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Abstract. We describe each multiple curve on an orientable surface of genus-g, with n punctures and one
boundary component by using this multiple curve’s geometric intersection numbers with the embedded
curves in this surface.

1. Introduction

Multiple curves, which are the disjoint unions of finitely many essential simple closed curves on an
orientable surface modulo isotopy, play a central role in low dimensional topology and computational
topology. Such curves are usually described combinatorially by using either Dehn-Thurston coordinates
or train track coordinates [6, 7]. However, it has been observed that these methods are not computationally
efficient enough for very complex problems. One of the approaches to describe the multiple curves on the
standard n-times punctured disk (n > 3) is to use the geometric intersection numbers between the multiple
curve and the embedded arcs in the disk [3, 8]. In [4], this approach is generalized for such curve systems
on the orientable surface of genus-1 which has n (n > 2) punctures and one boundary component. The
coordinate system [3] obtained for the punctured disk that uses this method was extensively preferred to
solve various dynamical and combinatorial problems such as the word problem in the braid group [1, 2],
calculate the topological entropy of a braid [5], and compute the geometric intersection number of two
multiple curves on the disk [9] since it is a very effective way to coordinate a multiple curve on a finitely
punctured disk due to the ease of computation. The aim of this work is to generalize the approach which
describes each multiple curve by using the geometric intersection numbers with the embedded curves in
the punctured orientable genus-1 surface which has one boundary to the orientable surface of genus-g
(9 2 1) which has n punctures and one boundary component. By using the formulas proposed in this work,
it is thought that the previous works on curves on the disk can be expanded to this surface in the future.

Throughout the paper, S, ; shall denote an orientable genus-g (g > 1) surface with n (n > 1) punctures
and one boundary component. We shall use this surface by pulling its boundary backward from the top
and bottom as shown in Figure 1 for an easier understanding of the working process. In order to describe a

given multiple curve on S, 5, a system consisting of 3n+7g—5 arcs and g simple closed curveson S,, ; is used.

Given a multiple curve £, we shall introduce a vector in Zi’gfgg ~\ {0) by using the geometric intersection

numbers with the curves in our system, and consider the linear combinations of these intersection numbers
(see Section 2).
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2. Geometric intersection numbers with the customized curves embedded in S, ,

In this section, we describe the multiple curves on S, ;, whose geometric intersection numbers with the
customized curves embedded in S, ; and whose directions are known. To do this, we use the model shown
in Figure 1.
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Figure 1: Curves on S, 4

In this model, the endpoints of the arcs a; (1 < i < 2n), ,Blf 1<i<n+y), ‘Bf’ nm+2<i<n+yg),
5{ (1 <i<25-2),and & (1 < i < 2g - 2) are either on the boundary or on the puncture. While
¢;i (1 £i< g—1)and c* are the longitudes of each torus respectively, y; (1 < i < g) is the arc whose endpoints

are on ﬁ{ and ﬁf? as depicted in Figure 1 and y, is the arc whose endpoints are on the boundary. Moreover,
note that y; (1 <i < g—1) and y, intersect c; and ¢, respectively once transversally.

Definition 2.1. Let Ln,g be the set of the multiple curves on Sug and L € Ln,g. Moreover, let i(L, [a])
be the geometric intersection number between £ and the isotopy class of @. The geometric intersection

function ¢ : £, — ZZ::;Sg—S \ {0} is defined by Y(L£) = (i(L, [a1]), ..., (L, [a2.]); i(L, [,3{]), N [ [,Bi:w])}

(L 1B 1)y L T gD L TEND, L [ S D3L TERN), o L TE DL Ty ), L, g );
(L [e1)), - (L leg-al); (L, []):

We simply write « for i(L, [a]). This shall also be the case for other coordinates. It will always be clear
from the context whether we mean the coordinate curve or the geometric intersection number assigned on
the coordinate curve. Throughout the paper, we work with the minimal representative (a multiple curve
in the same isotopy class intersecting the customized curves embedded in S, ; minimally, that is, the sum
of all the intersection numbers is minimal in the isotopy class) of £ and denote it by L. Therefore, the map
Y is well defined on £, ;.

