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Abstract. In this paper, we investigate a system of twelve quaternion matrix equations. Using the real
representation of a quaternion matrix, we first derive the least-squares solution with the least norm to the
system. Meanwhile, we establish the solvability conditions and an expression of the general solution to the
system when it is consistent.

1. Introduction

Let R™", C"™" and Q™" be the set of all m X n real matrices, the set of all m X n complex matrices and
the set of all m X n quaternion matrices, respectively. The set of all quaternions is denoted by

Q= {qo +qui+qoj + @3kli* = =K =ijk=-1,90,q1,92,95 € R}-

For any given A € Q"™", the symbols A,AT, and A* stand for the conjugate of A, the transpose of A
and the conjugate transpose of A, respectively. The identity matrix of order n is denoted by I,. For
A = (a;j) € R™", B € RP*, the Kronecker product of A and B denoted by A ® B, is of the form

anB alnB
A®B=

amB - a,B
For A = Ag + Aqi + Az] + A3k, we have A = Ay — Aqi — Az] - A3k, AT = (Ao)T + (Al)Tl + (Az)T] + (A3)Tk,
A = (Ag)" = (A)Ti = (A2)"] — (A3)"k. For any given A = (a;;) € Q"™", we define vec(A) = (a],al,--- ,a})T,
where g;(i = 1,2,--- , n) is the ith column of A. We denote the Frobenius norm of A by ||A|| with given by

Al =
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The Moore-Penrose inverse of A € C"*" is denoted by A", which is the unique solution X to the following
equations:

(1) AXA = A, (2) XAX = X, (3) (AX)" = AX, (4) (XA)" = XA.

In 1843, William Rowan Hamiliton [2] discovered the quaternion. As is well known that quaternions form
an associative division algebra. Quaternion matrices play an important role in quantum physics, mechanics,
signal processing and so on [3, 9, 13, 16, 30].

Solving matrix equations has a relatively long history. Various solutions for matrix equations, like least
square solution, symmetric solution, anti-symmetric solution, have been investigated(e.g.[5-8, 11, 14,17, 18,
21, 24, 25, 29]). For example, Wang and He [4] gave a necessary and sufficient condition for the solvability
to the system of matrix equations

A1 X1 +7Z1B1 = Cy, AyZy + X5By = G,

and established an expression of the general solution when it is consistent. The general solutions of some
systems of mixed type generalized Sylvester matrix equations are also presented in [10, 15]. Rehman et al.
[17] investigated the exact solution to the following system

A3Xy = C3,Y1Bs = Cs,

F1Z1 = G1,21F2 = Gy,

AygXy = Cy,Y2By = Cs,
A1 X1 +Y1By +C1Z1D1 = E4,
Ay X5 +YoBy + CoZ1D; = Es.

Wang et al. [23] derived the least norm of the general solution to the following system of quaternion matrix
equations
A1 Xy = C, A X5 = Gy,
A3X1B1 + AyXoBr = G,

and then derived the least-squares solution with the least norm to the system of matrix equations in [26].
Yuan etal. [20, 22, 28] discussed the least-squares Hermitian solution of the matrix equation AXB+CXD = E
with the least norm over the quaternions, the split quaternions, respectively, and derived the least-squares
symmetric solution with the minimum norm of some matrix equations in [19]. To our best knowledge,
there has been little information on expanding the matrix equations mentioned above. In this paper, we
focus on considering the following system of matrix equations over the quaternion algebra:

A1Xy = Cp, A X = Gy,
Y1B1 = C3,Y2B2 = Cy,
Aszly = Cs,U1Bs = Cs,
Agqls = C7,UzBy = Cs, 1)
A15Vy = Cy, V1B1s = Cyo,
AsXq1 + Y1Bs + D1UE1 + F1V1Gy = Cqy,
AgXy + Y2Bg + DoUrEy + Fo V1 Gy = Cyp

where X;, Y;, U;(i = 1,2), and V; are unknown quaternion matrices, and other matrices are given. Using
the real representation of a quaternion matrix, we first derive the expression of the least-squares solution
with the least norm to the system (1), then we give the solvability conditions and the general solution to
the system (1).

