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Abstract. We intend to localize the selection principles in uniform spaces (Ko¢inac, 2003) by introducing
their local variations, namely locally Y-bounded spaces (where Y is Menger, Hurewicz or Rothberger). It
has been observed that the difference between uniform selection principles and the corresponding local
correlatives as introduced here is reasonable enough to discuss about these new notions. Certain obser-
vations using the critical cardinals (on the uniform selection principles which have not studied before) as
well as preservation like properties (on the local versions) are presented. The interrelationships between
the notions considered in this paper are outlined into an implication diagram. Certain interactions between
these local variations are also investigated. We present several examples to illustrate the distinguishable
behaviour of the new notions.

1. Introduction

There is a long illustrious history of study of selection principles in set-theoretic topology. This vast
field in topology became more popular and had attracted a lot of researcher’s attention in the last twenty
five years after Scheepers’ seminal paper [22] (see also [11]), where a systematic study in this fascinating
field was initiated. Since then, various topological notions have been defined or characterized in terms of
the classical selection principles. Interested readers may explore the survey papers [13, 14, 21] for more
information on this topic.

In 2003, Kocinac [12] introduced the study of selection principles in uniform spaces by defining uniform
analogues of Menger, Hurewicz and Rothberger covering properties, namely M-bounded, H-bounded and
R-bounded respectively and differentiated these uniform variations from classical Menger, Hurewicz and
Rothberger properties. Interestingly it was observed that these uniform covering properties can also be
defined in terms of star selection principles in unform spaces.

Later in 2013, Kocinac and Kiinzi [15] further extended the study to quasi-uniform spaces. For more
information about the uniform selection principles, we refer the reader to consult the papers [6, 9, 10, 13,
14, 16] and references therein.

This paper is a continuation of the study of uniform selection principles started in [12] and is organized
as follows. In Section 3, we present certain observations on uniform selection principles (that were not
at all investigated earlier in uniform structures), which seem to be effective in our context. In Section 4,
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we make an effort to extend the concept of uniform selection principles by introducing local variations of
these selection principles, namely locally M-bounded, locally H-bounded and locally R-bounded spaces
(for similar type of investigations, see [5]). Certain situations are described which witness that these local
variations behave much differently from the uniform selection principles. Later in this section, preservation
like properties of the new notions are investigated carefully and the interrelationships between these new
notions are also discussed. Section 5 is the final portion of this article, which is devoted to present illustrative
examples. It is shown that the class consisting of each of these local variations is strictly larger than the
class containing the corresponding uniform counterparts. We also present exemplary observations of their
perceptible behaviours.

2. Preliminaries

For undefined notions and terminologies, see [7]. We start with some basic information about uniform
spaces.

Let X be a set and let A,B € X X X. We define A™ = {(x,y) : (y,x) € Aland Ao B = {(x,y) : Az €
X such that (x,z) € A and (z,y) € B}. The diagonal of X X X is the set A = {(x,x) : x € X}. A set
U C X x X is said to be an entourage of the diagonal if A C U and U™ = U. The family of all entourages
of the diagonal A C X x X will be denoted by Ex(A). If F € X and U € Ex(A), then U[F] = UyerU[x],
where U[x] = {y € X : (x,y) € U}. Recall that a uniform space can be described equivalently in terms of
either a diagonal uniformity or a covering uniformity [7] (see also [4, 24]). In this paper we use diagonal
uniformity to define a uniform space. A uniformity on a set X is a subfamily U of Ex(A) which satisfies
the following conditions: (i) If U € U and V € Ex(A) with U € V, then V € U; (ii) If U,V € U, then
UNV eU; (iii) For every U € U, there exists a V € U such that Vo V € U; and (iv) NU = A. The pair
(X, U) is called a uniform space [7]. Clearly, every uniform space (X, U) is a topological space. The family
Ty = {0 € X : for each x € O there exists a U € U such that U[x] C O} is the topology on X generated by
the uniformity U. It is well known that the topology of a space X can be induced by a uniformity on X if
and only if X is Tychonoff (see [7, Theorem 8.1.20]). If (X, d) is a metric space, then the family {U, : € > 0},
where U, = {(x,y) € XX X : d(x,y) < ¢}, is a base for the uniformity U induced by the metric d. Moreover,
the topologies induced on X by the uniformity U and by the metric d coincide. By a subspace Y of a
uniform space (X, U) we mean the uniform space (Y, Uy), where Y € X and Uy = {YxY)nU : U € U}
(which is called the relative uniformity on Y). Let F be a family of subsets of X. We say that ¥ contains
arbitrarily small sets if for every U € U there exists a F € ¥ such that F x F C U (see [7]). We say that X is
complete if every family ¥ of closed subsets of X which has the finite intersection property and contains
arbitrarily small sets has nonempty intersection. A uniformity U on a set X is complete if the space (X, U)
is complete [7]. A function f : (X, U) — (Y, V) between two uniform spaces is uniformly continuous if for
every V €V there exists a U € U such that for all x, y € X we have (f(x), f(y)) € V whenever (x,y) € U. A
bijective mapping f : (X, U) — (Y, V) is said to be a uniform isomorphism if both f and f~! are uniformly
continuous (see [7]). We say that two uniform spaces X and Y are uniformly isomorphic if there exists a
uniform isomorphism of X onto Y. It is clear that every uniform isomorphism is an open mapping. (X, U)
is said to be precompact or totally bounded (resp. pre-Lindelof) if for each U € U there exists a finite (resp.
countable) A C X such that U[A] = X [4,7, 17]. Every compact (resp. Lindelof) uniform space is precompact
(resp. pre-Lindelof). Moreover, for a complete uniform space precompactness (resp. pre-Lindelofness) and
compactness (resp. Lindelofness) are equivalent. It is easy to observe that if the uniformity U on a set X
is induced by a metric d, then (X, U) is complete (resp. precompact, pre-Lindelof) if and only if (X, d) is
complete (resp. precompact, pre-Lindelof).

