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Barreledness in Locally Convex Direct Sum Cones

M.R. Motallebi?

?Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran

Abstract. We investigate the direct sum of barrel subsets in locally convex cones and present necessary
and sufficient conditions for the barrelness of subsets in direct sum cones. This leads us to prove a direct
sum locally convex cone topology is barreled if and only if its components are barreled.

1. Introduction

In the theory of locally convex cones, linear functionals may take infinite values +co which is one of
the basic coordinates in this theory; for instance, this makes the study of barreledness be in an interesting
manner [8]. The topic of direct sums, has been generalized for locally convex cones in sources [2-7],
includes the duality discussion and indicating that every linear functional on direct sum cone is written as
the product of functionals on its components. To achieve the goal of this paper, the latter is essential and
allows the study of barreledness for direct sum cone topologies. We consider the barrel subsets of direct
sum cones and discuss their connections with the direct sum of barrel sets in the components; in particular,
we obtain necessary and sufficient conditions for the barreledness of locally convex direct sum cones.

An ordered coneis a set P endowed with an addition (a, b) — a+b and a scalar multiplication (a, a) +— aa
for real numbers a > 0. The addition is supposed to be associative and commutative, there is a neutral
element 0 € P, and for the scalar multiplication the usual associative and distributive properties hold, that
is, a(Ba) = (af)a, (a + f)a = aa+Pa, a(a+b) = aa+ab, la =a, 0a = 0foralla,b € Pand o, > 0. In
addition, the cone P carries a (partial) order, i.e., a reflexive transitive relation < that is compatible with the
algebraic operations, thatisa < bimpliesa+c <b+cand aa < abforalla,b,c € £ and a > 0. For example,
the extended scalar field R = R U {+0o0} of real numbers is an ordered cone. We consider the usual order
and algebraic operations in IR; in particular, ¢ + co = +oco for all @ € R, a - (+00) = +oo for all @ > 0 and
0 (+00) = 0. In any cone P, equality is obviously such an order, hence all results about ordered cones apply
to cones without order structures as well.

A full locally convex cone (P, V) is an ordered cone P that contains an abstract neighborhood system V,
i.e., a subset of positive elements that is directed downward, closed for addition and multiplication by
(strictly) positive scalars. The elements v of V define upper (lower) neighborhoods for the elements of by
v(a) = {b € P :b < a+v} (respectively, (a)v = {b € P : a < b + v}), creating the upper, respectively lower
topologies on P. Their common refinement is called the symmetric topology. We assume all elements of P to
be bounded below, i.e., for every a € P and v € V we have 0 < a + pv for some p > 0. Finally, a locally convex
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cone (P,V) is a subcone of a full locally convex cone, not necessarily containing the abstract neighborhood
system V.

For a locally convex cone (P, V) the collection of all sets v C P2, wherev = {(a,b) :a < b+v}forallv €V,
defines a convex quasi-uniform structure on P. On the other hand, every convex quasi-uniform structure
leads to a full locally convex cone, including # as a subcone and induces the same convex quasi-uniform
structure. For details see [1, Ch I, 5.2].

For cones £ and @Q, amap t : P — Q is called a linear operator, if t(a + b) = t(a) + t(b) and t(aa) = at(a)
foralla,b € P and a > 0. If V and ‘W are abstract neighborhood systems on # and Q, a linear operator
t: P — Qis called uniformly continuous if for every w € ‘W there is v € V such that #(a) < #(b) + w whenever
a < b+v. Uniform continuity implies continuity with respect to the upper, lower and symmetric topologies

on P and Q.

