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Remarks on R-Separability of Pixley—Roy Hyperspaces
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Abstract.

Let PR(X) denote the hyperspace of nonempty finite subsets of a topological space X with the Pixley-
Roy topology. In this paper, motivated by [4], we introduced cf-covers and rcf-covers of X to establish
the R-selective separability and the M-selective separability in PR(X) under the Pixley—Roy topology. We
proved that the following statements are equivalent for a space X:

(1) PR(X) is R-separable (resp., M-separable);

(2) X satisfies S1(Cycf, Cref) (resp., Stin(Cref, Cref));

(3) X is countable and each co-finite subset of X satisfies S;(C.f, Ccf) (resp., Siin(Ces, Cef));

(4) X is countable and PR(X) has countable strong fan tightness (resp., PR(X) has countable fan tightness).

1. Introduction

Throughout the paper all spaces are assumed to be infinite and T;. IN denotes the set of natural numbers.
w is the first infinite ordinal.
Let PR(X) be the family of all nonempty finite subsets of a space X. For A € PR(X) and an open set
UcX,let
[A, U] ={BePR(X): AcBc U}

The family
{[A, U] : A € PR(X), U is open in X}

is a base of PR(X) for the Pixley—Roy topology [11] on PR(X).

Let A and B be collections of sets of an infinite set X.

S1(A, B) denotes the selection principle: for each sequence {A, : n € IN} of elements of A there is a
sequence {b, : n € IN} such that b, € A, for each n € N and {b,, : n € N} is an element of 8.

Siin(A, B) denotes the selection principle: for each sequence {A, : n € N} of elements of A there is a
sequence {B, : n € IN} such that B, is a finite subset of A, for each n € N and |J,,p B € 8.

An open cover U of a space X is called an w-cover of X if every finite subset of X is contained in a
member of U and X is not a member of U. A family & of subsets of a space X is called a m-network of X if
for each open set U of X, there exists M € & such that M c U.
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For a space X, we write

e ) : the collection of w-covers of X;
e I, : the collection of m-networks of X;
e D : the collection of dense subsets of X.

A space X is R-separable [1, 6] if for every sequence {D, : n € IN} of dense subsets of X, there exists
x4 € D, such that {x, : n € IN} is dense in X. So a space X is R-separable if and only if X satisfies S1(D, D).
A space X is M-separable [1, 2, 14] if for every sequence {D, : n € IN} of dense subsets of X, there exists a
finite subset F,, C D, for each n € IN such that |, Fi is dense in X. So a space X is M-separable if only if
X satisfies Sin(D, D).

In the theory of selection principles, w-covers play notable roles since they were introduced by J. Gerlits,
Zs. Nagy [5]. Some well-known dualities of selection principles between X and PR(X) were established
in terms of w-covers. M. Scheepers obtained that [14, Corollaries 11 and 24] for a subset X of the real line,
PR(X) satisfies S1(D, D) (resp., Siin(D, D)) if and only if X satisties S;(€, Q) (resp., Siin(Q, Q). By results of
M. Sakai [13], M. Bonanzinga, F. Cammaroto, B.A. Pansera, B. Tsaban [3, Theorem 2.21] pointed out that for
a countable space X, PR(X) satisfies S1(D, D) (resp., Siin(D, D)) if and only if all finite powers of X satisfy
Sl (H(u/ Ha)) (reSp-, Sfin (H(ur Ha)))'

On the other hand, from several examples [Examples 2.9, 2.14 and Remark 2.15] of this paper, it shows
that w-covers don’t characterize the dual properties of selection principles between a general space X and
its hyperspace PR(X). We should introduce new covers different from w-covers of X [Examples 2.5 and 2.6]
to be dual to selection principles in the hyperspace PR(X). Thus the following question arises.

Problem 1.1. For a space X, find the collections A and B of X such that:
PR(X) is R-separable &< X satisfies S; and PR(X) is M-separable <= X satisfies Sip

G.Di Maio, Lj.D.R. Ko¢inac and E. Meccariello [4] investigated S1(A, A) and Siin(B, B) in 2X under co-
compact topology F* and co-finite topology Z* when A is the collection of w-covers and B is the collection of
k-covers of X, and Lj.D.R. Ko¢inac [8] studied selection principles of Pixley-Roy topology. More information
about Fell topology, the Vietoris topology and function spaces issues can be found in [9, 10].

In this paper, motivated by these co-subset ideas, we introduced cf-covers and rcf-covers of X to study
S1 (D, D) and Sﬁn(D, 1)) in PR(X).