We observe that the least-squares solution with the least norm of the system (1) can be formulated as
follows:
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Problem 1.1. Let A, = Ay + Api+ Apj+ Ak € Q"(t = 1,2,3,4,15), Dy, Fu, Eu, Gu € Q™"(u = 1,2), A, B; €
Q™"(i = 5,6), B1,By, B3, Bs, Bis € Q%, Cy,Cy, Cs,C7,Cy € Q™, Cs,Cy,Cg, Cg, C19 € Q™*, Cy1,C12 € Q™",
and

Hp = {[X1,X2, Y1, Yo, Uy, Us, V11|1X4, X2, Y1, Yo, Uy, Us, V1 € QP
A1 X1 — Cil* + |A2Xa — Col® + 11Y1By — Csl* + [|Y2By — Cal* + [|AsU; — Cs|I?
+[|U31Bs — ColP* + |AgUs — C7I* + [U2Bs — Cs|I* + 115V — Coll?
+||V1Bis — Ciol* + ||As X1 + Y1Bs + D1 UL Eq + F1V1Gy — Cilf?
+|A6 X2 + Y2Bg + DylULEy + F2ViGy — Coo?

. 2 2 2
- min (|)A1x10 ol + [|AsXa, = Golf + [|Y1,B1 - G
[X1g,X2g, Y19, Yoo Uiy, Uz, V1 1€Q"

+ Yoz = il + [Asy, = o[+ [t Ba = G + |Autin, = | + Ui, Bs - o
+ A5 Vs, = Coff" + || VaoBrs = Cuo||* + ||AsXa, + Y1,Bs + Dy, Ey + F1 Vi, Gy = Can ||’
+ [JA6Xa, + Ya,Be + Dally,Ex + F2V3,Go - C12||2)},

find [Xq,, Xo,, Y1,, Y2, Uy, Us, V1,] € Hy, such that

||[X11'X21'Y11' Yo, U, Uz, Vll]”z = HXLHZ + ”X21“2 + ”YllHZ + “YZIHZ + “u11||2
+ua "+ v

. 2 2 2
= min (||X1|| + 11X + (1Yl
[X1,X2,Y1,Y2,Uy, U, Vi ]€HL

Y2l + IULIE + [UI? + [ValP).

This article is organized as follows. In Section 2, we first recall some lemmas and the real representation
of a quaternion matrix. In Section 3, we derive the expression of the least-squares solution with the least
norm to the system (1), then give a necessary and sufficient condition for the solvability and an expression

of the general solution to (1). Finally, we present an algorithm and a numerical example to illustrate the
main results of this paper in Section 4.

2. Preliminaries

To study Problem I, we first recall some useful results which will be used in the sequel.
Let A = Ag + A1 + Azj + Ask € Q™. We define the real representation of A as follows:

Ay A Ay As
l-A Ay -As A
FA=\_4, Ay A Al

Ay -A, A A

It is easy to verify the following:

Lemma 2.1. [27] For A = Ay + A1i + Azj + Ask € Q™", we have that
(1) if A € Q™", B e Q™ then f(AB) = f(A)f(B);
(2)ifA,Be Q™" sand t € R, then f(sA +tB) =sf(A) +tf(B);
(3) f(A*) = f(A)T, for A € Q™.

Lemma 2.2. [1] The matrix equation Ax = b, with A € R"™" and b € R", has a solution x € R" if and only if

AAYD = b.
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In this case, the general solution can be expressed as the following
x=A'b+(I-A"A)y,

where y € R" is an arbitrary vector.

Lemma 2.3. [1] The least-squares solution to the matrix equation Ax = b can be expressed as
x=A'b+(I-A"A)y,

where y € R" is an arbitrary vector. The least-squares solution with the least norm of the matrix equation Ax = b is
x = A"

For any A = Ag + A1i + Ayj + Ask € Q™", we define A = © = (Ao, A1, Ay, A3). Clearly,

Al = 1184l = VIIAol? + |1l + [|A] + || A3]2,
and
A+B= @A + ®B-

Thus,
1©®443ll = |©4 + Ogll.

