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Abstract. In this paper, we obtain super congruences

[-1)/r]

[-1r7]
Z (=1 (Dtpk— 1)H,% (mod p*) and Z (-1)F k(apk_ 1)H,f (mod p?),
k=1 k=1

where r € {1,2,3} and a is a p—adic integer. Also, we give new congruences involving binomial coefficients
and harmonic numbers.

1. Introduction

Harmonic numbers H,, are those rational numbers defined by
!
Hy=0, H,=) o forneZ’,
k=1
and for m € Z*, harmonic numbers of order m are those rational numbers given by

n
1
HO,m =0, Hn,m = Z W, fornezZ"*.
k=1

For a prime number p, let Z,, be the set of rational numbers whose denominator is not divisible by p. For
a € Zy, qp (a) is the Fermat quotient defined for a given prime number p by g, (a) = (ap‘l - 1) /p.
For an odd prime p and an integer 4, the Legendre symbol is defined by

4 0 if p|a,
(—) ={ 1 if a is a quadratic residue modulo p,
P —1 if ais a quadratic nonresidue modulo p.
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Note that

(P):{ 1 ifp=1 (mod 3),

3 -1 ifp=2 (mod 3).

The Bernoulli polynomial B, (x) is defined by

n

B,(x) = Z (?)Bix"‘i, forn >0,

i=0

where B,, are the Bernoulli numbers. In the special case, for x = 0, B,(0) = B,,.
In [12], ]. Wolstenholme discovered that for any prime number p > 3,

Hy1=0 (mod p?).
In [11], Z.W. Sun gave that for an odd prime number p,
Hy1-x = Hy (mod p),

p-1 Hio p-1 H2
Z T = -By3 (mod p)and Z Tk =B, 3 (mod p).
k=1 k=1

In [10], Z.H. Sun showed that for any prime number p > 3,

Hya = 3 (5)8r2(3) mod )

In [8], ]. Spiep obtained that for n € Z*,

i Hy _ Hu2 +H;
k 2
k=1
In [9], Z.H. Sun showed that for any prime number p > 3 and an odd number m € {1,3,...,p — 4},

m(@m+1) Bp-o-
Hyam = ( > )p _pz _mmPZ (mod p?),

and

Hp-122 =0 (mod p).
In [3], L. Elkhiri et al. gave that for an odd prime number p,
- _P(P 1y 3 3 5 )
Hpp51 = —¢ (g)Bpfz (g) = 50(3) + 74,3 (mod p).

In [5], E. Lehmer showed that for any prime number p > 3,
Hy-12 = =24,(2) + p45(2)  (mod p?),

and
H[p/4] = -3qp(2) (mod p).

In [1, 2, 4], it is given that for prime number p =1 (mod 4),

((P -1)/2

- 1)/4) =24 (mod p),

952

©)

(10)
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where p = a* + b?> witha =1 (mod 4) and b = 0 (mod 2).
It is well known that fork =0,1,2, ...,

p-1)/2\ 1 (2k
[0 () et m

In [6, 7], the author obtained some congruences involving binomial coefficients, harmonic numbers and
Bernoulli polynomials.

The main aim of this paper derive new congruences involving binomial coefficients and harmonic
numbers by using combinatorial congruences. For example for any prime number p > 3,

p-1
et fap =1
kZ:f(l) ( ) )Hk

where «a is a p—adic integer.

2+p(6a—-2)+ p2 ((—az + %a + %)Bp_g + 60 2a — 1)) (mod p3),

2. Main results

In this section, we will examine congruences involving binomial coefficients, harmonic numbers and
Bernoulli numbers. We will start some auxiliary Lemmas:

Lemma 2.1. Let p be a prime number and i € {1,2, ...,p — 1} . Then, for any p—adic integer a, we have
2.2

(“"’ i‘ 1) = (-1) (1 — apH; + % (H? - H,-,z)) (mod p?).
Proof. Observed that

(ap—l) _ (ap-D)(ap-2)---(ap—j)---(ap i)
i 1.2 cjeni

(ap—l)(g—1)---(¥_1)...(¥_1)
(—1)i(1—ap)(1—%)...(1_05_?)...(1_“_?)

] 1
= (-1)[1-a Zi"1+a2 2 Y 1
= POV Lk
k=1 1<k<j<i
4 a2p?
= (-1) (1 —apH; + > (I‘I,2 - H,‘,z)) (mod p3).

