t—y|-

where I € W40, o).
Using Lemma 2.6 it follows that there exists a constant M > 0 such that, for n sufficiently large,

f//(y) _f//(x)|dy

DEF5) ~ F) = Es)f () = 2Fuf ()

< DY f;x)(

).

The quantity

<20f" = hll(t = x)* + 2llph'llp™ (It - x,

£ () = ()| dy

a M a M
DY (t-x%x) < ﬂ(pz(x) and DY) (t-0%x) < @w(x),

applying the Cauchy-Schwarz inequality, we get

o , 1 "
DYNfi%) = f(x) = Ea(0f (x) = SEn(0f ()
201 = KD = %)% %) + 2liph g™ (DAt = %)% %)

IN

IN

M 1 ey 2 2
—@@IIF" = 1l + 20l o™ (@) - (D¢ = %) (Dl (¢ = 2% )
M 2 _1 M 2 " _1

< = " —h lph'llf < — o\f i),

< —@{If ~hl+ ek I} < — oy (fin7%)
in the last inequality, we have used the relation of K-functional and the modulus!"?!.
Corollary 5.1 If f”(x) is continuous and bounded on [0, ), a > 1, then

. , 1 "
tim 1 {DE(F5) = f(0) = Eaf @) = 3Fa()f (9} =0,

where E,(x) and F,(x) are defined in Theorem 5.1.
The Griiss type approximation problem has been studied by many authors ['7-2%1. Next, we will provide a

Griiss-Voronovskaja type theorem for the operators D, (f; x).

Theorem 5.2 If f"(x), " (x) is continuous and bounded on [0, c), for each x € [0, ), we have

Lim 1 {Dy((f9); %) = Dup(f; 9)Dn(g; )} = (1 + BIxf ()7 (0).



Q. Qi, D. Guo / Filomat 36:2 (2022), 669-682 681

Proof We write that

Dy p((f9); x) = Dy g(f; x)Dnp(g; x)
= Dug(f970) - F090) = Ex@)(F9) @) = a0 o)

~Dug(F53) [ Daglg:20 - 906 — Ea)g 0) = 3F) ' 0]
~00)+ [DuglFi) - )~ EF (0 = SF)F )

+3F00 [(9)"00 = 9 Dup(f33) ~ 90 )]
+Ea(x) - [(f9) () — 9’ ()Dup(f; %) - g() /()]

From the definition of E,(x) = D, g(t — x;x), F,(x) = Dy, 5((t — x)*; x), and the relation (fg)” = (f'g + fg') =
"9+2f'9 + fg”, (fg) = f'g+ fg’, we can express that

Eax) - [(£9)" () = 9" (0)Dup(f;) = 9() 7 ()] = Fu) - [2 ()9 () + F(2)g" (x) = 9" () D (3 1)) 5
and Ex(x) - [(f9)' () = 9 @)Dy p(f:%) — 90 f ()] = Eu(x) - [f)9 (%) = ' @)Dy (£ %)

Because that E,,(x) = D,,g(t — x;x) = 0 and Lemma 2.2, Lemma 2.5, combining the Korovkin Theorem!®! and
Corollary 5.1, we get

Tim 1 {D,5((f9); %) = Dug(f; ¥)Di (g3 )]

= 0+0+0+ lim nf'(X)g (WFa(x) + % lim ng”(x) - [£() = Dug(f; 0] Falx)
+ lim ng’ (@) - [ f2) = Dup(f; )] - Eu(x)

= lim nf"(x)g' (x)Fu(x) = f@g @@ @)1+ %) = 1+ B)xf ()7 ().
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