(S
&

Filomat 36:20 (2022), 6885-6896
https://doi.org/10.2298/FIL22208851

Published by Faculty of Sciences and Mathematics,
University of NiS, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

%
)

b, &

Ty xS’

S
T1prpor®

Higher Topological Complexity for Fibrations

Melih is?, ismet Karaca?

?Department of Mathematics, Ege University, Bornova, Izmir 35100, Turkey

Abstract. We introduce the higher topological complexity (TC,) of a fibration in two ways: the higher
homotopic distance and the Schwarz genus. Then we have some results on this notion related to TC,

TC, or cat of a topological space or a fibration. We also show that TC, of a fibration is a fiber homotopy
equivalence.

1. Introduction

The works on determining the topological complexity have been developing since Farber first computed
the number of the topological complexity (TC) for a topological space [4] (see [5] for a comprehensive
analysis of the investigation of this concept). Note that such a space must be path-connected. Rudyak [10]
has a number of higher topological complexity TC, for a topological space for the first time (similarly the
space is path-connected). It is a reasoned generalization on existing works of TC because of the fact that
TC, = TC. After that Pavesi¢ [9] gives a new point of view to the developing explorations by determining
the topological complexity of a map. Such a map must be surjective and continuous or one can choose
a surjective fibration. Murillo and Wu [8] present the homotopy invariant version of the topological
complexity of maps. These studies have a common point: All of these investigations can be considered
by using the concept of the Schwarz genus (secat) for a fibration, introduced by Schwarz [12]. One can
use a fibrational substitute, as well. On the other hand, there is one more option, which is the homotopic
distance [6]. It can be used for the computations of TC or TC,, of a topological space or a map. The higher
homotopic distance [2] is a general case of the homotopic distance and especially useful for the studies of
TC, of a topological space. Since LS-category (cat) for a topological space or a map is the base point for the
research of TC, cat is obtained by using both the Schwarz genus and the homotopic distance [3, 6].

These studies lead us to solve an open problem and introduce a new concept the higher topological
complexity of a surjective fibration f between any path-connected topological spaces, denoted by TC,(f).
For n = 2, we show that TC,(f) = TC(f). In addition, we have that TC,(f) = TC,(Y) if fisly: Y = Y.
Therefore, TC,(f) is a general version of respective notions TC(Y), TC,(Y) and TC(f), where f : X - X isa

surjective fibration and Y is path-connected. We define TC,(f) by using the two options the Schwarz genus
and the higher homotopic distance.
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In this study, we first give explicit definitions and significant results of TC, TC, and their related
invariants such as D(f, g) and cat. Then we express TC(f) as the homotopic distance. With this expression,
we state some results on TC(f). So, we introduce the definition of TC,(f) for a surjective fibration f. Later,
we state some properties on TC,(f). In addition, we prove that TC,(f) is invariant on fiber homotopy
equivalence fibrations. We also research the relationship between TC,(f) and other related notions such as
TC,(Y) and cat(Y). We choose some special fibrations as examples for computing their higher topological
complexities. In Section 4, we define the higher topological complexity of a surjective fibration by using
secat.

2. Preliminaries

We begin with recalling some basic notions and results on the homotopic distance, the topological
complexities, and the Lusternik-Schnirelmann category.

Definition 2.1. ([6]) Given two continuous functions f, f : X — X . Then the homotopic distance for f and
f, denoted by D(f, f'), is the smallest integer [ > 0 satisfying that there is a covering

X=V,U---UV,

and the restrictions of f and f onVj j=1,---,1, are homotopic, i.e., flv/- ~ flv .
j

Definition 2.2. ([2, 6]) Let f; : X — X be any continuous map fori = 1,--- k. Then the higher homotopic
distance, denoted by D(f1, - - -, fi), is the smallest positive integer ! for which

X=UU---uy

is a covering and the condition
Moo f)
f1|U/ == fklu]'

satisfies for each j =1, ---,[. If such a covering does not exist, then D(fi, -, f) equals co.

Note that, in the definition of (higher) homotopic distance, the covering of X has k + 1 open sets
Up, Uy, - - - Uy, but we consider that U, is the first open set in this covering for consistency of Farber’s
topological complexity definition (see [4]).

