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Abstract. Characterizations and explicit expressions of the generalized B-T inverse are given, this gener-
alized inverse exists for any square matrix and any integer. The relationships between the generalized B-T
inverse and some well-known generalized inverses are investigated. Moreover, an explicit formula of the
generalized B-T inverse is given by using Hartwig-Spindelbdck decomposition.

1. Introduction

Let C™" denote the set of all m X n matrices over the complex field C. Let A*, R(A), N(A) and rank(A)
denote the conjugate transpose, column space, null space and rank of A € C"™*", respectively. For A € C"*",
if X € C™™" satisfies AXA = A, XAX = X, (AX)* = AX and (XA)* = XA, then X is called a Moore-Penrose
inverse of A [14, 15]. This matrix X is unique and denoted by A*.

The core inverse and the dual core inverse for a complex matrix were introduced by Baksalary and
Trenkler [1]. Let A € C™". A matrix X € C”" is called a core inverse of A, if it satisfies AX = P4 and
R(X) € R(A), where R(A) denotes the column space of A, and P, is the orthogonal projector onto R(A).
And if such a matrix exists, then it is unique (and denoted by A®). Baksalary and Trenkler gave several
characterizations of the core inverse by using the decomposition of Hartwig and Spindelbéck. Many
existence criteria and properties of the core inverse can be found in [1, 2, 11, 12, 17, 18, 20] etc.

Let A € C™". A matrix X € C™" such that XA*! = Ak, XAX = X and AX = XA is called the Drazin
inverse of A and denoted by AP[5]. The Drazin inverse of a square matrix always exists and it is unique.
The smallest such integer k is called the Drazin index of A, denoted by ind(A). If ind(A) < 1, then the Drazin
inverse of A is called the group inverse and denoted by A*.

The DMP-inverse for a complex matrix was introduced by Malik and Thome [10]. Let A € C™" with
ind(A) = k. A matrix X € C™" is called a DMP-inverse of A, if it satisfies XAX = X, XA = APA and

AKX = AFA*. Tt is unique and denoted by AP*. Malik and Thome gave several characterizations of the
DMP-inverse by using the decomposition of Hartwig and Spindelbock [9].

The notion of the core-EP inverse for a complex matrix was introduced by Manjunatha Prasad and
Mohana [11]. A matrix X € C™" is a core-EP inverse of A € C™" if X is an outer inverse of A satisfying
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R(X) = R(X*) = R(AF), where k is the index of A. The such matrix X always exists, it is unique and denoted
by A®.

The (i, m)-core inverse was introduced in [18] for a complex matrix. Let A € C"™" and m, i € N. A matrix
X € €™ is called an (i, m)-core inverse of A, if it satisfies X = APAX and A™X = A/(A")!. If such X exists,
then it is unique and denoted by Afm.

In [6, Definition 1.3], Drazin introduced a new class of outer inverses in the setting of semigroups,
namely, the (b, ¢)-inverse. Let R be a ring and 4, b, c € R. We say that y € R is the (b, ¢)-inverse of a if we have

y € (bRy) N (yRc), yab = b and cay = c. (1)

If such y € R exists, then it is unique and denoted by al®9). The (b, c)-inverse is a generalization of the

Moore-Penrose inverse, the Drazin inverse, the group inverse and the core inverse. Many existence criteria
and properties of the (b, c)-inverse can be found in [3, 4, 6, 16, 19] etc.

The core inverse has several generalized forms, such as the DMP-inverse, the core-EP inverse and (i, m)-
core inverse. In the paper, we will investigate a generalization of the core inverse, namely, the generalized
B-T inverse, which also is a generalization of B-T inverse [2], the B-T inverse also called generalized core
inverse, let A € C"™", a matrix Aj, € C"™" which is equal to (A2A™)' is called the generalized core inverse of
A.

2. Characterizations and expressions of the generalized B-T inverse

In this section, we introduce a new inverse, which is a generalization of B-T inverse [2].

Definition 2.1. Let A € C™" and m,n € N. A matrix Ay, € C"™" satisfying
A;n — (An+1A+)‘l' (2)
is called the generalized B-T inverse of A.