We now recall some definitions of topological spaces formulated in terms of classical selection principles
from [11, 22]. A topological space X is said to be Menger (resp. Rothberger) if for each sequence (U,,) of
open covers of X there is a sequence (V) (resp. (U,)) such that for each n V,, is a finite subset of U, (resp.
U, € Uy,) and UuenVy (resp. {U, : n € IN}) is an open cover of X. A topological space X is said to be
Hurewicz if for each sequence () of open covers of X there is a sequence (V,;) such that for each n V),
is a finite subset of U, and each x € X belongs to UV, for all but finitely many n. A topological space X
is said to be locally compact (resp. locally Menger, locally Hurewicz, locally Rothberger, locally Lindel6f)
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if for each x € X there exist an open set U and a compact (resp. Menger, Hurewicz, Rothberger, Lindelof)
subspace Y of X such thatx e U C Y.

In [12] (see also [13]), Ko¢inac introduced the following uniform selection principles. A uniform space
(X, U) is Menger-bounded (in short, M-bounded) if for each sequence (U,) of members of U there is a
sequence (F,) of finite subsets of X such that U,enU,[Fn] = X. A uniform space (X, U) is said to be
Hurewicz-bounded (in short, H-bounded) if for each sequence (U,) of members of U there is a sequence
(Fn) of finite subsets of X such that each x € X belongs to U,[F,] for all but finitely many n. Also a uniform
space (X, U) is said to be Rothberger-bounded (in short, R-bounded) if for each sequence (U,) of members
of U there is a sequence (x,) of members of X such that U,enU,[x,] = X. The above properties are also
known as uniformly Menger, uniformly Hurewicz and uniformly Rothberger respectively. We also say
that a metric space (X, d) is M-bounded (resp. H-bounded, R-bounded) if X with the induced uniformity is
M-bounded (resp. H-bounded, R-bounded).

Throughout the paper (X, U) (or X for short, when U is clear from the context) stands for a uniform
space, where U is a diagonal uniformity on X.

The following two results are useful in our context.

Theorem 2.1. (cf. [12]) Let (X, U) and (Y, V) be two uniform spaces.

(1) (XxY,UxV)is H-bounded if and only if both (X, U) and (Y, V) are H-bounded.
(2) If (X, U) is M-bounded and (Y, V) is precompact, then (X X Y, U X V) is M-bounded.
Theorem 2.2. (cf. [12])

(1) M-bounded, H-bounded and R-bounded properties are hereditary and preserved under uniformly continuous
mappings.

(2) Let (X, U) be a uniform space and Y € X. If (Y, Uy) is H-bounded, then (Y, Uy) is also H-bounded.
(3) If (X, U) is a complete uniform space, then (X, U) is Hurewicz, if and only if it is H-bounded.
4) If (X, U) is Menger, Hurewicz, Rothberger, then it is also M-bounded, H-bounded and R-bounded respectively.

3. Few observations on uniform selection principles

We present a few more observations on uniform selection principles that will be useful subsequently.
Throughout the paper we use the symbol Y to denote any of the Menger, Hurewicz or Rothberger properties.
Accordingly Y-bounded denotes any of the M-bounded, H-bounded or R-bounded properties.

We start with two basic observations (without proof) about uniform selection principles.