Example 2.2. Intersection numbers of the multiple curve L depicted in Figure 2 are given by ¢/(L) =
(5,2,5,2,4,3,7,5,7,1,5,5;5,3;6,3,5,2;4,1,4,1,2,2,3,2,0; 3).
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Figure 2: Intersection numbers with the curves embedded in S3 3

2.1. Path components on S, ,

In this subsection, we shall introduce the path components of a multiple curve L on S, ;, and derive
formulas for the number of these components.

Let U; (1 < i < n) be the region that is bounded by ﬁf and ﬁ +1, Gi (1 <i < g—1)be the region bounded
by ﬁnﬂ W, ﬁn+z+1 and ﬁ’mﬂ, and G" be the region bounded by ﬁmg, n+g and the boundary of S5 (9Sn,).

Each component of L N U;, LN G;, and L N G" is called the path component of L in Uj;, G;, and G*, respectively.
Since L is minimal, there are four types of path components in the region U; as on the disk [3] (see Figure 3).

An above component has endpoints on ,B{ and ,B{ .1- and intersects asi—1. A below component has endpoints on
‘B{ and ‘B{ ,1- and intersects ay;. A left loop component has both endpoints on ,B{ .1 and intersects a1 and ay;
(Figure 3a). A right loop component has both endpoints on ‘B{ , and intersects ay;—1 and ay; (Figure 3b). There
are six types of path components in the region G*. The first three of these components are curve c*, which is
the longitude of the torus in G* (Figure 4a); visible genus component, which has both endpoints on ﬁn +gand

does not intersect the curve c* (Figure 4b); invisible genus component, which has both endpoints on f +gand
does not intersect the curve c* (Figure 4c). The remaining three components called twist have endpoints on

ﬁn g and ¢ +¢and intersect the curve c* (see Figure 5). These components are nontwist, negative twist, and
positive twist components. The nontwist component does not make any twist (see Figure 5a). The negative
twist component makes clockwise twist (see Figure 5b). The positive twist component makes counterclockwise
twist (see Figure 5c) [4]. There are 14 types of path components in each region G;. These are curve c;,
which is the longitude of the torus in G; (similar to Figure 4a); visible left genus component, which has both
endpoints on ﬁf s and does not intersect the curve ¢; (Figure 6a); invisible left genus component, which has
both endpoints on g . +1, and does not intersect the curve c; (Figure 6a); visible right genus component, which

has both endpoints on ﬁ , and does not intersect the curve ¢; (Figure 6b); invisible right genus component,
which has both endpomts on f? ., and does not intersect the curve ¢; (Figure 6b); upper diagonal component,

which has endpoints on p,, and ,Bf ,1- and intersects the curve ¢; and the arc Ef _, (see Figure 6c); lower

diagonal component, which has endpoints on . and ,B 1.1, and intersects the curve ¢; and the arc Ef (see

n+i
Figure 6d); visible above component, which has endpoints on ﬁf and ﬁn Y

Figure 6e); invisible above component, which has endpoints on ﬁb ~and p?

and intersects the arc 521._1 (see

; ,i+1- and intersects the arc 531‘—1 (see

Figure 6e); visible below component, which has endpoints on ,Bf and ,Bn .i+1- and intersects the arc éf (see

Figure 6f); invisible below component, which has endpoints on p? . and g’ . ., and intersects the arc Eb (see

Figure 6f); negative twist component, which has endpoints on g . and ,Bn ,orpl and ,B 41, and intersects the

n+i
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curve ¢;, and makes clockwise twist (see Figures 7a and 7b); positive twist component, which has endpoints on
Z ,;and ﬁ£ L Or ﬁfl " gnd ,Bf; +ippe and inte-rsects the curve c;, and makes counterclockwise twist (see Figures 7c
and 7d); and nontwist component (see Figure 7e).
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Figure 4: (a) ¢* curves, (b) visible genus component, (c) invisible genus component in the region G*