Let A = (A, A1, A, As) and

vec(Ag)
vec(Ar)
vec(Az)|”
vec(As)

VEC(A_)) = vec(®,) =

Then we easily have that

vec(Aop)
vec(A1)
vec(Ay)
vec(As)

I vec(A)|| = || vec(@4)|| =

In addition, ®p can be expressed as
Oap =(AoBy — A1B1 — AyBy — A3Bs, AgB1 + A1Bg + AyB3 — A3By, AgBy — A1B3
+ AzBo + A3B],AOB3 + AlB2 - AzBl + A3Bo)

B, B, B, Bs
-B1 By -B3 B

=(Ao, A1, A2, A3) _B, Bs By -B
-B; -B, Bi1 By
=0, f(B).
By the definition of A ® B, it follows that
(CT ® A) vec(B) = vec(ABC). 2)

PI‘OpOSitiOI‘l 24. LetA = A0+A1i+A2j+A3k € Q™" B = Bo+B1i+sz+B3k € Q™ andC = C0+C1i+C2j+C3k €
Q*Xt. Then

vec(Op)
vec@45c) = (IO ® A FO) © A1, (O @ 4, FOT @ )| Voo™
vec(Oxp)
vec(—B1) vec(—B;) vec(—B3)
where vec(®;p) = V‘(Ieii(—BEgz) ,vec(®jp) = :Zgggzg ,vec(Oyp) = Vfgc((_;z))

vec(B,) vec(—Bq) vec(By)
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Proof. By using (2), we have

®apc =O4f(BC)
By Bt By By|[Co C C G
ool h & B EIE G 88
—-B3 —-B, B By [|-C3 -C Co
=[(AoBoCo — A1B1Co — A2B2Co — A3B3Co — AgB1C1 — A1BoC1 — A2B3Cy + A3BoCy
— ApB>Cy + A1B3Cy — AByCy — A3B1Cy — AgB3Cs — A1BoCs + Az B1Cs — A3BCs)
(AgBoC1 — A1B1Cy — A3B,Cy — A3B3Cq1 + AgB1Cy + A1BoCy + A2B3Cy — A3B,Cy
+ AgB>C3 — A1B3C3 + A>ByC3 + A3B1C3 — AgB3Cy — A1BoCo + AB1Cy — A3Bo(C))
(AoB1Ca — A1B1Cy — A2B2Cy — A3B3Co — AgB1C3 — A1BoCs — AaB3Cs + A3BoCs
+ A9B>Cy — A1B3Cy + A2BoCo + A3B1Cy + AgB3C1 + A1B,C1 — AB1Cy + A3BoCq)
(A9BoCs — A1B1C3 — A3B,C3 — A3B3C3 + AgB1Cy + A1ByC; + A;B3Cy — A3B,Co
—ApB>Cq + A1B3Cy — ABgCy — A3B1C1 + AgB3Cy + A1BoCy — A2B1Cy + A3BoC3)]

Therefore,
VGC(@AB(:) = N1 + Nz + N3 + N4,
where
'(Cg ® Ag) vec(By) + (—CT ® Ag) vec(B) + (—Cg ® Ag) vec(B,) + (—Cg ® Ap) vec(B3)
Ni = (CT ® Ag) vec(By) + (Cg ® Ag) vec(By) + (C} ® Ap) vec(By) + (-C; ® Ag) vec(Bs)
1= (C¥ ® Ag) vec(Bo) + (—C} ® Ap) vec(B1) + (CL? ® Ag) vec(B) + (Ci ® Ag) vec(B3)
| (Cz ® Ag) vec(By) + (Cg ® Ag) vec(B1) + (-C; ® Ag) vec(By) + (C; ® Ag) vec(Bs)
fct -cr -cI' -cr vec(By)
_ C% Cgl C72 —C% A Vec(B?)
= c; ¢ ct Cf © Aol | vec(B,)
c; ¢ -Cf vec(B3)
vec(By)
_ vec(B)
=(f(C)" ® A) VEC(B;) .
vec(B3)
Similarly,
[vec(—B1)] vec(—By)
No =(FO) @A) | e T L Ns = (AT @) | vectp?) |,
| vec(By) | vec(—Bq)
[vec(—B3)]
0o
| vec(Bo) |
Hence,
vec(Op)
vec@usc) = (FO) ® Ao, (O @ A, (O ® Ay, F(CO) ® As) 5555823 '
vec(Oxs)
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Proposition 2.5. Suppose that X = Xo + Xqi + Xaj + Xzk € Q™, then