Proposition 2.3. ([6]) Each of the following conditions on the notion homotopic distance is satisfied:
i) If f and g are homotopic (f = g), and f and g are homotopic (f = g'), then

D(f,f)=D(g,9).
ii) For any functions f, f : X — X, and k : Z — X, we have

D(f ok, f ok) < D(f, f).
iii) Let f, f : X — X be any functions. Ifk : X — Z is a function such that there is a functionk : Z — X
satisfying k ok ~ 1y, then
D(ko f,ko f)=D(f, ).
iv) Let f, f : X = X be any functions. Ifk : Z — X is a function such that there is a functionk : X — Z
satisfying ko k' =~ 1x, then
D(f ok, f ok)=D(f, f).

v) Let X be normal. If f, f : X — X ,and g, g : X — Y are any functions, then

D(gof,g of)<D(f,f)+D(g,9).
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Proposition 2.4. ([2]) Each of the following conditions on the notion of higher homotopic distance is satisfied:
DIff, f, o, fiee L fo: X = X are any functions for 1 < 1 <k, then

D(fi, ==, f) < D(fr, -+, fo)-

Wiffi, -, fi: X— X and g, Gk X - Y are functions such that g; = g, foreveryi=1,--- k-1,
then

D(gl Ofl/"' /!]kofk) < D(fl/ /fk)
iii) Given two path-connected spaces X and X'. If f1,-++ , f : X — X are any functions, then

D(fi,-++, fi) < cat(X).
i) If fi, -, fr : X > X are any functions, then
D(fi, -, fe) < TCW(X).
v) Let X x X be normal. If i, , fy : X = X and g1, , gc : X — X' are any functions, then

D(fixg1,-, fi Xg) < D(f1,-+, fi) + D(g1, -+, gn)-

If f: X — Zis a fibration, then the Schwarz genus [12] of it, denoted by secat(f), is the smallest integer
I > 0 for which
Z=ViU---UV,

is a covering and the condition
fosi=1y,

satisfies for each V;,i = 1,---, . If there is no such a covering of Z, then we point out that secat(f) = co. We
again note that we use / open sets in the covering of Y instead of I + 1 for consistency of our results with
Definition 2.2. Just as homotopic distance, the notion Schwarz genus is an important common point in the
exploration of motion planning problems because each of TC, TC,, and cat is motivated by the Schwarz
genus of some special fibrations.

Definition 2.5. ([4]) For any path-connected Y, the topological complexity of Y, denoted by TC(Y), is secat(m),
where 71: Y - Y X Y, n(B) = (B(0), B(1)), is a path fibration.

Definition 2.6. ([10]) For any path-connected Y, if § = (B1,---,B,) : I — Y" is a multipath in Y such that
the starting point of each ;,i = 1, - - - , 1, is the same. Then the higher topological complexity of Y, denoted by
TC,(Y), is secat(e,), where e, : (Y') — Y, B e,(8) = (B1(1), -+, B(1)), is a fibration.

Denote |, by the wedge of n copies of [0, 1] such that the initial point 0; is the same point for each
i=1,---,n. Then the function space Y/ includes all multipaths in a path-connected space Y. Therefore,
TC,(Y) is also defined as

secat(e;, Y — Y.,

en(B) = (B1(1),---,Bu(1)) for a multipath B = (1, ,Bs) € Y. TC,(Y) = 1 when n = 1. For n = 2, the
Definition 2.5 coincides with Definition 2.6. Moreover, TC,(Y) < TC(Y)ifn+1<r.

Definition 2.7. ([9]) Letg: Y — Y be a surjective fibration. Then the topological complexity of g, denoted by
TC(g), is secat(m,), where 7, Y - Y x Y with 15(B) = (B(0), g o B(1)) is a fibration.

For a fibration g, TC(g) is also motivated by the homotopic distance [7]. We observe the same thing with
an alternative method in Theorem 3.3, as well.
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Proposition 2.8. ([9]) The following hold:
i) Let g : Y — Y be a surjective and continuous function. Ifk : Z — Y is a function such that there is a function
k' :Y — Zsatisfying ko k' ~ 1y, then
TC(g o k) > TC(g).
ii) Let g : Y — Y be a surjective and continuous function. Ifk : Z — Y is a function such that there is a function
k 1Y — Z satisfying k' ok ~ 1z, then
TC(g o k) < TC(g).
iii) If g: Y — Y is a surjective and continuous map, and k : Z — Y is a fibration, then
TC(g o k) < TC(g).