Remark 1.1. In the extended real numbers R = R U {+oo} we consider the usual order and algebraic
operations, in particular a + co = +oo foralla € R, a - (+00) = +co forall @ > 0 and 0 - (+o0) = 0. Endowed
with the neighborhood system V' = {e € R : ¢ > 0}, R is a full locally convex cone. For every v := ¢ € V and
a € R, we have v(a) N (a)v = [a — €,a + ¢]; in particular, v(+00) N (+00)v = {+o0}. If P is a locally convex cone,
then the set of all uniformly continuous linear functionals p : ¥ — R is a cone called the dual cone of P and
denoted by #*. In particular, R = {A €R: A >0}U{0}, where 6(a) =0foralla € Rand 6(+oo) =+ [9,2.2].

If (P, V) is a locally convex cone, then a convex subset U of P2 is called a barrel, if it satisfies:

(U1) For every b € P there is a neighborhood v € V such that for every a € v(b) N (b)v there is A > 0 with
(a,b) € AU.
(Uy) If (a,b) ¢ U, then there is pu € P such that p(c) < p(d) + 1 for all (c,d) € U and u(a) > u(b) + 1.

A locally convex cone (P, V) is called barreled if for every barrel U C P? and every element b € P there are
a neighborhood v € V and a A > 0 such that (a,b) € AU for all a € v(b) N (b)v [8].

2. Barreledness and direct sum cones

Let #,, y € I'be cones and put P = X,rP,. For elements a, b € P, a = X,cra,, b = X,erby and a > 0 we set
a+b = Xyer (a, + by) and aa = Xyer (aa,). With these operations # is a cone which is called the product cone
of #,. The subcone of the product cone # spanned by UP,, (more precisely, by Uj, (P,), where j, : ), — P
is the injection mapping) is said to be the direct sum cone of ), and denoted by Q = Y .t Py If (P, V)),
y € I' be a family of locally convex cones, then W = X, sV, leads to the finest locally convex cone topology on
Q such that the all injection mappings j, are uniformly continuous:

Definition 2.1. For elementsa,b € Q, a = Z),EA a,, b= Xye@ b, and w € W, w = X,rv,, we set
a<rb+w

ifay <, by + ayvy forall y € AU O, where )., epve @y < 1.

The subsets {(a,b) € Q : a <r b + w)} for all w € W describe the finest convex quasi-uniform structure
on Q which makes every injection mapping uniformly continuous. According to [1, Ch I, 5.4], there exists
a full cone Q & ‘W with abstract neighborhood system W = {0} @ ‘W, whose neighborhoods yield the same
quasi-uniform structure on Q. The elements w € W, w = X,crv, form a basis for W in the following sense:
For every w € W there is w € ‘W such thata <r b+ w for a,b € Q implies that a <r b ®w. The locally convex
cone topology on Q induced by ‘W is called the locally convex direct sum cone of (#,,V,) and denoted by
(Q,“W). For details see [3].

Theorem 2.2. If Q = }. .+ Py is a locally convex direct sum cone, then p € Q" if and only if u = Xyer iy, where
ty =pojy, €P; forally €T and Q, P, are the dual cones of Q and P, respectively.
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Proof. See [7, Theorem 3.10]. O

Lemma 2.3. If for each y € I', U,, is a convex subset of 705 then }.,er U, is a barrel in (Q, W) if and only if U, is a
barrel in (P,,V,) forall y €T.

Proof. Suppose Zyer U, is a barrel and for y € T, let b, € P,. From (U,), there exists w € W, w = X0,
such that for every a € w(b,) N (b,)w there is A > 0 with (a,b) € A(L,er Uy ). If a, € v,(b)) N (b, )0y, then
a, € w(b,) N (by)w; whence (a,,b,) € AU,, i.e., U, satisfies in (Uy). If (a,,b,) ¢ U,, then (a,,b,) ¢ U so there
is u € @ such that yo j,(a,) > poj,(by)+1and poj,(c,) < uoj(d,)+1forall(c,d,) € U,. Because
by = po jy € P} forall y € I'by Theorem 2.2, (U,) holds.