Figure 5: (a) Nontwist component, (b) negative twist component, (c) positive twist component.
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Figure 6: (a) Visible left and invisible left genus components, (b) visible right and invisible right genus components, (c) upper diagonal
component, (d) lower diagonal component, (e) visible above and invisible above components, (f) visible below and invisible below
components in the region G;
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Figure 7: (a) and (b) Negative twist component; (c) and (d) positive twist component; (e) nontwist component in G;.
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Remark 2.3. For the ease of calculation, throughout the paper, we assume that each diagonal component
(Figures 6¢c and 6d) and twist component (Figure 7) on S, ; intersect the arc 512:71 instead of the arc égi_l, and

intersect the arc 612(1, instead of the arc égi. Moreover, we assume that the invisible (dashed) parts of these
components are only on the invisible left side of S, ;, as seen from the corresponding figures and that each
G; has either upper diagonal components or lower diagonal components.

Remark 2.4. Since a multiple curve L € £, ; consists of the simple closed curves that do not intersect each
other, there cannot exist both the curve c; and the twist or diagonal components at the same time in the
region G;, and there cannot exist both the curve c* and the twist components at the same time in the region
G

Definition 2.5. Letdy, | and d}, give the number of the upper and lower diagonal components in the region
Gifor 1 <i < g-—1, respectively. Moreover, let ¢/ denote the number of the twist components in G;. Thus,
throughout the paper, c; shall be defined as the sum of these components. That is,

c=c +di | +db. (1)

Note that since there cannot be any diagonal components in G, ¢; is only equal to the number of the twist
components in G*, and in this case, we denote ¢; with the number c*.

Definition 2.6. A twist component’s twist number is the signed number of the intersections with the arc
yi(1<i<yg).

Remark 2.7. Since a multiple curve on S, , does not contain any self-intersections, the directions of the
twists have to be the same. Moreover, in the regions G; and G, the difference between the twist numbers
of two different twist components cannot be greater than 1 ([4]).

If we denote the smaller twist number by t;, and the bigger twist number by t; + 1, then the total twist
number T; (1 <1< g)inG; (1 <i < g—-1)and G"is the sum of the twist numbers of twist components
(see Figure 7). Hence, if the difference between the twist numbers of any two twist components is 0, then
Ti = ti(ci —d5,_| — dlzl.). On the other hand, if the difference between the twist numbers of any two twist
components is 1, then T; = m;(t; + 1) + (¢c; — d;‘H - dlz:‘ — m;)t;, where m; € Zsg is the number of the twist
components with the twist number ¢; + 1, and ¢; — dgH - dlz:‘ — m; is the number of the twist components
with the twist number t;.

Remark 2.8. Although T; gives the total twist number in each region G; and G, it cannot show the directions
of twists by itself. Therefore, we first calculate the number of each T;, and then we add a sign in front of
T;, denoting the negative direction by —T; and the positive direction by T;. However, since only the total
number of twists is required in the formulas throughout the paper, |T;| shall be used as the total number of
twists in order not to cause any confusion.

Now, we calculate the number of each path component of L in the regions G; for1 <i < g—-1, and G*
fori=g.

Theorem 2.9. Let L be given with the intersection numbers (a; pf; p¥; &5 &% y; ¢; ¢), and let the number of the visible
genus components and the number of the invisible genus components in G; be l{ and 1Y, respectively. Further, let
the number of the visible genus components and the number of the invisible genus components in G* be l; and lf,,
respectively.

Given the set K = {f, b} and the function x : Z780-3

>0 \ {0} = Zso, for2 <i<g—1andeach x € K,

B =Xl e & yia0)
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where

|ﬁn+1 ‘Bn+2| -G

f(oz,Bf,B &f. &b ;756 ¢") = max{0, 1,

B B -1

XK@ % €% yi6¢) = max{0, ——

| e
xi (o B3 % 5 € s ;") = max{o, Prsi = Prsin 2y

2
ﬁ ’(’
Xl e yiae) = Wz ,
b+ —c
% n
Xy BBl & € yseie) = =

Note that if ﬁf i < ,Bn +iv1- then the visible genus component in G; is left; if ,Bf i > [3

component in G; is right. Similarly, if ﬁn ‘i B, +1 117
then the invisible genus component in G; is rzght