Recall that two functions g: Y — Y and g : Z — Y’ are fiber homotopy equivalent (FHE-equivalent) if the
diagram
Y Z

v
NoA
Y
is commutative withuov ~1zand vou ~ 1y.
Theorem 2.9. (9]) Letg: Y — Y and g : Z — Y be maps. Given any fibrewise mapsu:Y — Zandv:Z — Y
withuov =1y and v o u ~ 1y, we have
TC(g) = TC(g).

Denote PyY as the space of entire paths in a topological space Y such that the starting points of the paths
are the same point. Then the LS-category [3] of Y, denoted by cat(Y), is secat(ny), where 1y : PgY — Y,
ny(B) = B(1), is a fibration. If g : Y — Y’ is a function, then the LS-category [3] of g, denoted by cat(g), is the
smallest integer m > 0 for which

Y=WiU---UW,
is a covering such that glw, is nullhomotopic for eachi = 1,--- ,m. In a similar manner, for consistency, we
use m open sets for the cover of X instead of m + 1 open sets in the definition of cat(g).

Using the higher homotopic distance; alternative expressions of TC(Y), TC,(Y), TC(g), cat(Y), and cat(g)
are given by the next theorem.

Theorem 2.10. ([2, 6, 7]) Each of the following holds:
i) Let Y be path-connected. Then
TC(Y) = D(p1,p2),
where p1,p2 1 Y X Y — Y are functions with p1(y,y') = y and pa(y, y') = y , respectively.
ii) Let Y be path-connected. Then
Tcn(Y) = D(PL te /pn)/
where p; : Y" — Y is the projection for each j € {1,--- ,n}.
iii) If g : Y — Y is a surjective fibration, then
TC(g) = D(g © 11, m2),

where 1 : Y XY — Yand iy : Y XY — Y are projection maps.
iv) For any space Y,
cat(Y) = D(j, j2),
where j1 : Y — Y X Y is defined with j1(y) = (y, yo) and j, : Y — Y X Y is defined with j>(y) = (yo, y) for the point
Yo € Y.
v)Ifg:Y — Y isa function such that Y  is path-connected, then

cat(g) = D(g,%),

where * is a constant map.
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3. The higher topological complexity using the homotopic distance

Let f : X — Y be a fibration, p; : Y X Y — Y be a projection defined by p1(y, y’) =yandm: XXY->Y
be another projection defined by m»(x, y) = y. In Theorem 2.8 of [6], if we take X X Y, p1 o (f X 1y), and 7
instead of X, f and g, respectively, then we find that

P———PY

al |-

XXYT>Y><Y

is commutative, where / is the map (p1 o (f X 1y), 72) : X X Y — Y X Y. This proves that

D(pr o (f X 1y), 72) = secat(qy). (1)

On the other hand, in Theorem 4.9 of [9], if we take p; o (f X 1y) instead of the fibration f, then we
observe that
XN PY ——PY

| |-

XXYTYXY

is also commutative, where kis (p1 o (f X 1y)) X 1y : X X Y — Y X Y. This gives

TC(py o (f X 1y)) = secat(qy). ()

Theorem 3.1. For a fibration f : X = Y, ifp1 : Y XY — Yand i : X X Y — Y are projections with p1(y,y) = y
and 15(x, y) = y, respectively, then

D(p1 o (f x 1y), m2) = TC(p1 o (f X 1y)).

Proof. By (1) and (2), it is enough to show that g; and g are fibre homotopy equivalent fibrations. Define the
mapsu : P — XMPYandv: XNPY — Pwith u(x, y,a) = (x,a) and v(x, @) = (x, a(1), a), respectively. Since
P C (X xY)xPYisgiven by {((x,y), @) : a(0) =p1 o (f X 1y)(x,y),a(1l) = ma(x, y)}, we have that a(0) = f(x)
and a(1) = y. It follows that

uov=1xnpy and vou = 1p.

Thus, 41 and g, are fibre homotopy equivalent to each other. [J

Corollary 3.2. Fora fibration f : X = Y, ifp1: Y XY — Yand 7y : XX Y — Y are projections with pr(y,y') = y
and mp(x, y) = y, respectively, then
D(p1 o (f X 1y), mp) < TC(Y).