Conversely, for each y € T, let U, be abarreland b € Q b = ). g b). For every y € T, there is v, € V,
such that for every a, € v,(b,) N (by)vy there is A, > 0 with (a,, ),) € L,U,. If we putw € W, w = Xgervg
where vg = v, for y € © and v¢ € V,, otherwise; then for every a € w(b) ﬁ (b)w a= Zy,e Ay, we have

b - [Zay,zb Y oauc|Y aly v,

yeA 7€0 YEAUO yEAUO ] yEAUO

ie., Y, er Uy satisfies in (Uy). If (4,0) € Yyer Uy, a = Xyep 4y, b = Lo by, then there is a finite set ACAU©
such that (a,,b,) ¢ U, for all y € A so there is a y, € %}, such that

py(ay) > py(by) +1 and w,(cy) < w,(dy) +1 forall (¢,,d,) € U, (1)

Let n5 be the number of elements in A. If we put y = Xgerpue where pe = (1/np)u, € SD’}‘, for all £ € A and
ps = 0 otherwise, then from (1), p(a) > u(b) + 1 and u(c) < u(d) + 1 for all (¢, d) € Zyer U,. By Theorem 2.2,
p € @ hence (U,) holds. O

Proposition 2.4. If U is a convex subset of Q?, then the following are equivalent:

(@) U isa barrel in (Q, W).
(b) Yyer UNPS is a barrel in (Q, W).
(c) Foreveryy eI, UN P)Z, is a barrel in (P, V,).

Proof. By applying Lemma 2.3 for U, := UN 5 for all y € T, parts (b) and (c) are equivalent. Let U be a
barreland b € Q,b = Zﬁ@ b,. There is w € W, w = X,rv, such that for every a € w(b) N (b)w there is A > 0

with (a,b) € AU which yields (a,,b,) € A(UN SD)Z,) forall y € AU®, hence

@b)= ) (ay,b),)e/\{ Y unp2|cal) une

yEAU® yEAUO yelr

7

i.e., (U1) holds for Y o U N P5. For (U2),if (a,b) € X.\er Uy, 8 = Lyep 1y, b = Y\ b, then, by the convexity
of U, (a,b) ¢ nave)U, so there is y € Q" such that

w(a) > ub) + navey and p(c) < p(d) + navey forall (c,d) € U. (2)

If we put u = Xgerpe, where g = (1/n(AU@)) py for & € AU® and ;g = 0 otherwise; then by (2), u(a) > u(b)+1
and p(c) < p(d) + 1 for all (c,d) € Y, er U,. Thus (a) implies (b). Assume (b) and letb € Q b =} o by.
To show (a), by (Uy), there is w € W, w = X,rv, such that for every a € w(b) N (b)w there is A > 0 with
(a,b)e A Z},er U,, which yields (a,,b,) € AU forall y € AU®, so

@h= Y (a),,by)e/\[ Y u

YEAUO yEAUO

C npueyAU,
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i.e., (Uy) holds for U. For (Uy), if (a,b) ¢ U, a = ZyeA a,,b = Z)/EQ b,, then there is a finite set A C AU @ such

that
[Z a,, Z by] ¢ (n(Aue) - nA) [Z ung;

YEA YEA yer

7

so there is u € @ such that
Z py(ay) > Z ty(by) + nave) — nia

yeA yeA

and

Y i(e) <Y ) + naey —na forall (cd)e ) U,

YEA yeA yer

If we put y = Xgerpe where g = (1/(nave) — 1a)) iy € Py, forall £ € A and pe = 0 otherwise; then y € Q°
by Theorem 2.2 and we have

pla) = (1/(n<Au@>—nA))Zyy(ay)

YEA

> (1/(n@ave) — 1a)) Z Ly (by) +1

YEA

= ub)+1
and

) = (1/(7’1(Au®) - ”A)) Z Ly (cy)

YEA

(1/(7’1(Au®) - ”A)) Z py(dy) +1

YEA
ud) +1 (for all (c,d) e U)

IN

O
Theorem 2.5. If for each y € T, (P,,V,) is a locally convex cone, then the following are equivalent:

(a) The direct sum cone topology (Q, W) = (Z),er Py, xyer(Vy) is barreled.
(b) For every barrel subset U of Q?, there is a w € ‘W and a A > 0 such that

(a,b) e A {Z UnP2| forall aew®) n b

)/Er

(c) Foreveryy €T, (P,,V,) is barreled.