2. Main results

Definition 2.1. A subset U of X is called a co-finite subset of X if 0 < |X — U| < w. A family U consisting of
co-finite subsets of X is said to be a co-finite family of X.

Definition 2.2. Let X be a topological space. A co-finite family U of X is called a regular co-finite cover
(briefly, rcf-cover) of X, if for any closed set C and any nonempty finite set F with F N C = 0, there exists
UeUsuchthatCcUand FNU = 0.

Definition 2.3. Let Y € X. A subset U of Y is called a co-finite subset of Y if 0 < |[Y — U| < w. A family U
consisting of co-finite subsets of Y is called a co-finite family of Y.

Definition 2.4. Let Y ¢ X. A co-finite family U of Y is called a co-finite cover (briefly, cf-cover) of Y, if for
every C C Y closed in X, there exists U € U such that C C U.

For a space X, we write

¢ Cy.f @ the collection of rcf-covers of X;
e C.s : the collection of cf-covers of each Y C X.

Obviously, we have
Cref SQand Cy S Qforeach Y C X.
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Example 2.5. Let R be the set of real numbers. Put U = {R - {%} :n € IN}. Then U is a co-finite w-cover of
R. Let C = {% :n € N} U {0} and F = {2}, then C is closed and F is nonempty finite with F N C = (. There is

no U € U suchthat Cc Uand FNU = 0. So U is not an rcf-cover of R.

Example 2.6. Let Y = [0,1] € R and C the Cantor set of Y closed in R. Put U = {Y — {x} : x € C}. Then U is
a co-finite w-cover of Y. There is no U € U such that C c U. So U is not a cf-cover of Y.

For a subset U C X and a family U of subsets of X, we write:
U=X-Uand U ={U°: U e U}.

Theorem 2.7. For a space X, the following are equivalent:
(1) PR(X) satisfies S1(D, D);
(2) X satisfies S1(Crcf, Cref)-

Proof. (1)=(2) Let {U,, : n € N} be a sequence of rcf-covers of X. For each n € IN, U, is a dense subset of
PR(X). Indeed, let [A, V] be a basic open subset of PR(X), then X — V is closed and A is nonempty finite with
AN(X—-V)=0. Thereexists U € U, suchthat X—V cUand ANU=0. ThusAc U cV,ie, U €[A, V]
Since PR(X) satisfies S1(D, D), there exists U, € U, for each n € IN such that {U; : n € N} = PR(X). We
show that {U, : n € IN} is an rcf-cover of X. In fact, let C be a closed set and let F be a nonempty finite
set with CNF = 0. Then [F, X — C] is an open subset of PR(X). Thus [F,X - C]N{US : n € N} # 0. Let
U € [F, X = C]. Then C C Uy and F N Uy = 0. So X satisfies S1(Crcf, Cref)-

(2)=(1) Let {D,, : n € N} be a sequence of dense subsets of PR(X). For each n € IN, D, is an rcf-cover of
X. Indeed, fix n € IN. For a closed set C and a nonempty finite set F with CNF = §, then [F, X — C] is an open
subset of PR(X). There exists D € D, such that D € [F, X — C]. Thus C ¢ D and F N D¢ = 0. By (2), there
exists D, € O, for each nn € N such that {D;, : n € IN} is an rcf-cover of X. Hence {D,, : n € N} = PR(X). So
PR(X) satisfies S1(D, D). O

Theorem 2.8. For a space X, the following are equivalent:
(1) X satisfies S1(Cref, Cref);
(2) X is countable and each co-finite subset of X satisfies S1(Ccf, Ccf).

Proof. (1)=(2) Suppose that |X| > w. For eachn € N, let U, = {X - A : A € [X]*“\{0}}, where [X]** ={A C
X : Ais finite}. Then {U, : n € IN} is a sequence of rcf-covers of X. There exists X — A, € U, for each
n € IN such that {X — A, : n € IN} is an rcf-cover of X. Take x € X — | J,eny An and put F = {x}. There is no
X —Ar e{X—A,:n €N} such that FN (X — Ay) = 0, a contradiction.

Let Y be a co-finite subset of X and {U, : n € IN} a sequence of cf-covers of Y. For each n € IN, put
W, ={U-B:UeU,,Be[Y]*} Let

W, =W, | Iy =FO) UF?: FD e [v]%, FO e [YT“\{O\{X).

Then W, is an rcf-cover of X. Indeed, let C be a closed set and F a nonempty finite set with F N C = (. Let
F=F UF,, whereF; c Yand F, C Y.
Case 1. If C C Y, take U € U, such that C c U since U, is a cf-cover of Y. Then U - F; € W, c ‘W,
such that
CcU-FandFn(U-Fy)=0.