Lemma 3.1. Let (X, U) be a uniform space. A subspace Y of X is

(1) M-bounded if and only if for each sequence (U,) of members of U there exists a sequence (F,) of finite subsets of
Y such that Y C U,enU,[Fr]

(2) H-bounded if and only if for each sequence (U,) of members of U there exists a sequence (F,) of finite subsets of
Y such that each y € Y belongs to U,[F,] for all but finitely many n.

(8) R-bounded if and only if for each sequence (U,) of members of U there exists a sequence (x,) of members of Y
such that Y C UyenU,[x,].

Lemma 3.2. Let U and V be two uniformities on a set X such that V is finer than U. If (X, V) is Y-bounded, then
(X, U) is also Y-bounded.

Theorem 3.3. Let (X, U) be a uniform space with X = U,enX,,. Then X is Y-bounded if and only if X,, is Y-bounded
for each n.
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Proof. We only prove sufficiency for the case of H-bounded. Let (U,) be a sequence of members of U. By

Lemma 3.1(2), for each k € IN we can choose a sequence (Fg‘) : n > k) of finite subsets of X such that each
x € Xi belongs to U, [Fﬁ,k)] for all but finitely many #n > k. For each nlet F,, = UkSanqk). Then (F,) is a sequence

of finite subsets of X. We show that each x € X belongs to U,[F,] for all but finitely many n. Let x € X.
Choose ky € N such that x € Xj,. Clearly, x € U, [F;k“)] for all but finitely many n > ko and hence x € U,[F,]
for all but finitely many # since FY) ¢ F, for all n > k. Hence the result. [J

Let (Y, V) be a uniform space and X be a set. If f : X — Y is an injective mapping, then there is a
natural uniformity on X induced by f and denoted by f~1(V). This uniformity is generated by the base
{g71(V): V € V}, where g : X X X — Y X Y is defined by g(x,y) = (f(x), f(y)); thatis g = f X f.

Theorem 3.4. Let f : X — Y be an injective mapping from a set X onto a uniform space (Y, V). If Y is Y-bounded,
then X is also Y-bounded.

Proof. We give a proof for the case of H-bounded. Suppose that Y is H-bounded. Let (U,) be a sequence of
members of f~1(V). By definition, {g7'(V) : V € V} is a base for the uniformity f~(V), where g = f X f. For
each n choose V,, € V such that g71(V,,) € U,. Next choose a sequence (F,) of finite subsets of Y such that

for each y € Y there exists a n, € N such that y € V,,[F,] for all n > n,. For each n set F,, = {yi”), y(zn), ., yf(")}
and F;, = {x] 0, x (”} C X, where f(x( ) = y( ) for each 1 < i < k,. Let x € X. Then there exists a

nrw € N such that f(x) € VulFy] for all n > ng,. For each n > nyy there exists a i, with 1 < i, <k, such
that f(x) € V,[y"]. Thus, for each n > 1y we have g(x,x\") € V,; that is x € U,[x""] € U,[F,] for all but
finitely many 7. This completes the proof. [

The eventual dominance relation <* on the Baire space NN is defined by f <* g if and only if f(n) < g(n)
for all but finitely many n. A subset A of N¥ is said to be dominating if for each g € NN there exists a
f € Asuch that g <* f. A subset A of N¥ is said to be bounded if there is a g € NN such that f <* g
for all f € A. Moreover a set A € NN is said to be guessed by g € NN if {n € N : f(n) = g(n)} is infinite
for all f € A. The minimum cardinality of a dominating subset of NN is denoted by b, and the minimum
cardinality of an unbounded subset of NN is denoted by b. Let cov(M) be the minimum cardinality of a
family of meager subsets of R that covers R. In [2] (see also [3, Theorem 2.4.1]), cov(M) is described as the
minimum cardinality of a subset F € INN such that for every g € N¥ there is f € F such that f(n) # g(n)
for all but finitely many n. Thus, we can say that if F € NN and |F| < cov(M), then F can be guessed by a
g € NN, Tt is to be noted that the Baire space is also a uniform space with the uniformity B induced by the
Baire metric.

Theorem 3.5. Every pre-Lindeldf space (X, U) with |X| < d is M-bounded.

Proof. Let (U,) be a sequence of members of U. Apply the pre-Lindeldf property to obtain a sequence
(A,) of countable subsets of X such that U,[A,] = X for each n. Say A, = {xifll) : m € N} for each n. Now

for each x € X define f, € NN by f,(n) = min{m € N : x € U,[x%]), n € N. Since the cardinality of
{fx : x € X} is less than D, there is a g € NN and for x € X a n, € N such that f,(1,) < g(ny). For each n define

F, = {x,, "< g(n)}. Observe that if x € X, then x € U, [F,,]. Clearly, {U,[F,] : n € N} covers X and hence
Xis M-bounded |
Similarly we obtain the following.