"1ir1, then the visible genus
then the invisible genus component in G; is left; if ﬁ

n+i ﬁn+z+1’

Proof. The absolute value of the difference between the intersection numbers on the arcs ﬁf and [3
denoted as I[B

ﬁn " ﬁn .i+1- then the arc ‘Bi .1 intersects once with each twist component (Figures 7b and 7d) or diagonal
component (Figures 6¢ and 6d), and twice with each visible left genus component (Figure 6a). Let the
number of visible left genus components and the number of visible right genus components be denoted by
I and I%, respectively. Hence, ﬁn i ﬁn L =¢ +dy  +d, +2I" From Equation (1), ﬁn i ﬁn L= ci+ 20k
Since a multlple curve consists of the simple closed curves that do not intersect each other, this curve system

contains either the visible left genus components or the visible right genus components. Therefore, we can

n+i+1’

i ﬁn +i+1l- gives us the sum of the twist, diagonal and visible genus component numbers. If

denote the number of both visible left genus components and visible right genus components as l{ . Thus,
we can write

ﬁn+1+1 ﬁ£+1 =G+ Zlf )

If ﬁn " ﬁn i1 then the arc ﬁf; ,; Intersects once with each twist component (Figures 7a, 7c, and 7e),
and twice with each visible right genus component (Figure 6b). From Remark 2.3, there cannot be any
diagonal component; otherwise, self-intersections occur in this curve system. Since ¢; = ¢} +d;. | + d. here

2i’
R .
‘Bn+1 ;Bn+l+1 =Cit 211 . That 1S,

ﬁnﬂ ﬁn+z+1 =G+ 21{‘ (3)

fo g
| = ¢ + 2lif . Therefore, l{ = w When
ci = |ﬁn H - ﬁn +i+1l- there cannot be any visible genus component in the multiple curve. Hence, ll.f =

From Equatlons (2) and (3), we can write Iﬁn i ﬁn it

max
[4]. O

f
{0, w} is derived. Similarly, we can find l{ , lll’, and lf’ . For the proofs of lj; and ZZ, you can check

In the following theorem, we calculate the total twist number of the twist components in each G; and G*:
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Theorem 2.10. Let L be given with the intersection numbers (a; Bf; ¥ EF; &5 y; ¢; ¢*), and let the signed total twist
number of the twist components in each G; and G* be denoted by T; and T, respectively. For 2 <i < g —1, we have

ifci=0,

ITi| = { Ji - max{, maxlO,ﬁﬁJriZfﬁﬁHH]fc,} _ max(0, max(0,6", I;+i+l}7ci} ot 0; 4)

fori=1,
ifc; =0,

IT,| = { S— max{O,ﬁig—ﬁ{;rz]—cl} "~ max{0, max{O,ﬁ{z—ﬁf‘ﬂ}—cl} iFor #0; )

fori=g,
0 ifc =0,
Tyl = { Vo - ﬁﬁgfff B ﬁfi{@ ifc #0. ©®)

The sign of the negative twist component is —1, and the sign of the positive twist component is 1.

Proof. Let us denote the total twist number of the twist components of L in each G; by |Tj|. Observe that
the curve y; intersects once with the curve ¢; (Figure 4a), and intersects once with each visible right and
invisible right genus components (Figure 6b). Moreover, y; intersects L by the total number of the twists of
twist components (Figure 7). However, from Remark 2.4, there cannot exist the twists and the curve ¢; in
G; at the same time. Therefore, when ¢; # 0, we have

yi=U+ L +|TY, @)

where ll.f , lf?, and |T;| denote the number of the visible right genus, the number of invisible right genus
components, and the total twist number of the twist components in G;, respectively.

Since a multiple curve consists of the simple closed curves that do not intersect each other and from
Definition 2.6, we can write

f f b b
max{0,3 .- N max{0,B? . — =
yvi= max{0, { ﬁnﬂ 5 ﬁn+1+1} ’} + max|0, { ﬁnﬂ 5 n+1+1} l} +|T4.
Hence, we have Equality (4) as follows:
max{O,ﬁf ,—,Bf ) = Ci max{O,ﬁb =B i
|Tl| — yl _ maX{O, n+i 2 n+i+ } _ max{o/ n+i 2 n+i+ }

Equalities (5) and (6) can be obtained similar to the calculations above and calculations in [4], respec-
tively. O

Remark 2.11. If there exists one of the upper diagonal or the lower diagonal components in the region G;,
the equation ¢; = d;‘H + dlz:‘ + |T;| is used so that the curves on the surface do not intersect each other. In this
case, |T;j| cannot be greater than c;.