Case2. IfC—Y # 0, then Y°—F, # @since F;,NC = 0. Let FY) = F;, F® = Y —F,, then (Y-FD)UF® € W,
such that
Cc(Y-FMUF?and FN[(Y - FY)UF?] = 9.

By (1), there exists W,, € W, for each n € IN such that {W, : n € N} is an rcf-cover of X. Arrange
{W, : n € N}into
{W;; :neNyjtU {WZ :n € Ny},
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where
W, =U,-B,eW,(neNy), W = -F"UF? 1€ N,), N;UN, = N and N; NN, = 0.

For each n € N, if n € Ny, take U,, € U, such that U, — B, = W;, € W/, if n € Ny, take any U,, € U,,. Then
{Uy : n € N} is a cf-cover of Y. In fact, let C C Y be closed in X, there exists k € IN; such that C ¢ W, and
W, NY* =0since (W), :n € N1} U{W}] : n € Ny} is an rcf-cover of X and Wy N Y¢ # 0 for any n € N,. Thus
CCW};Z Uy — B C Ug.

(2)=(1) Put [X]<“\{0} = {A,, : m € N} since X is countable. Let {U, : n € IN} be a sequence of rcf-covers
of X. Rearrange {U, : n € N} as {U,,, : n,m € N}. For each n,m € N, let

(Wn,m ={Uce (Lln,m tUNA, =0}

Then {(W,,,, : n € N} is a sequence of cf-covers of X — A,,. There exists U, ,, € W, ,, such that {U,, ,,, : n € N}
isacf-cover of X — A,,. Itis clear that each U, ,, € U, ,n. We show that {U,,,, : n,m € N} is an rcf-cover of X.
Let C be a closed set and F a nonempty finite set with CN F = 0, there is A, € [X]*“\{0} such that F = A,,;
moreover, C C X — A,,. There exists Uy, € {Up, : 1 € N} C {Uyn : n,m € N} such that C C Uy,,. Thus
C C Uk and Ay N U, = 0. So X satisfies S1(Crer, Crep). O

Example 2.9. The following two examples show that S1(Q, Q) # S1(Cycf, Cyef)-

1. Let S, = N? {0} be the sequential fan, where each (n,m) € IN? is isolated in S, and a basic open
neighbourhood of 0 is the form J,cn{(n, k) : k > m,,} | {0}, where m,, € IN. Obviously, S, satisfies S1(€2, Q)
since S, is countable. Let Y = IN?, then Y is a co-finite subset of S,,. Let U, = {Y — {(n,m)} : m € IN}, then
{U, : n € N} is a sequence of cf-covers of Y. Take any Y — {(n, m,)} € U,, and put C = {(n,m,) : n € N}, then
C c Yisclosed in X. Thereisno Y — {(k, my)} € {Y — {(n, m,)} : n € IN} such that C C Y — {(k, my)}. So Y does
not satisfy S1(C.f, Ccs). By Theorem 2.8, S, does not satisfy S1(Crf, Crcr).

2. Assuming CH, let L be the Lusin set of Theorem 2.13 in [7]. Then L satisfies S;(€2, Q). By Theorem
2.8, L does not satisfy S1(Cycf, Cycr) since it is uncountable. So S1(Q, Q) # S1(Cicf, Crep)-

A space X is said to have countable strong fan tightness [13], if for each x € X and each sequence {A,} eN
of X with x € (),en A, there exists x,, € A, such that x € {x,, : n € N}.

Theorem 2.10. For a space X, the following are equivalent:
(1) PR(X) has countable strong fan tightness;
(2) Each co-finite subset of X satisfies S1(Cf, Cef)-

Proof. (1)=(2) Let Y be a co-finite subset of X and {U,, : n € IN}asequence of ¢ f-covers of Y, then {U, : n € IN}
is a sequence of subsets of PR(X) and Y* € U, for each n € IN. In fact, let [A, V] be a neighbourhood of Y,
then X -V Cc Y Cc X — A. There exists U € U, such that X — V c U C Y. Thus U° € [A, V]. Since PR(X) has
countable strong fan tightness, there exists U, € U, for each n € N such that Y € {U;;: n € IN}. LetCC Y
be a closed set in X, then [Y¢, X — C] is a neighbourhood of Y. Thus [Y¢, X — C] N {U, : n € N} # 0. Take
Uz € [Y9, X = C], then C C Ui. So {U,, : n € N}is acf-cover of Y.