Moreover, if Y is contractible, then we conclude that D(p; o (f X 1y), m2) = 1.
Proof. By Theorem 3.1, we obtain
D(py o (f X 1y), m2) = TC(p1 o (f X 1y)).
Since f is a fibration, so is f X 1y. Using Proposition 2.8 (iii), and Example 4.10 in [9], we get
TC(p1 o (f X 1v)) < TC(p1) = TC(Y).

Finally, the contractibility of Y implies that D(p1 o (f X 1y), m2) =1. O
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Theorem 3.3. Fora fibration f : X = Y, if 1 : X XY — Xand 1, : X X Y — Y are projections with my(x, y) = x
and Ty(x, y) = y, respectively, we have
D(f o my, m2) = TC(f).

Proof. Given a fibration f : X — Y, we rewrite the continuous function p; o (f X 1y) as f o m;. By Proposition
2.3 (i), we have

D(p1 o (f X 1y), m2) = D(f o 11, m2).

From Theorem 2.8, we find D(f o 111, m2) = TC(f o m1). Defineamap u : X — X x Y with u(x) = (x, f(x)).
Therefore, we get 1 o u =~ 1x. By Proposition 2.8 (i), we obtain

D(f o m1,m2) = TC(f o 711) = TC(f).
On the other hand, Proposition 2.8 (iii) gives us that
D(f o 1y, m2) = TC(f o 111) < TC(f).
As a consequence, D(f o 1y, ) = TC(f). O
Theorem 3.3 confirms the following result [9]:

Corollary 3.4. The topological complexity of a space coincides with the topological complexity of the identity function
on it.

Proposition 3.5. If f : X — X' is a fibration, then we have

D(f, f) < TC(f).

Proof. Consider a fibration f : X — X and amap h: X — X x X defined as h(x) = (x, f(x)). By Proposition
2.3 (ii), we obtain
TC(f) = D(f o m1,m2) 2 D((f © 1) © h, 12 0 h) = D(f, f),

which completes the proof. [

Proposition 3.5 also confirms the well-known fact that TC of a fibration f : X — X  is a nonnegative
integer when considering D(f, f) = 1.

Proposition 3.6. For any fibrations f, f : X — X , we have

D(f, f) < TC(f) - TC(f ).

Proof. Let TC(f) = k and TC(f') = I. Then {U}*, and {V;}!

jo1 are corresponding coverings of X X X'. In

addition, we get
o~ d ’ = .
(fom)|, =7, and (f o nl))vj ”2|vi

Let W;; = U; N V. This covers X X X and we derive
fo 711|W1/j =(fo 711)|Ww_ = ”2‘w,-,,- =(f o ﬂl)(ww. =fe 711|Wi,],-

This means that D(f o |, , f o, ) < k-1 Recalling that h : X — X x X', h(x) = (x, f(x)), is a right
L] L]
homotopy inverse of 11, by Proposition 2.3 (iii), we conclude that

D(f,f)=D(foml, ,f oml, )<k-L

This gives the desired result. [
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Assume that f = (fi,---, fu) : X = Y" is a function. If f is a fibration, then f; : X — Y is a fibration for
alli=1,---,n. Indeed, for the projection map p; : Y" — Y onto the ith—factor for each i, we have p; o f = f;.
Since projections are fibrations, f; is a fibration for all i.

Definition 3.7. Let f = (f1, f2,---, fu) : X = Y" be a surjective fibration for n > 1. Let p; : X* — X be the
projection map onto the ith—factor for 1 < i < n. Then the n—dimensional higher topological complexity of

fis
TCu(f)=D(fopr fopz-, fopn.

In Definition 3.7, we assume that TC(f) is always equal to 1. If f is identity, then TC,(f) = TC,(X). In
addition, the following result proves that TC,(f) coincides with the notion TC(f) in Theorem 3.3.

Proposition 3.8. TC;(f) in Definition 3.7 coincides with TC(f) in Theorem 3.3.