Theorem 3.6. Every pre-Lindelof space (X, U) with |X| < b is H-bounded.

Theorem 3.7. Every pre-Lindeldf space (X, U) with |X| < cov(M) is R-bounded.
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Proof. Let (U,) be a sequence of members of U. Consider A, and f, as in Theorem 3.5 and proceed as
follows.

Since the cardinality of {f, : x € X} is less than cov(M), choose g € NN such that {n : f,(n) = g(n)} is
infinite for all x € X.

Observe that if x € X, then fy(ny) = g(n,) for some positive integer n,; that is x € U, [x(g'(';))]. Thus,

{Un[x(g'a)] :n € N} is a cover of X, so that X is R-bounded. O

Theorem 3.8. If (X, U) is M-bounded, then any uniformly continuous image of X into NN is non-dominating.

Proof. In view of Theorem 2.2(1), we can assume that X is a M-bounded subspace of NN. For each n € N
consider U, = {(p, ) € NN x NN : p(n) = (n)} € B. Let {P, : n € N} be a partition of IN into pairwise
disjoint infinite subsets. For each n € IN, apply the M-bounded property of X to (U : k € P,) to obtain a
sequence (Fy : k € P,) of finite subsets of X such that X C Uyep, Ui[Fx]. Thus, F, is defined for each n € IN.
Now define g : N — NN by g(n) = 1 + max{f(n) : f € F,}. To complete the proof we show that X is not
dominating (which is witnessed by g).

Let f € X. For each k € N choose 7 € Pk such that f € U, [F,,]. Again choose for eachk € N a f; € F,,,
such that (f, fx) € U,,; thatis f(nx) = fi(nx) for all k € IN. Consequently, f(rx) < g(nx) for all k € IN and hence
the set {n € N : g(n) £ f(n)} is infinite. O

Theorem 3.9. If (X, U) is H-bounded, then any uniformly continuous image of X into N is bounded (with respect
to <*).

Proof. The proof is modelled in the proof of Theorem 3.8. It remains to observe that the respective map g
dominates every element of X. [J

Theorem 3.10. If (X, U) is R-bounded, then any uniformly continuous image of X into NN can be guessed.

Proof. We closely follow the proof of Theorem 3.8. Choose U,’s as in Theorem 3.8 and proceed with the
following modifications. For each n € IN choose a sequence (fy : k € P,) of members of X such that
X C Ugep, Ukl fc]. Thus, f, is defined for each positive integer n. Define g : N — IN by g(n) = f,(n). We now
show that X is guessed by g. Choose any f € X and for each k € IN choose n; € Py such that (f, f,,) € U,,.
Clearly, the set {n € N : f(n) = g(n)} is infinite (since it contains all #;’s) and this completes the proof. [

4. Local variations of uniform selection principles

4.1. Locally Y-bounded spaces
We now introduce the main definition of this paper.

Definition 4.1. Let (X, U) be a uniform space. Then X is said to be locally Y-bounded if for each x € X there
exists a U € U such that U[x] is a Y-bounded subspace of X.

Remark 4.2. Locally precompact and locally pre-Lindel6f spaces can be similarly defined.

From the above definition and [12], we obtain the following implication diagram (where the abbrevia-
tions G, H, L, M, R denote respectively compact, Hurewicz, Lindel6f, Menger and Rothberger spaces, the
prefixes I, p stand respectively for ‘locally” and “pre-” and the suffix b stands for -bounded”).
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Figure 1: Diagram of local properties in uniform spaces

We now present equivalent formulations of the new notions.

Theorem 4.3. If (X, U) is a uniform space, then the following assertions are equivalent.
(1) Xis locally Y-bounded.
(2) Foreachx € Xand V € U there exist a U € U and a Y-bounded subspace Y of X such that U[x] €Y C V[x].
(3) For each x € X there exist a U € U and a Y-bounded subspace Y of X such that U[x] C Y.

(4) For each x € X there exists a U € U such that U[x] is a Y-bounded subspace of X.

Proof. We only present proof of (1) = (2). Letx € X and V € U. We can find a U € U such that U[x] is
a Y-bounded subspace of X. Clearly, UNV € U and Y = U[x] N V[x] is a Y-bounded subspace of X with
(UNV)[x] €Y C V[x]. Hence (2) holds. O

We say that a metric space (X, d) is locally Y-bounded if for each x € X there exists an open set V in X such
that x € V and V is a Y-bounded subspace of (X, d). Likewise locally precompact and locally pre-Lindel6f
metric spaces can also be defined.