Proof. By Proposition 2.4, (a) implies (b). Assume (b), fix y € T and let U, C P)z, be a barrel. If we set
U = Y Ug, where Ug = U, for £ = y and U = Pf/ otherwise; then U is a barrel in (Q, W); so for b, € P,,
there isa w € ‘W and a A > 0 such that (a,b) € AU for all a € w(b,) N (b))w, ie., (a),b)) € AU, for all
a, € v,(b,) N (by)v,. That is, (c) is obtained from (b). Finally, let (c) holds, U be a barrel in (Q, W) and b € @,
b =Y. cob,. By Proposition 2.4 (c), for every y € I, there is a neighborhood v}, € V, and a A, > 0 such that
(ay,by) € A, U, foralla, € v,(b,) N (by)v,. Put w € W, w = Xgervg where

Uy for £€0O,
Ve =

") (1A) o, for gerne.
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Ifaewb)N®w, a=Y,ea, then

a, € (a}, v),) (by) N (by) (a), v,,,) for ye®,
Aay, € (ay vy) (OPV) N (O;DV) (ay vy) for yeA\O,
which yields
(a),, by) erU, for y €0,
(2),0p)) € 2, U, for yeA\®.
Therefore
(a,b) = Z (a),, by) + Z (ay,Opy,)
y€® yEA\©
€ Y AU+ Y oU,
€0 YEA\O®
c (Z/\}, + Y |y
7€0 y€EA\O
C [Z A +1|0,
VS

since U is convex and }.,er\e @y < 1. That is, (a) holds. [

A locally convex cone (P, V) is called weakly cone-complete if for all b € P and v € V, every sequence
(an)nen in v(b) N (b)v that converges to b in the symmetric topology of £ and ,, > 0 such that },,~; a, =1,
there is a € v(b) N (b)v such that

o

u(@) = Y anpa(ay) 3)

n=1

for all u € P* with u(b) < +oo. A neighborhood base for a locally convex cone (P, V) is a subset V, of V such
that for every v € V there exists some vy € Vy with vy < v. According to [8, Theorem 2.3], every weakly
cone-complete locally convex cone (P, V) with a countable neighborhood base is barreled.

Example 2.6. With the neighborhood system V = {¢ € R : ¢ > 0}, the cone R is weakly cone-complete
with the countable neighborhood base Vy = {£ : 1 € N}, so it is barreled. For, letb e R, v € V,v = ¢,

n R—
(an)nen € €(b) N (b)e converges to b in the symmetric topology of Rand let Y, o, =1, 4y > 0. If b = 400

then &(+00) N (+o0)e = {+o0}, s0 a, = +oo for all n € IN. From Remark 1.1, we have p(+00) < +oo for
U e R if and only if u = 0, hence (3) holds for a = +oc0. If b # +co then u(b) < +oo all u € R by Remark
1.1. By the assumption we have b — ¢ < a, < b + ¢ for all n € IN, which yield a, # 4co for all n € IN
and b—¢ < Y7 ana, < b+¢, ie., Yo ana, is convergent and +co # a = Y. aya, € e(b) N (b)e. Then
(@) = A, anay) = Y2 apu(ay) forall p € R with = A > 0 and 0(a) = 0(a,) = 0 for u = 0.

Now, if weset Q = Z;/er P, and W = X, V), where P, = R and V,={c€eR:e>0}forally €T, then
(Q, W) is barreled by Theorem 2.5, since (P, V), ),y € I are barreled.
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