(2)=(1) Let {A, : n € IN} be a sequence of subsets of PR(X) and A € A, NPR(X) for each n € N. Denote
B, ={B e A, : AcCB}, then B is a cf-cover of A°. Indeed, let C C A° be closed in X, then [A, X - C] is a
neighbourhood of A. There exists B € A, such that B € [A, X — C]. Thus B € 8B, such that C ¢ B c A°. By
(2), there exists B, € B, such that {B, : n € N} is a cf-cover of A°. Hence A € {B, : n € N}. So PR(X) has
countable strong fan tightness. [

From Theorems 2.7, 2.8 and 2.10, we have

Corollary 2.11. For a space X, the following are equivalent:
(1) PR(X) is R-separable;
(2) X satisfies S1(Cyef, Cref);
(3) X is countable and each co-finite subset of X satisfies S1(Ces, Cef);
(4) X is countable and PR(X) has countable strong fan tightness.
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Theorem 2.12. For a space X, the following are equivalent:
(1) PR(X) satisfies Stin(D, D);
(2) X satisfies Sfin(Cref, Cref)-

Proof. (1)=(2) Let {U,, : n € IN} be a sequence of rcf-covers of X. For each n € IN, U, is a dense subset
of PR(X). By (1), there is a finite subset V,, C U, such that |, V5 = PR(X). Let C be a closed set, F a
nonempty finite set with FNC = 0. Then [F, X—C]is an open subset of PR(X). Thus [F, X—C]N(U,en V5) # 0.
Let U € [FX - CI N (Upen V5)- Then U € U,eny Vi such that C c Uand FNU = 0. So U,en Vi is an
rcf-cover of X.

(2)=(1) Let {D,, : n € IN} be a sequence of dense subsets of PR(X), then {D, : n € IN} is a sequence of rcf-
covers of X. There is a finite subset 8, C D, such that | J,n B, is an rc f-cover of X. Thus J,,en By = PR(X).
So PR(X) satisfies Ssin(D, D). O

In a similar way as in Theorem 2.8, we obtain

Theorem 2.13. For a space X, the following are equivalent:
(1) X satisfies Sin(Cycf, Cref);
(2) X is countable and each co-finite subset of X satisfies Ssin(C.f, Cc).

We shall now give two examples of Sfin(€2, Q) # Stin(Cref, Cref)-

Example 2.14. R is o-compact and pIN is compact. By Theorem 2.2 in [7], R and BN satisfy Sfn(€2, Q).
By Theorem 2.13, R and SIN do not satisfy Sin(Cycf,Cycr) since they are uncountable. So Sfin(Q2, Q) #
Sfin(Crcf/ CrCf)'

Remark 2.15. From Theorems 2.7, 2.8, 2.12 and 2.13, it implies that “X has property S1(Q, Q) (resp.,
Sin(Q2,Q))” and "PR(X) has property S1(D, D) (resp., Siin(D, D))" are not equivalent. So (2) and (9) of
Corollaries 11 and 24 in [14] are not equivalent for general spaces.

A space X is said to have countable fan tightness if for each sequence {A,},en of subsets of X and
X € (,en An, there exists a finite subset B,, C A, such that x € (J,,cp Bn-

Theorem 2.16. For a space X, the following are equivalent:
(1) PR(X) has countable fan tightness;
(2) Each co-finite subset of X satisfies Sgin(Ccf, Ccf).

Proof. (1)=(2) Let Y be a co-finite subset of X and {4, : n € IN} a sequence of cf-covers of Y. Then
{US : n € N} is a sequence of subsets of PR(X) and Y¢ € (L_I,ﬁ for each n € IN. Since PR(X) has countable
fan tightness, there is a finite subset V,, ¢ U, such that Y € J,en V5. Let C C Y be closed in X, then
[Y¢, X — C] is a neighbourhood of Y¢. Thus [Y*, X — C] N (U,en V5) # 0. Let U° € [Y4, X = C]1 N (Upen Vi),
then U € J,,en Vi such that C c U. So U,en Vi is a cf-cover of Y.

(2)=(1) Let {A, : n € IN} be a sequence of subsets of PR(X) and A € A, NPR(X) for all n € N. Denote
B, ={B € A, : AcCB], then {8 : n € N} is a sequence of cf-covers of A°. By (2), there exists a finite
subset C,, C B,, € A, such that |, C5, is a cf-cover of A°. Thus A € J,en Cu- So PR(X) has countable fan
tightness. O

Combining Theorems 2.12, 2.13 and 2.16, we have

Corollary 2.17. For a space X, the following are equivalent:
(1) PR(X) is M-separable;
2) X satisﬁes Sfin(crcf/ Crcf)/
(3) X is countable and each co-finite subset of X satisfies Sf;,,(CCf,CC )
(4) X is countable and PR(X) has countable fan tightness.
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