So Lemma 2.1 follows. [

Lemma 2.2. For any prime number p > 3 and any p—adic integer o, we have

p-1

Z(—l)k %(apk— 1) = p2(—%—%a+a2)Bp_3 (mod p3), (12)

k=1
(p-1)/2 fap -1

Y, 1 E( . ) = —20,2)+p(1-2a)%2) (mod p?), (13)
k=1

[p/3]

¢ lfap—1) -1 a\(p 1
2D A7) = (T -9E)E-() a4)

0@ +p(3 - 20)50) @mod ).
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Proof. Firstly, we will give proof of (12). By Lemma 2.1, we have

”1( kl(ap 1)

k=1

p-1 2 (Pl 2 p-l
H, a H; Hk,
Hy1—ap E %+Tp( Tk_ 2] (mod p?).
k=1

Applying (2), (4) and (5), we get

k=1 3

For the proof of (13), by Lemma 2.1, we have

(p-1)/2 (p-1)/2

1fap -1 H
Z ( 1)k ( ) H(p—l)/2 —ap Z Tk (mod pz)
k=1 k=1
Hence, applying (8) and taking n = (p — 1)/2 in (4), we write
(p-1)/2 Heooooo 4 B2
1({a 1 (-1/22 (-1)/2
Y, g ( - L ) = -20,(2) +pgy(2) - ap s—— (mod p?).
k=1
With the help of (6) and (8), the result is clearly complete.
Finally, for the proof of (14), from Lemma 2.1 and (7), we have
[p/3]
L")
Wy PP\ (1
g -
=H [p13] ~ &P Z = 5 (5)8” 2( ) 2% + 4]0173 —ap Z (mod p2).

Setting n = [p/3] in (4) and from congruences (3) and (7), thus we complete the proof of Lemma 2.2

Lemma 2.3. For any prime number p > 3 and any p—adic integer o, we have

p-1

(T2 e -a o)

-1\ _p-1
(—1)"(“’” )ET T+ apgy(2) (mod p),

and

5 ot (7)ot B+ o -2-(2) motsd

p-1
1fap-1 1 1 1 1
(-1) ( P ) = —gszp_3 — gaszp_g, +a’p’B,_3 = p* (—5 - -a+ az)Bp_3 (mod p?).

954

O

(15)

(16)

(17)

Proof. With the help of Lemma 2.1, the proofs of these congruences are similar to the proof of Lemma

22. O

Lemma 2.4. Forn € Z* and x € R\ {0}, we have
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el

and

Z( 1) ( )Hk_( 1)" ( )";X(Hﬁ}c)—j—c.

Proof. The proof is easily obtained by inductiononn. [

Proposition 2.5. For n € Z* and x € R\ {0}, we have

- k1 [X\r 2 _
e

Proof. Consider that

(-1)" an(x)

n

- Z ~1) kH2() Z( 1) k( )H2

k=
n

—_ =

_ n-1
= Y (k+1)(kjf ) 2 -Y - 1)kk(i)H,f
k=0 k=0
n-1 2 n-1
— k+ X 1 ko [X
= Y ) -k (k) (Fe+ o) - 2D k(k)H,f
k=0 k=0
- H( D (x — k)( )(H . ) Z( 1) k()
— k+ 1 (k +1) —

-1

n—-1
_ k+1 [X _ 1)kl _ X 2 1
= xY (-1) (k)H,f+kZ:0‘( DH (x k)(k)(k+1Hk+(k+1)z).

k=0

=

Applying some elementary operations to aboving sum, we have

" X
(-1) nHﬁ(n)

n—1
_ k1 12X
- Z( 1) H(k)+
= X
= x (-1)"“H§()+
k=0

k+1 2 1
=D (kJrl)(k+1)(k+1Hk+ (k+1)2)

D™ (k i 1) (ZH" * ki_l)

: X“

)b+ 2, 2) 0 2 LY Cop L[
(n)(H”+xH"+x2 +x2+xZ( 1) Al

955

(18)

(19)
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B RN U
v Yot p(* SRRV 1

- FerfEer ot
n-1 X n 1

_ x;( 1)k+1H(k)+ 1( 1) ()(ZHk E)

n noo_ 1y
= x (—1)’<+1Hf(k)+2 (—1)k(i)Hk— (;) (i)

k=1

and with necessary arrangements, by (19), equals

1y () Z( 1) Hk() 2( 1)k1()
e o (-4 Lt
(_1),,?@(1{% #2 (1)) 2 2( 1)k1()

as claimed. Thus we have the proof. O

Now, we will give Proposition 2.6 without the proof as follows:
Proposition 2.6. For n € Z* and x € R\ {0, 1}, we have

