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On Kantorovich Variant of Baskakov Type Operators Preserving Some
Functions

Khursheed J. Ansari®

?Department of Mathematics, College of Science, King Khalid University, 61413, Abha, Saudi Arabia

Abstract. This paper deals with a generalization of Kantorovich variant of Baskakov type operators

preserving constant function and ¢7%. We discuss uniform convergence properties and weighted approxi-
mation for this generalized Baskakov-Kantorovich type operators.

1. Introduction

In 2003, J.P. King [13] introduced a sequence of operators preserving test functions e;(y) = y/, (j = 0,2).
Such type of modifications of the operators called after his name as King type modifications or King type
operators in the later literatures. He claimed that the Bernstein type operators on C[0, 1] modified by him
has better approximation than the classical one on [0,1/3). Several such type of modifications has been
done by many researchers in this direction since then. We will mention a few of them here; cf previous
literature [2, 9, 15]. Not long ago, Acar et al [1] provided a modification of SZasz-Mirakjan type operators

that retain the function €2¥, for some fixed positive 0. For functions f € C[0, o), such that the right-hand
side below is absolutely convergent, authors introduced operators as

. o O (M (Y))
Ry = et ) g () g
i=0
y 2 0, m € IN, such that the conditions

* 0 0
R, o@%;y) =% (2)
are satisfied for all y and m. Using (1) and (2), authors found a,,(y). They proved uniform convergence, or-
der of approximation via a certain weighted modulus of continuity, and a quantitative Voronovskaya-type
theorem. A comparison with the classical Szdsz-Mirakyan operators was given. Some shape preserva-
tion properties of the new operators were discussed as well. Using a natural transformation, authors

also presented a uniform error estimate for the operators in terms of the first and second-order moduli of
smoothness.
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Chen [3], in 1989, presented with the help of a parameter 6 > 0, a different generalization of Baskakov
operators as

(o)

o m(m+ 0)(m +20) - (m + (i — 1)0) y i
Hu(g;y) = ZZ_;‘ g 1+ Qy),;+ig(m). 3)

Very recently, Yilmaz et al [26] introduced the following form of operators defined as:

) i+l

Hi(g;y = Y, 2ot O+ 20): - (o + (= 19) Pul) f " g, (4)

m

i=0 l' (1 + Q(Pm(y))gﬂl i

where g : [0, 00) — R is such a mapping provided above operators are absolutely convergent for y > 0, m €
IN with the condition

Hy (e y) = e (5)

keeps for all m and y. Authors discussed uniform convergence of this generalization by means of the
modulus of continuity and establish quantitative asymptotic formula.

Erengin and Biiytikdurakoglu [5] introduced the following operators in 2014 as follows:

i+dm

bm
b fﬂ g(t)dt, y=>0, meNN, (6)

m
—Cm

K@ y) = Y Sman(i, ) i
i=0

where

) 3 _yP,-(m,llm) yi
Sman (i Y) = € T T

and (a,,), (bm), (cm) and (d,,) are sequences of real numbers having the properties:

(i) an>0,b,21,0<c, <dp <1;
(i) lim = =1,  lim 2 = 0.
m—oo by, m—eo Py,

We remark that for a,, = a, b, = m, ¢,, = 0 and d,, = 1, the operators K,,(g; y) turn out to be the operators
H,(g; y). Authors established some direct results and weighted approximation properties for a modification
of generalized Baskakov-Kantorovich operators (6).

A good work can be seen in [10] where authors presented the differences of some positive linear operators,
e.g., the difference between the Baskakov and the Szasz-Mirakyan-Baskakov operators. Approximation of
the continuous functions by a general class of Srivastava-Gupta operators can be read in [11]. Srivastava et
al. constructed a Kantorovich type g-Szasz-Mirakjan operators via Dunkl’s generalization in [22]. For more
results on the approximation by positive linear operators, we can refer to [14, 16-21, 23-25].

2. Construction of operator

Inspired by the above discussed work, we have tried to construct a new generalization of Kantorovich
variant of Baskakov type operators preserving constant function and e=%¥ as follows:

i+dm

bm i m(m + 6)(7’71 + 26) s (m + (l - 1)6) ((pm(y))l f b
Cm .