Remark 4.4. It is easy to observe that if the uniformity U on a set X is induced by a metric d, then the
uniform space (X, U) is locally Y-bounded if and only if the metric space (X, d) is locally Y-bounded. Similar
assertion holds for locally precompact and locally pre-Lindel6f metric spaces.

Using Theorem 3.3, we have the following observation.

Proposition 4.5. Let (X, U) be a uniform space such that X is Lindelof. Then X is Y-bounded if and only if X is
locally Y-bounded.

Proposition 4.6. Let (X, U) be a uniform space. If X is locally Y, then X is locally Y-bounded.

Proof. Let x € X. Choose an open set U and a Y subspace Y of X such that x € U C Y. By Theorem 2.2(4), Y
is a Y-bounded subspace of X. Since x € U is open in X, choose V € U such that V[x] € U. We thus obtain
a Y-bounded subspace V[x] of X, which shows that X is locally Y-bounded. [

It can also be observed that locally compact (resp. locally Lindelsf) implies locally precompact (resp.
locally pre-Lindelof).

Theorem 4.7. If (X, U) is a complete uniform space, then X is locally Hurewicz if and only if X is locally H-bounded.
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Proof. The necessity follows from Proposition 4.6.
Conversely assume that X is locally H-bounded. Let x € X. Choose U € U such that U[x] is H-
bounded. Clearly, x € Int U[x] € U[x]. By Theorem 2.2(2), U[x] is a H-bounded subspace of X. Again by

Theorem 2.2(3), U[x] is a Hurewicz subspace of X as U[x] is complete. Thus, X is locally Hurewicz. [J

Theorem 4.8. Let (X, U) be locally Y-bounded. An element U € U is open in X X X if and only if (Y X Z) N U is
open in'Y X Z for every two Y-bounded subspaces Y and Z of X.

Proof. We only need to prove sufficiency. Let U € U and (x, y) € U. Since X is locally Y-bounded, there exist
V, W € U such that V[x] and W[y] are Y-bounded subspaces of X. Clearly, (Int V[x] xInt W[y]) N U is open in
Int V[x] x Int W[y] since (V[x] x W[y]) " U is open in V[x] x W[y]. Evidently (x,y) € (Int V[x] x Int W[y]) " U
is open in X X X and hence U is open in X X X as required. [J

The following observation is due to Theorems 3.5, 3.6 and 3.7 with necessary modifications.

Proposition 4.9. Every locally pre-Lindelof space with cardinality less than d (resp. b, cov(M)) is locally M-bounded
(resp. locally H-bounded, locally R-bounded).

4.2. Some observations on locally Y-bounded spaces

We now present some preservation like properties of these local variations under certain topological
operations.

Proposition 4.10. Locally Y-bounded property is hereditary.

Proposition 4.11. Let f : X — Y be an injective mapping from a set X onto a uniform space (Y, V). If Y is locally
Y-bounded, then X is also locally Y-bounded.

Proof. First recall that the uniformity f~!(V) on X is generated by the base {g7!(V) : V € V}, where g = f X f.
Now let x € X. Since Y is locally Y-bounded, there exists a U € V such that (Z, Vz) is a Y-bounded subspace
of Y, where Z = U[f(x)]. Let W = f7(Z) and define h : W — Z by h(u) = f(u). By Theorem 3.4, (W,S)
is Y-bounded, where $ = h"}(Vz). Let § = h x h. Now observe that B = {§7}(V) : V € V} is a base for
the uniformity $ on W and B’ = {(W x W) N g~}(V) : V € V} is a base for the uniformity $’ = f ‘1(W)W on
W. It is easy to verify that B = B’ and hence 5 = §’. Thus, (W,5) is a Y-bounded subspace of X. Clearly,
g H(U) € f74(V) and g~ }(U)[x] = W. Consequently, g~}(U)[x] is a Y-bounded subspace of X and the proof
is now complete. []

We now observe that locally Y-bounded property remains invariant under certain mappings. First we
recall the following definitions from [18]. A surjective continuous mapping f : X — Y is said to be weakly
perfect if f is closed and f~!(y) is Lindelof for each y € Y. Also a surjective continuous mapping f : X = Y
is said to be bi-quotient if whenever y € Y and U is a cover of f~(y) by open sets in X, then finitely many
f(U) with U € U cover some open set containing y in Y. It is immediate that surjective continuous open
(and also perfect) mappings are bi-quotient.

Theorem 4.12.

1) If f : (X, U) = (Y, V) is a uniformly continuous, bi-quotient mapping from a locally Y-bounded space X onto Y,
then Y is also locally Y-bounded.