where

vec(Qy)

vec(@ix)| >

vec(©jx) = K, vec(X),

vec(Oxx)
Ly, 0 0 O 0 -ILy O 0
0 Ly 0 O K= Li O 0 0
0 0 Iy O 710 0 0 —Lgl
0 0 0 Ink 0 0 Ink 0
—lnk 0 0 0 0 —lnk
0 I K= 0 0 Ly O
0 0o"™7|0 Lx O 0
0 0 Liy O 0 0

Proof. For any given X = Xo + Xqi + Xoj + Xzk € Q”Xk, we have

vec(®x)
vec(®ix)
vec(®jx)
vec(Oxx)

| K1

[ vec(Xp) + vec(X1)i + vec(Xz)j + vec(X3)k

_ |vec(—=X1) + vec(Xo)i + vec(—X3)j + vec(Xp)k
~ |vec(=Xp) + vec(X3)i + vec(Xo)j + vec(—X1)k
| vec(—X3) + vec(—X>)i + vec(X1)j + vec(Xo)k

'K,

vec(Xp)
vec(X1)
vec(Xs)
vec(X3)

Kir
K;

= Kk Vec()_()).
O

It follows from Propositions 2.1 and 2.2 that

vec(@axs) = (f(B)T ® Ag, f(B)T ® A1, f(B)" ® Az, f(B)" ® As)Kyye vec(X).

3. The solution of Problem I

From the above discussion, we now pay attention to solving Problem I and considering the system of

quaternion matrix equations (1).

Let Ay = Aw + Ani + Apj+ Ak € Q™" (t =1,2,3,4,15), Dy, F,,E,, G, € Q™" (u=1,2), A;,Bi € Q™"(i =

5,6), B1,Ba, B3, Bs, Bis € Q%, C1,Cy,Cs,C7,Co € Q™" C;,Cy,Cs, Cs, C19 € Q™,

have that _
fI)T®Aw fI)T®An fL)T®An fl)T ®Ans

SO OO OO oo o
SO OO OO OO OO
SO OO OO O oo
SO OO OO O OO

f(ln)T ® As f(In)T ® Az f(In)T ® Asp f(In)T ® Asz

0 0 0 0

C11, Clz € ann‘ Then we

nrs
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0 0 0 0
fU)T®Ayn fU)"®An fl)"®An f(I,)T ® Ay
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 R
Q=1 o 0 0 o |Kw
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
)" ®A0 fU)T®Aa fU)T ®Ase  f(In)T ® Ags)
0 0 0 0] 0 0 0 0]
0 0 0 O 0 0 0 0
fBN)T®L, 0 0 0 0 0 00
0 00 0 FB)T®L 0 0 0
0 0 0 O 0 0 0 0
0 00 0|, | o 00 0],
L=1 o 00 offw M= 0 o0 oK
0 0 0 O 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 O 0 0 0 0
FBs)T®L, 0 0 0 0 00 0
0 00 0 fBo)T®L, 0 0 O
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
f(ln)TT‘X’ Az fU)T®An  fL)T®An  f(I,)T®As
_| f(B3) ®I, 0 0 0 2
N = 0 0 0 0 K
0 0 0 0
0 0 0 0
0 0 0 0
fEDT®D1yy f(E)T®D11 f(E))'®D12  f(E1)T ® D13
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
W 0 0 0 0 o
Tf0)T®Aw  fU)®An fU)T®An  fU)T @A |
FBo) ®1, 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
| f(E2)"®Dyy  f(E2)" ®Da1 f(E2)T ® Dy f(E2)" ® Dos]