H,0:9) = - g(tdt, 7)

m = i=0 i! (1 + e@m(y))%ﬂ %
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where g : [0, 00) — R is such a mapping provided above operators are absolutely convergent for y > 0, m €

IN with the condition

Hy (e y) =,

holds for all m and y. To find (¢,,) sequence, we try the famous binomial series

i (—'z =(1-2)", lz| <1,

and combining (7) and (9), we have

e8] i+dm

o2y _bn Z(é)i Opn(y)) f T

m X
+cm

dm —Cm =0 (1 + qum(y)) A -
by Bt o5 (8), (Opute )
= dm — 5 (1 + Q(Pm(y) Z Z_' (1 + G(Pnl(y))l

i=l

by e S 1+ 8% [1 Ggom(y)e‘h% K
= 4 —on 2 Pmiy 1+ Opu(y))
2cm 2dm
b, e m —e
R [1+60u() (1-¢7w)].

Solving above relation, ¢,,(y) becomes the function

m

(d - Cm)e m [b (e 20 /by _ 672dm/bm):|
W_(l —e2/tm)0

Thus, under the consideration of (10), the sequence of operators (7) takes the form

26
Pmy) = .

0,9 —2/by\m]O | 2 —2¢,/b ~2d, /b 2\ 0
HO(g7) = 20 (1 = 20010 {5 by (7200 e — g2l e}

i+dm

i
0 (g ; o [D(e=2n/bm — ¢=2m/bn)| — X/20 S
Z RS o f g(t)dt.
=0 . —_— — — I'ZCm

(dm — Cm)e m [bm(e 20 /by — e de/bm)]g/m — ez/bm

m

3. Auxiliary results

Lemma3.1. 1. He’(P(l‘y) =1;
C + dp
2 Hy'(69) = g pu(y) + =

2b,, ’
0) m(1 + ¢y + dyy) 2+ cpdy + d2
3. HOY (1% _—(m 2 _ + A"
ty) =) w(y) + w2 Pm(y) T
mm+6 m+ 20 3m(m + 60)(2 + ¢y + dyy
4. H (By) = ( b)3( )<p$’n(y)+ ( )2(b3 ), P5(y)
m m3 C3zc2dm+cmd2+d3
+%{c2m+cmdm+d2+—(cm+dm)+2}<pm( )+ = ) mn
m+ 6)(m + 260)(m + 30 2m(m + 6 m+26 34+cy+dy
5. HyP(es ) = PO o 2T e

N m(m + 0)

T (2 + Gt + ) + 6 + ) + 7))
m

(8)

©)

(10)
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+ ﬁ {(c3 + 2yl + Cud2, + d3) + 2(C2, + Couyy + d2,) + A(Co + diy) + 6} Pm(y)

ct+ S dy + A2+ cpds, +d4
+ 1
5b;,

We can write the above results of Lemma 3.1 as follows:
1. H Ly =1;

2. Hy (k) = —<pm(y) + ogém);
3 HOP £2:y) = m(m +0) 2 may(m) . Gz(m);
w (E5Y) —b () + =) Pm(y) + 37
0)(m + 20) 3m(m + 6)03(711) moy(m) o5(m)
4 HOP(B:y) = m(m+ 3 SR+ 9)050M) 2 . ;
w (E5Y) 5 On(y) o w(y) + o 7 () + 07
5 Hg,(p(t4; ) = m(m + 6)(111;1 20)(m + 306) oL () + Zm(m + 6)(;1l + 26)06(171) o)
m(m + 0)a(m) ag(m) ao(m) "
T7 P2 (y) + ;4 (pM(y)+;lﬂ—3l;
where
oo(m) =cyy +dy,
oim)=1+c, +d,,
oa(m) = 2, + cpdy + d2,
os(m)=2+cy, +dy,
o4(m) = 2(c2, + cpdy + d2,) + 3(Co + d) + 2
os(m) = c3, + 2 dy + cpd?, + d3,
os(m) =3 +cy, +d,,
o7(m) = 2(C2, + cpdy + d2,) + 6(Coy + di) + 7,
og(m) = ¢S, + Cdy + cpd?, + A3, + 2(c2, + oy + d2) + 2(co + dp) + 1,
oo(m) = ¢ + o dy + A d%, + cpyd>, + di,.
Lemma 3.2.
0,0 2.y mm+0) , moy(m)  2my 2 oo(m) ~ oa(m)
Hy, ((t—y),y)—T Pr(y) + { ) T Pm(y) + 7, VT 37
m(m + 0)(m + 20)(m + 360 2m(m + 0)(m + 20)oe(m
0,0 ((t ) ) ( )( . ) ) o)+ ( )(b4 )oe( )fpi(y)
m(m + 0)oz(m) , os(m) o9(m)
b—4 m( ) + b—fn(Pm(y)-‘_ W
m(m + 0)(m + 20) 3 3m(m + 0)o3(m) 2 o4(m) 05(m)
— 4 —_— m
y{ = m(y) + o w(y) + 2b§,, —3Pn(y) + W
612 m(m+0) , mo1(m) y 02(m)
+6y {—bm n(y) + =) ——Pu(y) + N