By using the following theorem, we calculate the number of the curves ¢; and ¢* (Figure 4a) in each
region G; (1 <i < g—1) and G, respectively.

Theorem 2.12. Let L be given with the intersection numbers (a; pf; p; &5 &%y, ¢;¢®). We find the number of the
curves ¢; and c* in L, denoting by p(c;) and p(c*), as follows:
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For2<i<g-1,

0, f+ — £+1+ ! (0, Iv71+17 Ir71+z+ ) H
pey =1 vi- max{0, %} — max{0, %} lfCi ~0 ®)
0 lfCi #0;
fori=1,
f _pf f _pb
pleny=1 71— max{0, %} — max|0, %} ifc1 =0, ©)
0 lfCl #0;
fori=yg,
.B{;+q rb1+q f 0
(Y= Ve~ — 2 Y =U (10)
P 0 ifct #0.

Proof. Whenever ¢; = 0, we have y; = l{ + 17 + p(c;). Since a multiple curve consists of the simple closed
curves that do not intersect each other and from Definition 2.6, we can write

max{0, ﬁf - ﬁf

n+i n+i+1

2
max{o’ﬁrf;ﬂ 7ﬁrfl‘+l+1 } }
2

b b
max{O, ﬁnﬂ' - ﬁn+i+1

yi = max{0, }} + max{0, > }+p(ci).

0,80, —pb . .
Hence, p(ci) = yi — max{0, — max{0, W} is derived.

Equalities (9) and (10) can be obtained similar to the calculations above and calculations in [4], respec-
tively. O

In the following proposition, we find the number of the upper diagonal components, d5. ., and the lower

7 Ui 1/
diagonal components, dlzl., in eachregion G; (1 <i<g-1).

Proposition 2.13. Let L be given with the intersection numbers (o; p'; 8% &/; &85 y; ¢; ¢*), and let the number of the
upper diagonal components and the number of the lower diagonal components in G; be d¥,_| and d,, respectively.
Thenfor1<i<g-1,

dy;_; = max{c; — |Ti|, Tici} — max{0, Tici}, (11)
and
dlzi = max{ci - |Ti|, —TiC,‘} - max{O, —T,‘Ci}. (12)

Proof. First, we assume that there are upper diagonal components in the region G;. When T; < 0, from
Remark 2.11, we see d)), | + dlzl. = ¢;—|T}|. From Remark 2.3, G; has no lower diagonal components. Therefore,
we can write dy, ; = ¢; — |Ti|. When T; > 0, it should be dj, ; = 0 so that the curves do not intersect each
other. Equation (11) provides these properties completely.

When there are lower diagonal components in G;, we can find Equation (12) similar to the number of
the upper diagonal components. [

The twist numbers of each twist component of a multiple curve whose intersection numbers are given
are obtained by using Remark 2.7 and Theorem 2.10, which we can find these twist numbers with the
following proposition. The proof of this proposition is similar to the proof in [4].

Proposition 2.14. Let L be given with the intersection numbers (a; p; % &6 &0 v;¢;¢%). Let [T (1 <i < g—1)
and |T| be the total twist numbers in each regions G; and G*, respectively. Moreover, let m; and m* be the number of
the twist components, each with t; + 1 and t, + 1 twists, and let ¢; — d}). | — d’zl‘ —m; and ¢* — m* be the number of the
twist components, each with t; and t, twists in each G; and G, respectively. In this case,
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i =T (mod (6 — s —db)),  and = —10—" 13)
= dy g - dlzi

and
. Tyl —m"
= |Ty| (modc’), and t,= e (14)
where c; — dyy, | — dlzi #0,and c* # 0.