893
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0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
B 0 0 0 0 ,
5= 0 0 0 0 Ko
0 0 0 0
fIL)T®Ai50 fI)T®A1s1 fIn)T® A2 f(I)T ® Aiss
f(B15)T I, 0 0 0
fG)T®Fy f(G)T®F1 f(G)T®F, f(G)' ®Fi3
| f(G)T®Fy f(G)T®Fyn f(G)T®Fn f(Gy)T ®Fas ]
For P,Q,L,M,N,W, and S € Q"™", we define
T; =[P; Qi Li M; N; W; 511 =0,1,2,3),
,TO E(l)
L=|Til,e=]_ |,
T, 2
L es
['vec(Cy) ]
vec(Cy)
vec(Cs;)
vec(Cy) 4)
vec(Cs;)
| vec(Csi) | . _
el - VEC(C71’) (l - Or 1121 3)/
vec(Cs;)
vec(Co;)
vec(Cror)
vec(Cr1y)
[vec(Crai) |

and
R =(I-J3])T;3,

Z=(I+(I-R'R)TAITT3(I - R'R),
H=R"+(I-R'RZT;J3]37(1 - TIRY),
Su=1-]f3+ 3T Z(I - R'R)T5]3,
S1p = -Ji'Ti(I-R'R)Z,
S» = (-R'R)Z

From the results in [12], we have
L] L[
2| _ ot Tt T 2 2| _ t
[T3:| - (]2 H T3]2/H )/ |:T3:| [T3] - ]2]2 + RR ’

+
2| 2| 2|5n Se
T5||Ts| ~|[ST, S»l|
Theorem 3.1. Let A; = Ay +At1i+At2j+At3k € menlt =1,2,3,4,15,D, = DL10+Dllli+Du2j+Du3k/ F,=Fy+
Fu1i+F112j+Fu3k € annl u= 1/ 21A5/ A6/ B5/ B6/ El/ E2/ Gl/ G2 € annr Bl/ BZI B3/ B4/ B15 € QnXk/ Cl/ C2/ CS/ C7/ C9 €
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men, C3,C4,Ce,Cg,Cqp € ank, C11,Cp € ann and Ty, T1,T5,T3,¢e be deﬁned asin (4) Then

[vec(X))]
VeC(X)z)
vec(Y1)
Hp = {[X1, X2, Y1, Yo, Uy, Uz, V]| [vec(Ya) | = (3 = H' T3]}, H e + (I - J1J> — RRY)z¢, ®)
Vec(ljl)
vec(sz)
[ vec(V))]

where z is an arbitrary vector of appropriate order.

Proof. It follows from Proposition 2.4 and (3) that

141X1 = C1I” + |A2Xz = Cal® + 1Y1B1 = Cali” + [[Y2B2 — Calf* + [|AsUs — Cs|f?
+ [U1Bs — Coll* + |AsUz — CoI* + [U2Bs — Csli* + |A15 V1 — Colf?

+ [IV1B1s — Coll® + lAsX1 + Y1Bs + DiUL Eq + F1V1Gy — Cy

+ 16Xz + Y2Bs + DalloEz + F2Vi Gy — Coall®

= HVQC(@Ale_Cl)HZ + ”VQC(@AZXZ_CZ)HZ + ||V€C(@lel_C3)“2 + ||V€C(@y232_c4)||2
+ ||VeC(®A3U1—C5)”2 + ”VQC(@U133_C6)“2 + ”VeC(®A4U2—C7)”2 + ||V6C(@u234_cs)||2
+ ||VeC(@A15V1—Cg)H2 + HVGC@WBB—CN)”Z + ||VeC(®A5X1+YlBs+D1u1E1+F1vlcl—cn)||2

2
+ ||VeC(®A6X2+YZBG+D2U2E2+F2V1szclz)”

vec(@c,) ]|
VeC(QCz)
[vec (X1 ) ] vec (®C3 )
vec(Xn) vec(Oc,)
Vec(fl) vec(Oc;)
> (C]
=lr @ L M N W 7] vec(Y;) | - Zﬁﬁﬁeﬁj?
vee)| | vec(®c,)
vec( l{z) vec(Oc,)
|vec(V1)| |vec(®c¢,)
vec(®c,,)
,VeC(®C12)A
[vec(X))] ?
Vec(X:;)

vec(Ya) | —e
vec(ljl)
VeC(ljz)
[vec(V4),

|:]2] Vec(fl)
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By Lemma 2.2, it follows that