—4y{ Pu(y) + 21(7 )}+y

4. Approximation Results

We will denote all real-valued uniformly continuous and bounded functions defined on Rj by Cs(IR}),
with the norm ||gllc, = SUP s lg(x)l.
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Let g € Cp(RR;) and 6 > 0, the usual and second order modulus of continuity, denoted by w(yg, 6) and
w>(g, 6), respectively, are defined as

w(g,0) = sup sup |g(y+1t) - g(y)l (11)
0<|t<0 y+t,yeR¥
and
w>(g,06) = sup sup lg(y + 2t) — 2g9(y + t) + g(y)|. (12)

0<[t|<6 y+2t,y+t,yeRY

The Peetre’s K-functional [4] of g € Cp(IR}) is defined by

Kalg,0):= inf {llg = flic, +olifllez ), (13)
where

CHIRY) ={f € Ca(Ry) : f, f" € Co(R})),
and the norm ||f||C123 =|fllcy + ILf llcy +1lf”llc,. It is clear that the following inequality:

Ka(g,6) < Maa(g, Vo), (14)

is valid, for all 6 > 0. The constant M is independent of g and 6.

Lemma 4.1. ([8]) Let g € C?[0,0) and {],u(g; y)}ms1 be a sequence of positive linear operators with the property
Jn(Ly) = 1. Then

(5 9) = 9 < NI = 95 9) + 210 W = 7% ).

Lemma 4.2. ([28]) Let g € Cla,b] and h € (0, l’%") Let gy, be the second order Steklov function attached to the
function g. Then the following inequalities are satisfied:

3
lgn—gll < sz(g;h), (15)

L onig:h. (16)

/! 3
AR

Now, we consider the following auxiliary operator

HY (g;v) = HY (g 9) — g ( Pm(y) + 201(7 )) 9(y)

where 0¢(m) is given as in Lemma 3.2.

Lemma4.3. Letg € Cé[O, o0). Then, we have

Hy?(g:9) - 9| < 6m@lg”ll,

where

00 = HE (6= 075) + (3 0mt -v) + Q;m))
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Proof. By the definition of the sequence of operators H,Z’q)(g; y) and Lemma 3.1, we get

—_— m golim
Hs{qo(t_y;y) :H%(p(t_y;y)_(b_@m(y)-'- 201(7 ) _y)
m m

= P (69) - yHY )~ | e put) + 2y
b 2by,
=0.
Let g € C2[0, o) and y € C3[0, o). By Taylor’s formula of g,
t
9 —9(y) = (t = y)g'(y) + f (t —u)g”(w)du, t€[0,0),
y
one may write

— — —_— t
H'(y) - 9(y) =g WHZ (¢ - y;) + HyY ( f (t = u)g” (w)du; x)
Yy

S
= H,en’(’7 (f (t — u)g” (u)du; y)
y

0 t i Pm(Y)+
=H," (f (t = u)g” (w)du; y) - f
y y

Now, using the following inequalities

aq(m)

Do [ m oo(m)
(bm (Pm(y) + me

—u|g’ (u)du.

t
f (t = u)g” (u)du| < (t - y)llg”
y
and
2 pu(y)+ Y m oo(m)
fy (me(yn 2b, _”)g o
m oo(m) ’ i Solm) 2
0 . m _ 0 ’7
we reach to

m oo(m)

— 2
" (@:) = () < {H,?;‘P (=) + (( P puv) = v)+ G ) }”g"n = ulg’l.