It is seen from Definition 2 that A7, exists for every A € C"™" for m,n € N and is unique.
The next example says that the generalized B-T inverse of A is different from the generalized core inverse
of A.

Example 2.2. Let R be the ring of all bi-finite real matrices with transpose as involution and let ¢; ; be the

matrix in R with 1 in the (i, j) position and 0 elsewhere. Let A = }’ ¢;11,and B = A", now AB =} ¢;;, BA=1.
i=1 i=2

It is easy to check that A?A" = Y ¢;41; and A3A" = Y €11, that is A2A" # ASAT, which we can get that
i=3 i=4
Ay, # A°, thus the generalized B-T inverse of A is different from the generalized core inverse of A.

Example 2.3. The generalized B-T inverse is different from the DMP-inverse, core-EP inverse and (i, m)-core inverse,

123 1/5 0 0
where i,m are arbitrary. Let A =| 0 0 1 | e C3. Then it is easy to check that A°, = | 2/5 0 0 |, but
g
0 00 0 00
1 20 100
AT =10 0 0 [andA®=A® =10 0 0 |.
000 ’ 00

Proposition 2.4. Let A € C"™" and n € N. Then N(Ay,) = N((A™1)).

Proof. Let X € N(A;,), then A3, X = (A™!AT)X = 0, which implies (A" A")*X = 0. Taking involution on
(A™1ATX = 0, we can get X*((A"1AT))" = 0, that is X*"A""1AT = 0. Multiplying by A on the right side
of X*A"™1A"T = 0, we can get X*A™*! = 0, hence X € N((A"*)"). Conversely, let Y € N((A"!)), that is
(A"™1)*Y = 0. Then Y*A"*! = 0 by taking involution on (A"*1)*Y = 0. Multiplying by A" on the right side of
Y*A"™1 = 0, we can get Y*A"™1AY = Q. Taking involution on Y*A"™1AT = 0, we have (A" AY)'Y = 0, that is
A5, Y = 0. Thus N(43,) = N(A™)). O



S.Z. Xu, D.G. Wang / Filomat 36:3 (2022), 945-950 947

Remark 2.5. Let A € C"™" and n € N. Then, we have A, = 0 & (AIANYY & A™AY =0 © A" = 0. Thus,
Ay, = 0ifand only if A™1 = 0. That is, we can use the generalized B-T inverse of A to character the nilpotent matrix.

Proposition 2.6. Let A,B,U € C™" with B = UAU" and U is unitary matrix. Then for n € N, we have
B, = UAZ, U
Proof. Since

B;n — (Bn+1B+)+ — ((uAu*)n+l(uAu*)+)+ — (uAn+1A+u*)+ — U(An+1A+)+u*l
so we have By, = UAJ, U". [
Theorem 2.7. Let A € C"™" and n € N. Then the generalized B-T inverse of A is the (Pa(A™)*, Pa(A")*)-inverse of
Pa(A™).

Proof. Since the generalized B-T inverse of A is the Moore-Penrose inverse of A"*1A', and the Moore-Penrose
inverse of A" A" is the ((A"*1AT)", (A" AT)*)-inverse of A" AT, so we can get the generalized B-T inverse
of A is the (Pa(A")", P4(A")")-inverse of P4(A")*. O

By [1, Theorem 1], we have (A®)" = (A")® for any n € N, but it is not true for the generalized B-T inverse

123
of A, a counterexample can be found as follows: Let A=| 0 0 1 [ C¥®. Then it is easy to check that
0 00
1/5 0 0 1/25 0 0
Ap = 2(/) 5 8 8 , then (A;2)2 = 2/025 8 8 , it is trivial that (A;2)2 is not an idempotent matrix. By

the definition of the generalized B-T inverse of A, we have (AZ);2 = [(AD3(ANT = [A2(AD)]F = A%2(A?),
which is an idempotent matrix, thus we have (A2 ;2 # (A;z)2 by (A;Z)2 is not an idempotent matrix.