Y (1) k(i)H,f

k=1

_ 2 (x\n(x —n) 1 x-1 2 2x 2
= (1)()—_1 (H21+2H”1(x—1+ > )+(x—1)2)+(x— 3

e 2(1 1 1 1 v+ e 1 ¢ 1(x
+= (n)<x‘”)(;(;+;)‘n(x_l))‘x_lg(‘” (k)hm;(‘” z(k)-

Theorem 2.7. For any prime number p > 3 and any p—adic integer o, we have

(p-1/2 ap—1
Y <—1>"“( . )Hizl—2q§<2>+pn<p,a> (mod p?),

k=0

where
Ti(p, a) = (2 - 4a) 45(2) - 2q5(2) - 2q,(2) + 3 = 1.

Proof. From Lemma 2.1 and (8), we have

(ocp 1
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Using n = (p — 1)/2 and x = ap — 1 in Proposition 2.5, we write

(p—Zn‘/z( 1)k+1 ap—le_( 1)(p_1)/2p—20¢p+1 ap—1 2 . 2 H N 2
k=0 k £ 2(ap-1) \(p-1)/2)|" #V2 " ap-1 v-1/2 (ap — 1)
(p-1/2
2 1 « lfap -
+ + (-1) ( ).
(ap-1)* ap-1 kZl‘ k

Hence, from (8), (13) and (20), the proof is complete. [

Theorem 2.8. For any prime number p > 3 and any p—adic integer o, we have

p-1
Z (_1)k+1 (apk_ 1)H]%

k=1

2+p(6a-2)+ p2 ((—a2 + %a + %)Bp% + 6a 2a — 1)) (mod p3).

Proof. Usingn =p —1and x = ap — 1 in Proposition 2.5, we write

p-1
ap -1 A-a)pfap -1 2 2
iy R ) (SR

k=1 p-1 (P‘Dz

2 1fap -1
(ozp 1) “P 12( Vg ( )

By taking i = p — 1 in Lemma 2.1 and by congruences (1) and (12), we can have

p-1

X 0 (7

k=1
21-a)p 2 1 & kl(ap—l)
1)k =
T e D M
2(1a)p 2 +p2(11
@p-17  (ap-1y  ap-1

= 2+p(6a-— 2)+p (( a +—oz+:1),)Bp_3+6a(204—1)) (modp3),

as claimed. O

Theorem 2.9. For an odd prime number p and any p—adic integer o, we have

[p/3]

Z( 1) k+1 (“Pk 1)H2

{ -30,3) - 34y @) + 5 +pT2(p,a) (mod p?) ifp=1 (mod3),
—%q% B)+15,3)+3+pT3(p,a) (modp?) if p=2 (mod 3),

where

=3 =G D~ (o o+ - )2

and

T3 (p,a) = (—§a+3) 3(3)+(90c 1)qp(3)+(1 (%)+ga—l)qp(B)—B,,_z(%)(}La+11—8)+4a—g.
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Proof. According to i = [p/3] in Lemma 2.1 and (7), it is clear that
(ozp - 1) = (—1)[”/3] (1 + §apq (3)) (mod p?). (21)
[v/3] 2
Setting n = [p/3] and x = ap — 1 in Proposition 2.5, we can write
[p/3]
k1 fap =1\ o [p3] [P/3] = (ap - D) fap -1\, 2 2
Z =V ( k )H - ap—1 /31 )l * ap =1l (ap - 1Y

2 & ¢ Lfap-1
(acp 1) (XP 12(1) ( )

With the help of (7), (14) and (21), we have
[pf‘] k+1 (AP —
(e
%(1+ E q,,(3))(( p(g)B,, 2(1) qu(3)+4pqp(3))
2 (-p(p 1\ 3 3 2 2
Tap—1 (Z(5)B2(5)- 300+ i)+ (aP—1)2]+ (ap— 1)

+ap1— 1 ((%1 B %)P(Z)BP 2(1) 2O+ (- - ga)wli <3>) (mod p?).