[vec(X))]
vec()
vec(Y1) + +
=[] e« [ [£])-
vec(U)

VeC(ljz)
[ vee(V1)]

and thus

vec(X))]
vece(Xy)
vec(Y1)
vec(Ya)| = (J5 = H'TsJ3, H e + (I - JiJo = RR")z.
Vec(ljl)
vec(lfz)
vec(V))]

O

896

Corollary 3.2. The system of quaternion matrix equations (1) has a solution X1,X,Y1,Y,, Uy, Uy, Vi € Q™" if

and only if

S Sw e=0
ST S» '

In this case, the solution set of the system (1) can be expressed as

[vec(X))]
vec(X2)
vec(Y?)
He = {[X1, X, Y1, Y2, Uy, Up, V3| [ vec(Ya) | = U} — HT T3]}, H e + (I - J3], — RR)z Y,
Vec(lfl)
VEC(ljz)
| vec(V))]

(6)

where z is an arbitrary vector of appropriate order. Furthermore, if (6) holds, then the system (1) has a unique solution

[X1, X2, Y1, Y2, Uy, Uz, V1] € He if and only if
J2| _ g2
rank [T3 = 28n".

In this case,

[vec(X))]
vec(X>)
vec(Y?)
He = {[X1, X2, Y1, Y2, Uy, Uy, V1| |vec(Ya) | = U4 — HT T3J3, H e § .
vec(lfl)
Vec(ljz)
| vec(V))]

(8)

©)
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Theorem 3.3. Problem I has a unique solution [X1,, X5, Y1,, Y2, Uy, Uz, V1,] € Hy, which satisfies

[vec(Xy,)]
vec(Xy,)
vec(Y7)
vec(yjz,) = (8 = H'T3J}, HD)e. (10)
vec(Uy,)
Vec(ll_;,)
[vec(V1)]

Proof. From (5), if the conditions in Theorem 3.1 are satisfied, then there exists a unique solution [X3,, X5, Y1,,
Y,,, Uy, Uy, V1,] € Hy for Problem I, and it can be expressed as (10). It follows from Lemma 2.2 and (10) that

: 2
min (||[X1, X3, Y1, Yo, Uy, Uy, V4| )
[X1,X2,Y1,Y2,Uy, Uy, V1]€H,

. 2 2 2 2 2 2 2
= min (||X1|| +1Xall” + [1Yall” + (Y2l + (ULl + U217 + (V4| )
[X1,X2,Y1,Y2,Uy,Us,V1]eH,L

‘VGC(X&)HZ + ”vec(}gz)”2 + ”vec(ﬁ)”2 + Hvec(lfﬂz)H2

= min (
[X1,X2,Y1,Y2,Uy, Uy, Vi]eH,
S 12 512 L2
+ Hvec(ul)| + ”V€C(U2)H + ||VeC(V1)|| )
- > 42
vec(X7)
Vec(iz)
vec(Y})
vec(Y?)
vec(ljl)
Vec(ljz)
_vec(\71)_

= min
[X1,X2,Y1,Y2,Us,Up, V1]€HL

By Lemma 2.2 and (5), we have

[vec(Xj,)]
vec(X,)
VE‘C(Y?,) +
VeC(Y_;,) = []2] e.
vec(Uy,)
vec(U)
[vec(V3)]

Therefore,

[vec(Xj,)]
vec(Xy,)
vec(Y1))
vec(Yy)| = U3 —H'Ts]3, H )e.
vec(U,)
vec(U)
[ vec(V3)]
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Corollary 3.4. The least norm problem

00, Xa, Yo, Yo, i U, VI =160+ [ v [ i+ P+ v

. 2 2 2 2
min (||X1|| +1XalI” + [1Y3lI” + (Y]]
[X1,X2,Y1,Y2,U1,Us,Vi]€HE

+ Ul + LI + 1ValP?)

has a unique solution [X1,, Xy, Y1,, Y2, Us,, Uy, V1,1 € H, which can be expressed as (10).

In particular, we can derive the expression of the least-squares solution for the following system of
quaternion matrix equations

A1X1 + Y1B1 + F1V1G1 = Cl,
A2X2 + YQBQ + F2V1G2 = CQ.