In Lemma 2.15, we define some auxiliary components that shall be used to calculate the number of the
visible above components denoted by u5? ;, and the number of the visible below components denoted by

b
u5! in the rest of the paper.

Lemma 2.15. Let L be given with the intersection numbers (a; p; % &5 &%y c¢"). For1<i<g—1,if

n+i —

ﬁn +iv1s then the number of the intersections of the twist components together with the total diagonals with the arc
ﬁn Y denoted by n;, is as follows:
i I | -
;= ﬁn+1+1 2‘8n+z ax{ ‘Bn+z ‘82+z+1 } (15)

Hence, we can find the number of the intersections of the twist components together with the total diagonals with the
arc ﬁf asc; — n;.
f
On the other hand, if B, .. > ﬁn i1
the total diagonals with the arc ,Bn .- denoted by ki, is as follows:

then the number of the intersections of the twist components together with

f
|ﬁn+1 ﬁn+i+1| G

ﬁnﬂ ﬁn+z+1 i i
" Puia TG : I (16)

2

ki = — max{0,

Hence, we can find the number of the intersections of the twist components together with the total diagonals with the

arc ,BMH1 as c; — k;.

Proof. When [3 < ﬁn +i+1» We can write the number of the intersections on the arcs ﬁf and ,Bi ,; as follows:

n+i n+i+1

Bl =i+ 20 Ul + (17)

b
ﬁn+1 =cG—n+ uZl + u;z (18)

From equations (17) and (18), we derive

) ﬁn+1+1 ‘Bn+1 TG . lf
i > i

When [3 > [3 ' ir1, We can find k; similar ton;. O

n+i

Remark 2.16. ([3]) In each region U;, for 1 < i < n, let the number of the loop components be denoted by
|b;|, where

BL=Bla

b = >

(19)
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If b; < 0, then the loop component is called left; if b; > 0, then the loop component is called right.

Now, we can find the number of the above and below components in each U; (1 < i < 1), and the number
of the visible above, visible below, invisible above, and invisible below components ineach G; (1 <i < g—1).

Theorem 2.17. Let the number of the above and below components in each U;, and the number of the visible above,

visible below, invisible above and invisible below components in each G; be denoted by us; 1 ”Zi' uy 4, ugf?, u%ﬁl
and ”zi , respectively. Moreover, let A = {a,b,va, vb,v'a, v'b}. For the function A : ZBMSg > \ {0} = Zxo
ul = A B85 88 5600,
where for 1 <i < g—1and each x € A, if |T;| # 0, when ,Bnﬂ < ‘Bn+z+1’
A% (a5 B5 & &y 0) = anica — [bil, and AS(a; B % 05 €85 05¢%) = ani — b, (20)
AZ (BB e yiee) = & — Tl - maxi{n; — dby, Tj) + max{0, T} - /, 1)
A B 8% €8 s ¢) = &), — ITil - maxin; — d¥_,, ~Ti} + max{0, T4} - I/; (22)
when Bl > Bl ...
A BT BY & &y c¢) = anica — [bil, and fia; B3 8% &5 €y 65 ¢) = ani — Ibil,
AE (@ BB e yi6e) = &L — Tl - maxic; — ki — dby, Ti) + max{0, T} - , (23)
AL (@ B85 & & ysci¢h) = &~ 1T = maxde; — ki — %y, ~Ti) + max{0, ~Tj) - 1/; (24)
ifITi| =0,
A% (B B5 &5 & e 0) = anica — [bil, and AS(a; B55 B &85 €8y 5 ¢%) = ani — 1B,
AT (@ BB E e = &L — maxdp(e), dé‘i, -1, (25)
N5 Bl B &0 8 ysc:0) = &, — max(p(ei), diy) — I (26)
Moreover,
ASE (B BY & ey ey = & = 1, and A5 (a; B3 % &85 & i) = &5, - L. (27)

Proof. The proofs of Equations (20) are obvious since each above and below component intersects a;_1 and
a;, respectively (see Figure 3).