Forp =1 (mod 3), we have

ap—1

[p/3]
()

Z (_1)k+1

)HZ——— @)= 30 ®) + 2 +pTa(p,a)  (mod )
k=0

where
- i - 3B o
Tx(p,a) = (2 401)% (3) - (8a+ ) (3) - 3 + 24 +1)g,(3) + B, 3 e 8 + 2a.
Similarly, for p = 2 (mod 3), the other congruence can be proved. Thus, the proof is finished. [
Theorem 2.10. For any prime number p > 3 and any p—adic integer o, we have
= ap—1
(-1 k( pk )H,f =1 +p(3a - g) - p? (—%az +Za-1+ (—% -la+ %az) Bp_3) (mod p®).
k=1

Proof. Settingn = p —1and x = ap — 1 in Proposition 2.6, we have

p-1
ko fap—1 _(P‘l)(“P—P) ap—1 1 ap—2 2
,;‘(_Dk( k )Hi_ ap -2 (P‘l)(H’%_ZJFZHp_Z(“P—ZJF(P—l)(“P—l))+(ap—Z)ZJ

+p(” )( ) )(apz—l(l?il+apl—1)_(ap—Zi(p—l))JrZ(o(czp__z)lz)

rfap—1 1 & ¢ 1fap—1
ap—l ap Z ( ) ap—ZkZ:;(_l) %( k )
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Taking i = p — 1 in Lemma 2.1 and using (1), we have

p-1

p-1
kPN _ 3 (Z_E) 2( 233 l)_ 1 _far -1
;(1)k( P )Hk = 5-plg-79)*p 6o ety ap—Z;(l) P
1 5 dfap-1
t (—1)’7( b ) (mod p?)

From (12) and (15), hence the congruence holds. [

Theorem 2.11. For any prime number p > 3 and p—adic integer o, we have

(r-1)/2

K ap —1 2=_12 _1 1_ 2
;‘ (-1) k( P )Hk— 2% @) = 78y @) + 72 —PTa(p,a)  (mod p7),

where

Ty(p, @) = ;L—;a— % +(éa—1)qp ) +(% - Za)q% (2)+(% —a)q2 (2.

Proof. Setting n = (p — 1)/2 and x = ap — 1 in Proposition 2.6 and according to (8), (13), (16) and (20), the
proof of the congruence is clearly obtained. [

Theorem 2.12. For any prime number p > 3 and any p—adic integer o, we have

[p/3]

RN DT A
kZ:O‘( 1) k( . )Hk
5

{ 5~ 0% ) i@ -pTs(pa) (modp?) i p=1 (mod3),

—_
loe)

—_
—

B+ 50,3 - 34203) - pTe(p,2) (mod p?) if p=2 (mod 3),

fee]

where
Ts(pa) = ;—é - %a + 15—2qp (3) (1 + ;a) +q; (3)(%11 - %)
“%fiﬁ 3)Ba—-2)+ (%qp 3) + 1% - %a) B, » (%)
and
To(pa) = —%f + 5 + %qp (3)(2-30) +q2 (3)(% - 13—6a)
RO+ (ha g0+ i) Bea(3):

Proof. Using n = [p/3] and x = ap — 1 in Proposition 2.6, from (7), (14), (17) and (21), we have the proof of
the desired result. 0O

Theorem 2.13. Let p be a prime of the form 4k + 1 and p = a* + b*> witha,b € Zand a =1 (mod 4). Then,

v 1 (2k) (2
@( ' ) (§ - Hi) = — ()" (92 (2) + 129, 2) + 8)a+8  (mod p).
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Proof. Usingn = (p —1)/4 and x = (p — 1)/2 in Proposition 2.5, we write

(r=1)/4
(=02 e 1 =12 4 8 g
kZ(; (-1)* 1( k )Hi = - (- E((p - 1)/4) (H%pm e L - 1)2) + 1)
(p-1)/4
2 k1((p-1)/2
e ; (-1) %( h )

Combining this with (9), (10) and (11), we have the result. [

Theorem 2.14. Let p be a prime of the form 4k + 1 and p = a* + b* witha,b € Zanda =1 (mod 4). Then,
(p-1)/4 1 ok (g . kHz)
4k\ k J\3k k

Proof. Usingn = (p—1)/4 and x = (p —1)/2 in Proposition 2.6 and by taking (9), (10), (11) and (18), the proof
is complete. [J

- 3 13 40 26
- (_1)(77 1)/4 (gq; 2) + qu )+ E)a + ry (mod p).
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