Corollary 3.5. Let Ay = Ajp + A11i + A12j + A13k, Ay = Axp + Ayl + Azzj + A23k € ann, B1,B; € ann,Fl =
Fio + Flli + Flzj + F13k, Fy =Fy + F21i + Fzzj + F23k € ann, G1, G2, Cl, C2 € ann' Then

Hpp = {[X1,X2, Y1, Y2, Vil|X1, Xa, Y1, Y2, Vi € Q™ |A1 X1 + Y1By + F1V1Gy — G

+[|A2Xs + Y2By + F2ViGy — Gyl

min ( (Ale, + Y11B1 + F1V11G1 - C1||2

B [X1,, X2, Y1;,Y2, V1, 1€Q"
2
+ ”Azle + YZIBZ + F2V11G2 - Cz” )}

Vec()f)l)
Vec(fz)
vee(Y1)| = (3 —H[ TsJ5 , HD ey + (I = J1 o, - RiR})z1
vec(Ys)
vec(V1)

=4 [X1, X2, Y1, Y2, V1]

where z; is an arbitrary vector of appropriate order,

p [ @A fU)'®An fU)" ®An  fl)' ® A,
1 = n2s
| 0 0 0 0
@) ®Aw fI)T®@An fI) ®@An  f(I) ®Ax
Ql_ anl
| 0 0 0 0
[fB)T®L, 0 0 0 _[fB)TeL, 0 0 0
Mr=1""" 0 o oK Ni={""7 0 o ofKe

W :f(Gl)T ®F f(G)®Fn f(G)'®F, f(G)'® F13] K.
"TIfG) " ®Fn f(G) ®Fn f(G) ®Fn f(G) @Fa| ™"

- Py Qo Mp Npo Wy
vec®

e = vec@)?]’le =|Pn Qn Mpn Nn Wpgf,
L : Pp QOpn Mp Np Wp

and . ;
R, = (1 - ]21]21)T13r
Zy= (I + (- RIR)Tus ]} JiT Tua(l - RIRp) Y,

H; = R} + (I- RjR)Z T13]3 J3'(I - T,4R)).
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In this case, the least norm problem

2 _ : 2 2 2 2 2
X300, X2, Yoo, Yoo Vil = | min (I + IXGIP + 122 + I + VA P)

has a unique solution [X1,, X2,, Y1,, Y2,, V1,] € Hr1 and it can be expressed as

Vec(X_{(J )
VeC(X_z)O )
vec(Yr)| = U} — H T3 I, H] )er.
vec(Yy,)
Vec(V_l)(J )

4. An algorithm and a numerical example

In this Section, we give an algorithm and a numerical example to illustrate the results of this paper. The
following Algorithm 4.1 provides a method to find the solution of Problems I. If the conditions (6) for the
system of matrix equations (1) holds, the following algorithm presents the numerical solution of Problem I
for X1,X5,Y1, Y5, U, Uy, Vy € ann_

Algorithm 4.1. 1. Input At = AtO + Atli + Ath + At3k € men,t =1,2,3,4,15,D, = D,y + Duli + Duzj +
Dll3k/ FIA = FIAO +Fl¢1i + Fllzj + FuSk € ann, u= 1/ 2/ A5/ A6/ BS/ B6/ El/ EZ/ Gl/ G2 € annr Bl/ B2/ B3/ B4/ B15 €
Q"™*,Cy,Cy,Cs,C7,Co € Q™",C3,Cy, Ce, Cs, C10 € Q™F, Cy1, C1p € Q.

2. Cornpute ]2, T3, R, Z, H, 511, 512, 522, e.

3. If (6) holds and [{,23] has full column rank, then calculate [X;,, X5, Y1, Yo, Uy, Uy, V1,] € Hg according

to (9). Otherwise go to the next step.

4. If (6) holds, then calculate [Xj,, X5, Y1,, Yo, Uy, Uz, V1,] € Hg according to (7). Otherwise go to the
next step.

5. Calculate [X3,, X3, Y1,, Y2, Uy, Uy, V1,] € Hr, according to (10).

To make sure that Problem I has a solution, for Algorithm 4.1, we always assume that the quaternion
matrix equations (1) is consistent. Thus the norms
T[]
I

Sii S .
S1T2 52

'
|| |T] _|Sn Swe
T | T> SlTZ Sy

7 N2:

7

-]

N =

are small.