2) If f : (X, U) = (Y, V) is a uniformly continuous, weakly perfect mapping from a locally Y-bounded space X onto
Y, then Y is also locally Y-bounded.
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Proof. (1) For each x € X choose U, € U such that Uy[x] is Y-bounded. Consider the open cover {Int U,[x] :
x € X} of X. Lety € Y. Since f is a bi-quotient mapping, there is a finite set {IntU,[x;] : 1 < i <k} C
{Int U,[x] : x € X} and an open set V in Y such that y € V € UL f(Int Uy [x;]); that is V € UY f(Uy,[x/]).
By Theorem 2.2(1) and Theorem 3.3, UL f(Uy,[x;]) is a Y-bounded subspace of Y. Next we can choose
W € V with W[y] C V since V is a neighbourhood of y in Y. Consequently, W[y] is the required Y-bounded
subspace of Y.

(2) Let y € Y and say A = f~!(y). For each x € A choose U, € U such that U,[x] is Y-bounded. Consider
the cover {IntU,[x] : x € A} of A by open sets in X. Since A is Lindeldf, there is a countable collection
{Int Uy, [x,] : n € IN} that covers A; that is A C UpenUy, [x1]. Observe that y € Y\ f(X \ Upen Int Uy, [x,,]) C
f(UpenUy, [x,]). By Theorem 3.3 and Theorem 2.2(1), f(UnenUy, [x,]) is a Y-bounded subspace of Y. Since
fis closed, Y\ f(X\ Upen IntUy, [x,]) is an open set in Y containing y. Thus, we obtain a V € V such
that V[y] € Y\ f(X \ Uyen Int Uy, [x,]). Clearly, V[y] is a Y-bounded subspace of Y, which completes the
proof. [

Corollary 4.13. If f : (X, U) — (Y, V) isa uniformly continuous, perfect (or a uniformly continuous, open) mapping
from a locally Y-bounded space X onto Y, then Y is also locally Y-bounded.

Theorem 4.14. Let {X, : a € A} be a family of open subspaces of a uniform space (X, U) satisfying X = UgerXa.
Then X is locally Y-bounded if and only if each X, is locally Y-bounded.

Proof. We only need to prove sufficiency. Choose x € X and say x € X;. Since (X3, Ux,) is locally Y-bounded,
choose V' € Uy, such that V[x] is a Y-bounded subspace of X;. Since x € Intx, V[x] is open in X, there
exists a U € U such that U[x] C Intx, V[x]. It follows that U[x] is Y-bounded and therefore, X is locally
Y-bounded. O

Corollary 4.15. Let {(X,, Uy) : a € A} be a family of uniform spaces. The sum @uep Xy is locally Y-bounded if and
only if each X, is locally Y-bounded.

Theorem 4.16. Let {X, : a € A} be a locally finite family of closed subspaces of a uniform space (X, U) satisfying
X = UgeaXy. Then X is locally Y-bounded if and only if each X, is locally Y-bounded.

Proof. We only need to prove sufficiency. Let V be the uniformity on the sum Y = @47 X, Define f : Y — X
by f(x,a) = x. We claim that f is a uniformly continuous, perfect mapping. Let U € U. For each «
choose U, € Uy, such that UpeaU, € U. Also for each a define V,, = {((x, @), (y, @) : (x,y) € U,}. Clearly,
V = UseaVa € V. Let (1,v) € V and choose a 8 so that (u,v) € V. Thus, u = (x, ) and v = (y, ) for some
(x,y) € Ug and hence (f(u), f(v)) € Ug, so that (f(u), f(v)) € U. It follows that f is uniformly continuous.

To show that f is perfect, for each @ we define a continuous mapping ¢, : X, — Y by @.(x) = (x, ).
Let F be closed in Y. Since each ¢;'(F) is closed and X,’s are locally finite in X, f(F) = Useaqp;'(F) is also
closed in X. Since f~!(x) is finite for every x € X, it is compact. Thus, f is a perfect mapping, so that by
Corollary 4.13, X is locally Y-bounded. [J

The next two results concern respectively the locally H-bounded and locally M-bounded property in
product spaces.

Theorem 4.17. Let (X, U) and (Y, V) be two uniform spaces. Then (X X Y, U x V) is locally H-bounded if and only
if both (X, U) and (Y, V) are locally H-bounded.

Proof. By considering the projection mappings, necessity follows from Corollary 4.13.