Proof. Let f = (fi,f2) : X > YXY and f : X — Y be any continuous functions. For each projection
pi: X" = X,i=1,2,and the functions 7711 : X XY — Xand m1; : X XY — Y with m1(x, y) = x and 72 (x, v) = v,
respectively, we shall prove that D(f o p1, f o p2) = D( f o 111, 12). We take

a=1ly:Y->Y
and
B=1xXf :XxX—XXY
and consider the following two diagrams:

f om

XXY——

Y
1x><f/)[ lly

XX X——Y,
fop1

XXY2—Y

o

XX X——Y.
fop2

There is an element X € X with f(x') = y because f is surjective. Define a new continuous function
y: X XY — X x X with y(x,y) = (x,x). Then, we observe that y o f and 8 o y are identity maps, namely
that, y is a homotopy inverse of the function . By Proposition 3.14 in [6], we conclude that D(f o p1, f o p2)
equals D(f om,mp). O

Proposition 3.9. For a fibration f : X — Y", we have TC,,(f) < TCy41(f).

Proof. Let TCyi1(f) = k. Then D(f op1,- -+, f o pus1) = k for a fibration f : X — Y". By Proposition 2.4 (i), we
obtain D(f o p1,---, f o pu) < k. It follows that TC,(f) <k. O

Proposition 3.10. If f = (fi, -+, o) : X = Y"and f = (f,,---,f;): X = Y are two fibrations with a normal
space X X X, then
TCu(f x f) < TCu(f) + TCu(f ).
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Proof. Assume that TC,(f) = kand TC,(f') = I. Then D(f op1,---, f opy) =kand D(f op,,---,f op,) =1
for projections maps p; : X" — X and p, : X' — X witheachie (1, - ,n). By Proposition 2.4 (v), we have
D(fopy,-, fop)+D(f opy, -, f op,) = D((fop)x(f opy), -, (fop)x(f op,)
= DFXf)oprxp) (FXf)o (paxP,)
DUfxfrepy--- (Fxf)opy),
where p/ : X" x X' — X x X is ith—projection map. This shows that k + [ > TC,(f X f). [

Proposition 3.11. Let X x X be normal. For a fibration f : X — X', we have TC(f) < TC(X) + 1.
Proof. By Proposition 2.3 (v), we get
TC(f) = D(f o py, f o p2) < D(p1, p2) + D(f, f) = TC(X) + 1,
where X x X isnormal. [
Proposition 3.12. Given two fibrations f, f : X — Y" (f =~ f ) homotopic to each other, we have TC,(f) = TC,(f ).
Proof. f =~ f implies that f o p; = f opijfori=1,---,n. Therefore, we find
D(fopi, =, fop) =D(f opr,+,f o pa)
Thus, we conclude that TC,(f) = TC,,(f'). O
Note that Proposition 3.14 of [6] can be easily generalized as follows:
Proposition 3.13. Given any homotopy equivalences o : Y ~ Y and B : X ~ X, assume that a o f;o f ~ f; for every

i=1,---,n where fi: X - Yand f; : X = Y, i.e., the following diagram commuttes for each i:

fi
—

= e
<l+——=

>

-
f;

Then D(fl/ /fn) = D(fl// /frll)
Corollary 3.14. TC,(f) is a fiber homotopy equivalent invariant.

Proof. Let f = (fi,~+,f)): X > Y"and f = (f;,--+,f,) : X > Y" be any fibrations for which there are
two functions 1 : X —» X and v : X — X. These satisfy the conditions u o v ~ 1% and v o u ~ 1x. For each
i€f{l,---,n}, define a = 1y» and p = d,, o v o p;, where d,, : X — X" denotes the diagonal function and
p;: X' — X is the projection. It follows that a and B are two homotopy equivalences. Indeed, d, o u o p;

is the homotopy inverse of g, where d, : X — X" denotes the diagonal function and p; : X* — X is the
projection. Then the diagram

X fom; Y

T

X ’_>Yn
fop;

commutes for each i. By Proposition 3.13, we get
D(fopy,-++,fopn)=D(f opy-++,f op,).
This proves that TC,(f) = TC,(f") for two fiber homotopy equivalent fibrations f and f. [
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Proposition 3.15. TC,(f) < TC,(X) for a fibration f = (fi,---, fu) : X = Y™
Proof. The proof follows directly from Proposition 2.4 (ii). O
Proposition 3.16. Let n > 1. Then TC(f) < TC,(X) for a fibration f : X — Y.
Proof. By Proposition 2.4 (i) and (ii), we obtain
TC(f) = D(f o p1, f o p2) < D(p1,p2) < D(p1,- -+, pu) = TCu(X)

for a fibration f. [

We state a confirmation for the following well-known result [1]:
Theorem 3.17. Let X be a path-connected space. Then we have

cat(X" 1) < TC,(X) < cat(X").