Let |Ti| # 0. When p/ . <

components together with the total diagonal components with the arc ,Bf

i S ﬁn +ir1- from Lemma 2.15, the number of the intersections of the twist

111 18 ;. When we subtract the
number of the lower diagonal components (Figure 6d) from n;, the arc éjzci_l intersects n; — db, times with

the twist components. The arc 5;‘—1 also intersects l{ times with the visible genus components (Figures 6a
and 6b), uy; , times with the visible above components (Figure 6e), and by the total number of twists, |Tj.

When T; > 0, cEJ;H intersects by the total number of twists; whereas when T; < 0, chZ(H intersects by the total
number of twists and #; — dlzl.. That is,

&1 = ITil+ maxin; — dy, T = max(0, T + 1] +ut
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Hence, we get Equation (21) as follows:

uy | = 5;_1 —|T;] — max{n; dzl, T;} + max{0, T;} — lf

Similarly, in addition to the number of the visible genus components and the visible below components,

when T; > 0, 612(1, intersects by the total number of twists and n; — d),._,; whereas when T; < 0, 612(1, intersects
by the total number of twists. Hence,

f = |Ti| + max({n; — d5,_,, —Ti} — max{0, —T;} + lf + “zl
From here, we can write Equation (22) as follows:

ugf’ =& |T;| = max{n; — d5,_,, =Ti} + max{0, -T;} - lif.

When ﬁf P ﬁn +i+1- We can derive Equations (23) and (24) with the similar derivations of Equations (21)
and (22) using Lemma 2.15.
Let |T;| = 0. In this case, in addition to the visible genus components and the visible above components,

EJZCH intersects either the curve ¢; or the upper diagonal components (see Remark 2.4). That is,

5271 = uy , +max{p(ci), dy;_,} + lf

vb is also derived in the same manner.

Thus, we obtain Equation (25) as u5? | = 612:._1 —max({p(c;),dy;,_,} - lf
From Remark 2.3, &b | intersects only invisible genus components and invisible above components,

and &8, intersects only invisible genus components and invisible below components. Thus, we can write
va _ ¢b _qb b _ b _qb
Uply = &g —l,and oy =& -1
O

Example 2.18. Let (6,2,4,2,5,1;8,6,4,6,7,2;3,0;5,4,6,6;4,1,0,0;2,5,3; 3, 3;0) be the intersection numbers
of a multiple curve L € L33 with the corresponding arcs and the simple closed curves ¢; and c* in S33.
Moreover, T1 > 0 and T> < 0. We shall show how we draw L from the given intersection numbers.

First, we find the number of each path component in each region G; for i = 1,2, and in G*, respectively.
From Theorem 2.9, we have l{ =0, 112( =1, IJ; =1, lll’ =1, lg = 0, and lg = 0. Namely, there is one right
invisible genus component; however, there is not any visible genus component in the region G;. In Gy,
there is one right visible genus component and no invisible genus component. In G*, there is one visible
genus component and no invisible genus component.

According to Theorem 2.10, |T1| = 1, [T5| = 4, and since ¢* = 0, |T3| = 0. That is, the total twist number
of the twist components in the region G; is 1. The total twist number of the twist components in G, is 4;
however, there is not any twist in G*. From Theorem 2.12, we observe that since ¢; # 0 and c; # 0, there are
no curves ¢; and ¢, in the regions G; and G;. Further, we have p(c*) = 2. Therefore, there are two curves c*
in G".

We can find the number of the upper and lower diagonal components using Proposition 2.13 in each
Gi, i=1,2. We know that T1 > 0. Thus, d{ = 0 and d’z =2.

While there are two lower diagonal components in the region G, there are no upper diagonal compo-
nents. From Remark 2.11, since |T,| is greater than ¢, there are no lower and upper diagonal components
in Gz.

We calculate the twist numbers of each twist component of L in each G; and G* by Proposition 2.14. In
Gy,m =0,t1 =1,and 1 —d;‘—d’z—ml =1.