We get our desired inequality. O
Theorem 4.4. Let g € Cg[0, 00), then for all y € [0, o), there exists a constant A > 0 such that

Go(m))

; m
IHy(g:) = 9)| < Aws (g5 Vém(y))“"(g; b_(P”’(y)_y‘Jr 26

where 6,,(y) is defined as in Lemma 4.3.
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Proof. By means of the definitions of the operators H'* and H 6'50, we have
y P m m

( Pm(y) + zém g(y)’

[ @) - 9| < IES?P(g—f;y)'+|(g—f)(}/)| HI? (i) - f(y)‘

and

HI(a9) < |15 ] + 2000
< llgliH* (1; ) + 2ligll = 3l
Thus, we may conclude

( Pm(y) + zém 9(1/)’

0033 - 9] < g = A1+ [ i) - £ +

In the light of Lemma 4.3, one gets

(m) )

H(5:y) - 9(y)|<4llg f||+5m(y)llf”||+w(g, b, Pmy) = y‘

Therefore, taking the infimum overall f € C2[0, o) on the right hand side of the inequality and considering
(14), we find that

|H,9n'(P(g; ) g(y)' < 4K2( \/Ty)) + w (g/ (Pm(y) G;)g:))
< 4Can (g; /0 m(y))+w(g, b, P v - y‘ o(m))
= Aw, (g, N m(y)) + a)(f]l —m(y) - y‘ oo(m) )

which completes the proof of the theorem. O

Theorem 4.5. Let 0 <y < 1and g € Cg[0, o0). Then, if g € Lipm(y), i.e. the inequality
9(#8) =gl < Mit=yl’,  y,t €[0,00)

holds, then for each y € [0, o), we have

v/2

Hy ) - 9| < 0,
where 6, (y) = H,Z’qj ((t -y)% y), and M > 0 is a constant.
Proof. Let g € C[0, o0) N Lipp(y). By the linearity and monotonicity of the operators HY?, we get

Hi'G39) = 90| < Hi (190 = 9 )

< MH,” (It = yI"; )

< MH.? ((1L — % y)V/Z HO® (12; y)(2—7f)/2
= MH," ((t - y)%; y)w2 < M5} (y)

which completes the proof of the theorem. [
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Now, we compute the rate of convergence of the operators HY? with the help of the second order modulus
of smoothness.

Theorem 4.6. Let g be defined on [0, 00) and g € C[0,al, then the rate of convergence of the sequence of operators
He ¥ is governed by

2 3
@5 9) = gl < S 11 g 1| +5@ + a + I)wag; )

where h = | Hsfo((t -y)% y).
Proof. Let us denote the second order Steklov function of g as g;,. Because of H,en’(’j(l ;) =1, one can write

30 9) = 9wl < 21 g = g 141 G y) = ()l 17)
From the Landau inequality and applying (16), we may derive the following inequality

2
—lignll —Ilg l

2 3a
2191 +3 i) (18)

By virtue of g;, € C?[0,a], if we use the Lemma 4.1, equations (16) and (18) we obtain the estimate

g5 |

IA

IHY (915 ) = 9u(y)|

(— lgn I+ h2wz(9,h)) Hy (£ - ypy) + E%HG(’)(( = 9% y)wa(g;h). (19)

Choosing h = 4 H,?fp ((t -y)>? y) in inequality (19) and then considering the last term in (17), so the proof is
completed. [

Furthermore, in the case, g is a smooth function, the following theorem gives the estimation of an approxi-
mation to the function g.

Theorem 4.7. For g € C3(R}), we have

H @) - 9 < 5011 9l 20)
where
by
) =300~ 20y )+ 2 1)+ ) ) + by = 1) =)y + 02

Proof. From the Taylor’s formula

o = g+ -+ 00— yp

where 1 € (y,t). Due to linearity property of the operators H,?fo, one can write

9 (77) 6(p(

Hy"(@y) = 9() = gWH, (= y)y) + ——Hy" (- y)%y).

From this fact and using Lemma 3.1, we obtain

( Pm(y) - ) O( )

m(m + ) mo1(m) 2my oo(m) o2(m)
+|T ny) + (;—i—ﬁ)wm(y)w - %m y ;T% 19" llc, -

We immediately get (20) by just a simple calculation of the above inequality. O

H* (7 9) — 9(y)l < 9 llc,




K. J. Ansari/ Filomat 36:3 (2022), 1049-1060 1057

5. Weighted Approximation

Now with the mean of weighted Korovkin type theorem [6, 7], we will develop convergence properties
of the operators Hff”. Aiming this, we recall some notations and definitions.

Let p(y) = 1+ y? and B,[0, o) be the space of all functions with the property
9l < Myp(y),
where y € [0, ) and M,, depending only on g, is a positive constant. B,[0, ) is provided with the norm

lg(y)l
1+2

llgll, = sup
y€[0,00)

The space of all continuous functions belonging to B, [0, o) is denoted by C,[0, o). By Cg [0, o0), the subspace
of all functions g € C,[0, o) is denoted by for which

lim —lg(y)| < 0
y—o p(y)

Theorem 5.1. ([6, 7]) Let {A;,} be linear positive operators acting from C,[0,00) to B,[0, ) and satisfying the
conditions

lim A ("5 9) - v'|, =0, v=012

m—o0

Then for any function g € Cg[O, 00),
lim [|A, (g:9) - 9, = 0.