Proof. Let i, : X — X""! be the inclusion map such the kth—component of ix(x) is xX € X"~!, and the other
components are always x for 1 < k <n — 1. Then we find

cat(X"™') = D(1xu1,x") = D(pa 0 i1, p1 © i1) < D(p1, pa).

Proposition 2.4 (i) says that
D(PLPZ) S D(Plz e /pn) = TCVI(X)/

which proves the first inequality. On the other hand, consider the projection maps p1,--- ,p, : X" = X on
the path-connected space X. By Proposition 2.4 (iii), we have

Tcn(X) = D(pll e /Pn) < Cﬂt(Xn),
which completes the proof. [
Corollary 3.18. If X or Y is contractible, then TC,(f) = 1 for a fibration f = (f1,---, fn) : X = Y™

Proof. Let X be contractible. Then cat(X") = 1. From Theorem 3.17, we obtain TC,(X) = 1. By Proposition
3.15, we conclude that TC,(f) = 1. Let Y be contractible. Hence, Y” is contractible. In a similar manner, we
get TC,(Y") = 1. By Proposition 2.4 (iv), we find

Tcn(f) = D(fopll' e ,fOPn) < Tcn(Yn) =1
As aresult, TC,(f) = 1 when Y is contractible. [

Example 3.19. Let f; : X — {yo} be a fibration for each i € {1,--- ,n}, where yy is any point of Y. Then, by
Corollary 3.18, we get TC,,(f) = 1 for a fibration f = (f1, -+, fu) : X = {yo}.

Corollary 3.20. Let n > 2. For a fibration f : X — Y with path-connected X and Y, we have
TC(f) < cat(X"™") < TCy(X) < cat(X").

Proof. By Proposition 3.16 and Theorem 3.16, it is enough to prove that TC(f) < cat(X"!) for n > 2.
Proposition 2.4 (iii) gives us that

TC(f) = D(f opi, f op2) < cat(X?) < cat(X" ™)
for a fibration f =(fi,f): X—> Y2 O

Example 3.21. Let X be any space such that f = (p1,--- ,ps) : X" — X" is a fibration whose components are
projections p; : X" — X fori€ {1,---,n}. Then, by using Proposition 3.15, and Corollary 3.14 of [2], we get

TCu(f) < TCu(X") < TC(X) + TCu(X) + - - + TCu(X) = 1 - TCo(X).
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4. The higher topological complexity using Schwarz genus

Besides the higher homotopic distance, we also interpret TC,(f) by using the well-known concept
Schwarz genus of a fibration.

Lemma 4.1. For a surjective fibration f = (f1,--- , fu) : X = Y", the induced map
65 Xy
defined by e,’;(a) = (fi(a1(1)), -+, fulau(1))) is a fibration.

Proof. Let e£ = (fi X fo X+ X fy) 0 e,. Since f is a fibration, for each i, f; is a fibration. Then f; X f, X -+ X f,
is a fibration. The composition of two fibrations is again a fibration. This completes the proof. [

Definition 4.2. For a fibration f = (fi,--, fu) : X = Y", TC,(f) is defined as secat(d; X — Y.

Remark 4.3. The first observation is TC;(f) = 1. Also, we obtain the equality TC,(f) = TC,(Y) when f is
the identity Y — Y. The next proof [10] confirms Proposition 3.9:

Proof of Proposition 3.9: Let TC,,,1(f) = k. Then {U;, - -- , Uy} is an open cover of Y*lands; : U; — X
is a section of e£+1 foralli=1,--- ,k. Let

= {(}/1/‘ o /yl’l) : (yll‘ o /yn,ﬂ) € Y;/Hl} - ui
for a € Y. Define two maps h : Ty1(Y) — Tu(Y), h(ea, - ,an1) = (1, - ,ay) and k : Y — Y™,
k(y1,--- ,yn) = (41, , yn,a), where T,,(Y) is a set consists of ordered set of n paths in Y. It follows that
{V1,--+, Vi}is an open cover of Y" and t; = h o s; o k is a section of e£ on V; for each i. Thus, TC,(f) < k.

Lemma 4.4. Given any fibrations f : X — Yand f = (f1, f2) : X = Y X Y, we have
secat(nf/ XI5 XxY)= secat(eé (X2 S Y xY).