Conversely assume that both X and Y are locally H-bounded. Let (x,y) € X X Y. Choose U € U and
V € V such that U[x] and V[y] are H-bounded subspaces of X and Y respectively. By Theorem 2.1(1),
Ulx] x V[y] is a H-bounded subspace of X X Y. Clearly, (x,y) € Intx U[x] X Inty V[y] is an open set in
X x Y. Thus, thereisa W € U X V such that W[(x, y)] C Intx U[x] X Inty V[y]. Consequently, W[(x, y)] is a
H-bounded subspace of X X Y and hence X X Y is locally H-bounded. O
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It is to be noted that locally R-bounded property is not productive (see Example 5.8). We are unable to
verify whether the above result holds for locally M-bounded spaces. Still, we have the following observation
that can be easily verified. Moreover, the same example also demonstrates that ‘locally M-bounded’ cannot
be replaced by ‘locally R-bounded” in the following result.

Theorem 4.18. Let (X, U) and (Y, V) be two uniform spaces. If X is locally M-bounded and Y is locally precompact,
then (X x Y, U x V) is locally M-bounded.

We end this section with some observations on the Baire space. Combining Theorem 3.8, Theorem 3.9,
Theorem 3.10, Corollary 4.13 and Proposition 4.5, we obtain the following result.

Proposition 4.19. Let (X, U) be a uniform space.
(1) If X is locally M-bounded, then every open, uniformly continuous image of X into NY is non-dominating.

(2) If X is locally H-bounded, then every open, uniformly continuous image of X into NN is bounded (with respect
to <*).

(3) If X is locally R-bounded, then every open, uniformly continuous image of X into NN can be guessed.

5. Examples

We now present examples to illustrate the distinction between the behaviours of the local variations as
introduced in this article.

Recall that a collection (A of subsets of IN is said to be an almost disjoint family if each A € A is infinite
and for every two distinct elements B,C € A, |B N C| < Ny. Also A is said to be a maximal almost disjoint
(in short, MAD) family if A is not contained in any larger almost disjoint family. For an almost disjoint
family A, let W(A) = AU N be the Isbell-Mréwka space. It is well known that W(A) is a locally compact
zero-dimensional Hausdorff space (and hence is a Tychonoff space) (see [8, 19]).

Note that Y-bounded implies locally Y-bounded. The following example shows that the class of locally
Y-bounded uniform spaces properly contains the class of Y-bounded uniform spaces.

Example 5.1 (locally Y-bounded =~ 7Y-bounded). Let W(A) be the Isbell-Mréwka space with |[A| > K.
Let U be the corresponding uniformity on W(A). Since A is an uncountable discrete subspace of W(A),
it follows that W(A) is not pre-Lindelof. Thus, W(A) cannot be Y-bounded. Since for each member of
W(A) we can find a countable basic open set containing it, it follows that W(A) is locally Y-bounded by
Proposition 4.6.

The preceding example can also be used to show the existence of a locally pre-Lindelof (resp. locally
precompact) space which is not pre-Lindelof (resp. precompact).

Remark 5.2. The Isbell-Mréwka space W(A) is Y-bounded if and only if [A| < No.

We now give an example of a locally H-bounded (and hence locally M-bounded) space which is not
locally R-bounded. First we recall that a set A C R has strong measure zero if for every sequence (¢,,) of
positive reals there exists a sequence (I,;) of intervals such that the length of the interval I, is less than ¢, for
allnand A C Uyenly,.

Example 5.3 (locally H (or, M)-bounded =% locally R-bounded). Consider R with the uniformity induced
by the standard metric d. Clearly, R is locally precompact and hence is locally H-bounded and locally
M-bounded as well. Now if possible suppose that R is locally R-bounded. By Proposition 4.5, R is
R-bounded. Let (¢,) be a sequence of positive real numbers. Apply the R-bounded property of R to the
sequence of %”—entourages to obtain a sequence (x,) of reals such that R = U,enBy(x,,, %”). This implies that
R has strong measure zero, a contradiction. Thus, R fails to be locally R-bounded.
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The following is an example of a locally pre-Lindeldf space which is not locally Y-bounded.

Example 5.4 (locally pre-Lindel6f =~ locally Y-bounded). Let R be the Tychonoff product of w-copies
of R. The topology of R is induced by the metric d(x, y) = sup + min{lx; — |, 1} on R”, where x = (x;) and
i€eN

A
¥ = (y;). Let U be the uniformity on R” induced by d. We claim that IR“ is not M-bounded. On the contrary,
assume that R” is M-bounded. Foreachn € Nset U, = {(x, y) € R*XIR” : x = (x;), y = (yi) and |x, — y,| < n}.
For any 0 < ¢ < 1, U, contains the entourage U: = {(x,y) € R? xR : d(x,y) < £}, so that U, € U for
each n. Apply the M-bounded property of R“ to (U,,) to obtain a sequence (F,) of finite subsets of R such
that R = UpenU,[F,]. Say F, = {x()) = (xgn'])) : 1 < j < ky) for each n. Choose x = (x;) € R” such that
X, =N+ Z';”:llxﬁ,”’])l for each n. Also choose 19 € IN such that (x, x"0)) € U, for some x{") € F,, . By the

. . 1 S 1. .. ke j
construction of Uy, we obtain [x,, — x,(go’]")l < ng, which is a contradiction as x,,, = ng + ijol |x£,'§°’] )I. Thus, R¥
is not M-bounded. Now apply Proposition 4.5 to conclude that R“ is not locally M-bounded (and hence it

is not locally Y-bounded by Figure 1).
We now give an example of a locally Y-bounded space which is not locally precompact.