Therefore, there is one twist component which has one twist; however, there is not any twist component
witht; +1=1+1=2twistsinGy. InGy, ma =1, 1, =1,and ¢ —d¥ —d' —mp = 2.
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Thus, there are two twist components, each with one twist and one twist component which has t, +1 =
1+ 1 =2 twists in G,. Since ¢* = 0, there is no twist in G*.
According to Lemma 2.15, due to ﬁ{ < ﬁg, np = 2. Hence, the number of the intersections of the twist

components together with the total diagonals with the arc ﬁg in Gy is 2. The number of the intersections of
the twist components together with the total diagonals with the arc ,Bf; inGyisci—n1=3-2=1. In Gy,
due to ,Bg > ‘Bé, ko = 3. Thus, the number of the intersections of the twist components together with the total
diagonals with the arc ﬁg in Gy is 3. The number of the intersections of the twist components together with

the total diagonals with the arc ,Bg inGyiscy -k, =3-3=0.

We find the loop components in each region U;, i = 1,2,3 by Remark 2.16 asb; =1, b, =1, and b3 = —1.

Namely, there is one right loop component in U, one right loop component in U,, and one left loop
component in Us.

We calculate the number of the above and below components in each U; (1 < i < 3), and the number of
the visible above, visible below, invisible above, and invisible below components in each G; (1 < i < 2) by
using Theorem 2.17. Since uj =5, ug =1,uf =3, uZ =1,uf =4, and “Z = 0, we have five above components
and one below component in Uj, three above components and one below component in Uy, and four above
components and zero below component in Us.

Since |Ty| # 0 and ﬁf: < ﬁg in Gi; u% = 4 and 43’ = 1. Moreover, 4" = 3 and u3” = 0. There are
four visible above components, one visible below component, three invisible above components, and no

invisible below component in G;.

Since |T»| # 0 and ﬁg > ﬁg in Gy; u§" = 1 and u%” = 1. Moreover, u5* = 0 and u3” = 0. There are one
visible above component, one visible below component, zero invisible above component, and zero invisible
below component in G,. The calculated path components in each Uj;, G;, and G* are connected in a unique

way up to isotopy. Thus, the multiple curve L in Figure 8 is determined uniquely.

Figure 8: The multiple curve L with the intersection numbers (6, 2,4,2,5,1;8,6,4,6,7,2;3,0;5,4,6,6;4,1,0,0;2,5,3; 3,3; 0)

In the light of all this information, we have the following theorem.

Z3n+8g75

Theorem 2.19. The geometric intersection function \ : Ly, — Z

\ {0} given by Definition 2.1 is injective.

Proof. The numbers of above, below, right loop or left loop components in each region U; (from Theorem 2.17
and Remark 2.16, respectively), the numbers of curves c*, visible genus, invisible genus, twist components,
the total twist of twist components and the number of twists of each twist component, the direction of
these twists in the region G* (see Theorem 2.12, Theorem 2.9, Definition 2.5, Theorem 2.10, Proposition 2.14,
and Remark 2.8, respectively), the numbers of curves c, visible left genus, invisible left genus, visible right
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genus, invisible right genus, upper diagonal, lower diagonal, visible above, invisible above, visible below,
invisible below, twist components, the total twist of twist components and the number of twists of each
twist component, the direction of these twists in each region G; (as obtained in Theorem 2.12, Theorem 2.9,
Proposition 2.13, Theorem 2.17, Definition 2.5, Theorem 2.10, Proposition 2.14, and Remark 2.8, respectively)
are calculated as given in this paper and as in Example 2.18, and the path components in the regions U;,
G;, and G are combined uniquely up to isotopy by giving a direction to the twist components. Hence, 1) is
injective. [

3. Conclusion

In this work, we have generalized the approach, which describes each multiple curve on the standard n-
times punctured disk and punctured orientable genus-1 surface which has one boundary, to the orientable
surface of genus-g which has n punctures and one boundary component by using the multiple curve’s
geometric intersection number with the embedded curves in this surface. It is thought that the previous
works on curves on the disk, such as solving the word problem in the braid group [1, 2], calculating the
topological entropy of an braid [5], and computing the geometric intersection number of two multiple
curves on the disk [9], can be expanded to this surface in the future by using the formulas proposed in this
work. It is the author’s intention that this paper on multiple curves on the punctured orientable genus-g
surface with one boundary will provide a useful reference for researchers who want to study this subject.
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