Proof. Let a be a path in X2 such that a(0) = xo, a1(1) = x; and a;1(1) = xp. Define h : X2 — X!, h(a) = B,
where § is a path from x; to x3. & : X x X — X!, h(x,x") denotes a path, its starting point is x and its final
point is x". Therefore, & is a fiber homotopy equivalence. Indeed, consider two maps u : X2 —» X x X,
u(a) = (a1(1),az(1)) and v : X X X — X2, v(x,x') = B, where § is a path from any point of X to two points
Bi(1) = x, (1) = X . Then

_
X XXX

NoA

commutes such that # o v and v o u are homotopic to respective identity maps 1xxx and 1yj,. Recall that fi,
f» and f  are surjective maps. Using this fact, we defineamap k : Y XY — X X Y, k(y1,y2) = (x1, f (x2)),
where y1 = fi(x1) and y» = fo(x2). We shall show that k is one of the equivalences of homotopic functions.
Consider the map k' : X XY = Y XY, k'(x,y) = (fi(x), fo(x)), where y = f (x'). Thenkok and k' o k are
respective identity maps 1xxy and lyxy. Finally, by Theorem 6.4 of [11], the following diagram gives the
desired result:

X]Z }—1) XI

T

YxY—k>X><Y,

Le., secat(my : X5 XxY)= secat(ejz[ XS YXY). O
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By Lemma 4.4, we have the quick result:

Corollary 4.5. TC,(f) in Definition 4.2 coincides with TC(f) in Definition 2.7.

Theorem 4.6. Given a fibration f : X — Y", e£ : X" — Y" is a fiber homotopy equivalent to the function
g: XYl = Y" defined by q(x, a) = (a1(1), -+, @n(1)).

Proof. Let iy : XM Yl — Y)i. Since g = e, o my, g is a fibration. Define a function u : X» — X1 Y/ by
u(a) = (a(0), (fi X -+ X fy) o @), where a is a path with endpoints x1,--- ,x,, i.e., a1(1) = x1, -+, ax(l) = xy,
and v: XM Yl — X by v(x, ) = a, where B is a path from x to (fi(x1), -, fu(xx)). Then 1 o v and v o u are
homotopic to identity maps 1xnys and 1x., respectively. Moreover, the following diagram commutes:

S
X]n X M Y]n

N A

Corollary 4.7. The function q : X 1Y — Y" is a pullback fibration of the map e, : X» — X". Moreover,
TC,(f) = secat(q).

This completes the proof. [

Proof. Leth: X1 Y/" — Y be the projection. Then

XAYh 2y

|}

Yt —Y"
Y
commutes. Furthermore, by Theorem 4.6, we get

TCu(f) = secat(ei,r) = secat(qg),

which is the desired result. O

5. Conclusion

The topological complexity is an essential homotopy invariant for the work of topological robotics.
TC,(X) and TC(f) improve this investigation, where f is a continuous and surjective map. The next step
is to reveal the expression of TC,(f). We give answer to this problem when f is a surjective fibration. If
we consider the case that f does not have to be a fibration, in other saying, f is just a continuous and
surjective map, then this is still an open problem. In this study, with the generalization of TC(f), we have
one extra method to examine the problem of motion planning in topological robotics. We also contribute
to the investigation of the relationship between D(f, g) and secat because another common point of these
two notions is given by TC,(f). One can have a certain fibration f to determine TC, or cat of a space of a
fibration by using the properties in Section 3 or Section 4. The reader is free to choose the way following
on D(fi, -+, fu) for a multipath f = (f1,---, fu) : X = Y" or the way following on secat e£ : X -y
with e,{ = (fi X fa X+ X fy) o e,, where e, is the path fibration in the definition of TC, of a path-connected
topological space X.

In digital images, there are many different computations on the notions TC, TC,, and cat rather than
topological spaces. Analogously, the definition of TC,(f) and the related results can be adapted to the
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digital images using the digital meaning of the (higher) homotopic distance. The task is to determine the
similarities and differences on TC,, of a map between ordinary spaces and digital images.

One of the future researches on TC,(f) is to state its symmetric version, in other stating, the higher
symmetric topological complexity for a map (or a fibration). Each of directed and monodial versions of
TC,(f) is another topic for the reader.
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