3. How to compute the generalized B-T inverse of A

Every matrix A € C™" of rank r can be represented in the form

3)

XK XL .
A 2

where U € C™" is unitary, = = 01l,, & - - - ® 4], is the diagonal matrix of the nonzero singular values of A,
whereo; >01>-->0: >0, 11+ +r,=r,and Ke C* and L € ¢ satisfy

KK*+ LL" =1T,..
The decomposition in (3) is known as the Hartwig-Spindelbock decomposition [9].

XK XL

Theorem 3.1. Let A = U[ 0 0

] U* be the Hartwig-Spindelbick decomposition of A as in (3) and n € N.

Then, we have

o _ (027910 LNV I
A = u[ 0 0 ]u . (4)
YK TL

Proof. Let A = U[ 0 0

] U be the Hartwig-Spindelbock decomposition of A as in (3) and # € N. Then

we have

)

n+1 n
An+1 - u[ (Z‘IE)) (Z‘Kg) XL ]u*’



S.Z. Xu, D.G. Wang / Filomat 36:3 (2022), 945-950 948

and
At = u[ IE; 8 ]u*, (6)
By (5) and (6), we have
ATIAT = u (EKP™ (EKFEL uu IZ; : ]u
A T T |
=11:<z§r (ZKﬁ*ZL:Lru:{; S]LF 7
—u (Z(I;)n 8 ]u

The rest is clear by the properties of the Moore-Penrose inverse. [J

Theorem 3.2. Let A € C™™, A;n is the generalized B-T inverse of A and m,n € N, then A;n is a {2, 3}-inverse of

A",
XK XL |, . . N . .
Proof. LetA=U 0 0 U be the Hartwig-Spindelbock decomposition of A as in (3) and # € N. Then
we have
n n-1
A" = U[ (Z(I)O (ZK)O XL }U*. ®)
By Theorem 3.1, we have
o KMt 0|, .
Agn=u[(( O)) O]U' 9)
By (8) and (9), we have
nae _qr| CK" EKEL || (EKDT 0|
ATAg, = U[ 0 0 uu 0 0 u
_ | EKOERDT 0,
= u[ 0 0 |Y"
By (9), we have
o qnge — | (@M 0 ] [ EOMEKDT 0]
AgnAAgn—U_ 0 O_UU 0 0 u
_y| @m0 [ @Ky (EK))T 0|
e 0 o |4
_yl @t o e
=U 0 0 U =Ag,
that is,
Ay A"AG, = Ag. (10)

By (10), we have A;n isa {2,3}-inverse of A" forn e N O
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In the following theorem, we will give the relationship between the generalized B-T inverse and Moore-
Penrose inverse.

Theorem 3.3. Let A has the Hartwig-Spindelbdck decomposition of A as in (3) and Ay, be the generalized B-T inverse
of A with n € N. If (ZK)")*(ZK)"'ZL = 0, then Agy i the Moore-Penrose inverse of A"

Proof. In the proof of Theorem 3.2, we have

wao an 17| EKEKDT 0], L [ €K (KL
A"A;,A _uh 0 O]uu[ 0 0 ]u
[ ExrEomt o | @K (@KL ],
=U 0 0 H 0 0 ]U
_y| ERERYERY (K (K (EK)IEL ]U*
B 0 0
_ul (=K (2K>”((2K>'3*<2K>"-12L ]U*/

thus, the condition such that A"Aj7,A" = A" is (ZK)"((ZK)")"(ZK)"'ZL = 0, which is equivalent to
(EK)MH(EK)(EK))H(EK)™1EL = 0, that is (EK)")H(EK)™EL = 0, so if (EK)")'(ZK)"1LL = 0, then

ATAG, A" = A" (11)

By (8) and (9), we have

o @t o] . [ @K (EKEL |
Az =u| £ O}UU[ p . }u
_ et o] @kt (=K EL |
U0 o H 0 0 ]U (12)
-u ((ZK)"();(ZK)" ((ZK)”)*(()ZK)”*ZL U
If (ZK)")'ZK(ZL)"! = 0, then by (12), we have
agyr = ] (ERNEK (@RI ],
_ [ EonER o],
=u 0 o [Y"
So,
(AgA")" = Ag, A" (13)

By Theorem 3.2, (11) and (13), one can prove Ay, is the Moore-Penrose inverse of A" by the definition of the
Moore-Penrose inverse. []
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