Example 5.5 (locally Y-bounded =~ locally precompact). Let X be the hedgehog metric space (see [7])
of spininess 8. Then X is a complete Y-bounded space. Observe that X is not locally compact. Since every
complete precompact space is compact, a similar observation in line of Theorem 4.7 shows that a complete
locally precompact space is locally compact. Therefore, X is not locally precompact.

We now make a quick observation which reflects that Lemma 3.2 does not hold for locally Y-bounded
spaces.

Example 5.6. Let k > Ny. Consider the space X with the hedgehog metric p of spininess k. Clearly, X is
complete, but not locally Lindel6f. Let U be the uniformity on X induced by p. Since every complete locally
pre-Lindelof space is locally Lindelof, we can say that (X, U) is not locally pre-Lindel6f. It now follows
that (X, U) is not locally Y-bounded. But the uniform space (X, D) with discrete uniformity D is locally
Y-bounded.

Recall that the product of a M-bounded (resp. H-bounded) space with a precompact space is again
M-bounded (resp. H-bounded), but if we replace ‘precompact’ by ‘locally precompact’, then the product
need not be M-bounded (resp. H-bounded).

Example 5.7 (M (resp. H)-bounded X locally precompact =5 M (resp. H)-bounded ). Let X be the Isbell-
Mréwka space W(A) as in Example 5.1. Let U be the corresponding uniformity on X. By Example 5.1,
X is locally precompact but not pre-Lindelof. Let Y = R with the standard metric uniformity V. Since
Y is o-compact, Y is M-bounded as well as H-bounded. If possible suppose that X X Y is M-bounded.
Using the projection mapping and then by applying Theorem 2.2(1), we have X is M-bounded, which is a
contradiction. Thus, X X Y is not M-bounded and hence it fails to be H-bounded.

We now observe thatlocally R-bounded property behaves somewhat differently from locally M-bounded
and locally H-bounded property.

Example 5.8 (locally R-bounded X locally precompact =~ locally R-bounded). This example is about
the product of a locally R-bounded space and a locally precompact space which fails to be locally R-
bounded. To prove this, consider a R-bounded uniform space X and R with the standard metric uniformity.
Suppose if possible that X X R is locally R-bounded. By Corollary 4.13 and by means of projection mapping,
it follows that R is locally R-bounded, which is a contradiction (see Example 5.3). Therefore, the product
X X R fails to be locally R-bounded.
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Remark 5.9. Product of a R-bounded space and a precompact space need not be R-bounded. The reason is
as follows. If possible suppose that the assertion is true. Now consider Example 5.8. Since R is a countable
union of its precompact subspaces, our supposition together with Theorem 3.3 imply X X R is R-bounded.
We then again arrive at a contradiction as in Example 5.8. Thus, the product of a R-bounded space and a
precompact space need not be R-bounded.

We now present an example of a Y-bounded space for which Corollary 4.15 fails to hold.

Example 5.10. Consider the sum &,¢,, X of w1 copies of a Y-bounded space (X, U). The sum is uniformly
isomorphic to (X X w1, U x D), where D is the discrete uniformity on w;. By Theorem 2.2(1), X X w; is not
Y-bounded and consequently, ®ye., X is not Y-bounded.

Remark 5.11.

(1) Itis interesting to observe that Theorem 4.14 does not hold for Y-bounded spaces. Consider the Isbell-
Mroéwka space W(A) as in Example 5.1. As noted in that example, each point of W(A) has a countable
basic open set containing it. Thus, W(A), which is itself not Y-bounded, is a union of Y-bounded open
subspaces.

(2) Alsonote that Theorems 3.5, 3.6 and 3.7 can not be extended to locally pre-Lindelof spaces. Assume that
w1 < min{b, cov(M)} (which implies w; < d too). Let W(A) be the Isbell-Mréwka space with |[A| = w;.
By Example 5.1, W(A) is locally pre-Lindelof. However, by Remark 5.2, W(A) is not Y-bounded.
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