Example 4.2, Letm = 8,1’1 = 51k = 6/ and Au = AuO + Auli + Aqu + AuSkl Bu = BuO + Buli + Bqu + BuBk/M =
1,2,...,6,15,D, = Dy + Dyi + szj + Dv3k, E, =Eyx+ Eni+ Eij + Ev3k,Fv = Fy + Fpi + szj + Fv3k, G,
Goo + Gpri + szj + Gk, v =1,2.
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-1 -1 0 0 -1 0 -1 -1 1 0
1 1.0 0 0 00 0 1 0
-1 1 1 1 1|,ynu=l0 -1 -1 -1 1,
1 1 0 -1 1 01 0 1 0

0 -1 1 -1 -1 0 -1 0 -1 1

-1 0 -1 0 0 -1 -1 1 1 -1
1 -1 0 0 0 0 -1 1 1 0
0 -1 1 1 -1|,Yms=|-1 0 0 1 -1,
0 1 1 -1 0 0 -1 0 -1 -1
1 -1 -1 1 0 0 1 -1 0 -1
0 1 0 1 1 1 0 1 -1 1
-1 0 0 0 0 0 1 -1 -1 1
0 -1 0 -1 -1|,up=|l0 o0 1 1 -1,
0 -1 1 -1 -1 0 1 1 1 0
1 -1 1 0 -1 1 -1 -1 0 0
1 1 -1 0 -1 00 1 0 0
-1 -1 1 -1 1 1 1 -1 0 1

0 1 0 1 -1|,uz=l0 0 -1 1 1|,
0 0 -1 -1 -1 01 0 01
0 -1 0 1 -1 0 -1 0 0 0
0 -1 0 1 0 1 1 0 0 1

0 1 0 -1 0 1 -1 0 -1 -1

1 0 0 -1 o|,un=|1 0 1 0 o0,
-1 0 1 -1 1 -1 0 1 -1 1

-1 0 0 -1 0 -1 1 0 -1 0]

1 -1 1 0 1 1 0 0 0 O

0 -1 0 1 1 1 1 1 -1 -1
1 0 1 1 -1|,Us=|-1 0 1 -1 0],
1 -1 0 0 1 1 -1 1 -1 -1
0 -1 1 -1 0 1 -1 -1 1 -1
1 1 0 -1 17 01 -1 0 -1
01 1 0 0 00 1 0 0

1 1 0 1 -1|,vu=l1 1 0o -1 -1,

1 -1 0 0 0 1 0 1 0 -1

o 1 1 1 -1 1 -1 -1 0 -1
-1 0 -1 -1 1 0 1 1 -1 -1
11 0 0 -1 0 -1 1 -1 0
10 1 0 -1|,vis=|-1 1 0 1 0],
00 1 0 -1 1 1 -1 -1 -1
-1 0 -1 -1 -1 1 1 0 -1 1

By using Matlab and Algorithm 4.1, we obtain N; = 3.4078¢7!!. According to Step 4 of Algorithm 4.1,
we know that the system (1.4) is consistent. We also compute that N, = 1.8907¢7'%,N; = 1.5100e™1°.

. 2
Moreover, since rank 7],
3

norm[Xi,, X5, Y1, Yo, Uy, Uy, V1,] € HE. We can compute |[[X1,, Xo,, Y1, Yo, Us,, U, V1,1 =[X1, Xo, Y1, Yo, Uy,

U,, V1]|| = 3.1508¢711.

= 700, we can see that the system (1) has a unique solution with the least
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5. Conclusion

In this paper, we have investigated the system of quaternion matrix equations (1) by the Kronecker
product, the Moore-Penrose inverse, and the real representation of a quaternion matrix. We derive the
least-squares solution with the least norm to the system. Meanwhile, we have also obtained the solvability
conditions and the formula of the general solution to (1). A numerical example has also been given to
illustrate the results of this paper.
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