Note that positive linear operators A,, acts from Cp[0, 00) to B,[0, 00) if and only if
lan (o: )], < My,

where M,, is a positive constant. This fact is a simple result of the necessary and sufficient condition that A,, (p;y) <
M, (y) given in [6, 7.

Z"heorem 5.2. Let {H,en’(’7 } be the sequence of positive linear operators defined by (7). Then, for each g € Cg[O, o), we
ave

. 0,
lim ||Hm"’ (7y) - g(y)“ =0.
—00 P
Proof. Using Lemma 3.1, we may write

Hy (o) HY?(Ly) + Hy? (2 y)

T+y2 1+y2
1 m(m+0) , moy(m) ap(m)
- 1+ yz {1 + brzn (Pm(y) + b%n (Pm(y) + 3b%1 }
<14 m(m + 0) N mo1(m) o*z(m).
B AT
Thus
09¢..
I, iyl _ 14 Mm+0) moi(m) ox(m)

o< 1HY T by, by, 3by,
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Since lim ;* =1, we have lim 7~ = 0. Thus under the conditions (i) and (ii), there exists a positive constant

m—oo “m m—o0 by
M* such that
m(m+ 0) moy(m)  oa2(m)
b2, b2, 3b2,

for each m. Hence, we get

<M

IHO (0; Il < 1+ M

which shows that HZ’@ are positive linear operators acting from C,[0, o) to B,[0, o). In order to complete
the proof, it is enough to prove that the conditions of theorem A

lim IHY(#;9) = y'll, =0, v=0,1,2
are satisfied. It is clear that

Tim [|H,;(1;) = 11}, = 0.
By Lemma 2.2, we have

mony) Yy oom) 1
bul+y?> 1+y*>  2by 1+ y?

IH? (5 y) = yllp, = sup

0<y<oo
m y oo(n) 1
< — -1 +
= ooy (bm )1+y2 2, 1+ 12
m og(m)
<|— -1+ .
- b?‘ﬂ ‘ Zbﬂl

Thus, taking into consideration the conditions (i) and (i), we can conclude that
. 0,
y%grolo ”Hm(p(tr y) - y”p =0.

Similarly, one gets

mm+0) p(y)  y*  moi(m) eu(y) L oam) 1

2, 1+y2 142 b2, 1+y> 302, 1+y?

IHo (%) = Pll, = sup

0<y<oo
2
< wp (m(m; 0) _ 1) g, mom)_y oxlm) 1
0<y<oeo bm 1+ y bm T+ Y 3bm T+ Y
< m(m + 0) 1+ moy(m)  oa(m)
b2, b2, 302,

which leads to
lim [|Hy* (%5 y) — y2ll, = 0.
Thus the proof is completed. [

It is well-known that the first and second order modulus of continuity in general do not tend to zero
with 6 = 0 on R}, so we use the following weighted modulus of continuity [27]:

Q(g,6) = sup sup LD —IWN

(21)
50 0<is 1+ (Y +1)?

We have the following lemma:
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Lemma 5.3. ([27]) If g € C5(IR])), then

1. Q(g, 0) is a monotonic increasing function of 5,
2. lims0 (g, 6) = 0,
3. Forany A € (0,00), Q(g,Ad) < (1 + A)Q(g, 6).

For t,y € Rj and 6 > 0, using (21) and Lemma 5.3, we get

It =yl
5

19 = g1 < 21+ )1+ (¢ = pP(1 + =2 )2g,0). 22)

Theorem 5.4. Let {Hf{‘”} be a sequence of positive linear operators. Then, for each g € Cg[O, o), we have

H" () = 9
1+y2

< C'Q(g; 6m)

0<y<oco

where C* is a positive constant and 6,, = VHS? ((t - nhy).

Proof.

95 = gl < (1+ (v + It = yI)?) (1 R y|)Qz(9; )

|t =yl
5

m

<21+ ) (1+ (- v)°) (1 + )sz; Om).

By using the monotonicity of H,i’(’) and the following inequality (see [12])

(t- y)‘*)

O

(1+(t—y)2)(1+%)SZ(1+6§1)(1+

m

one gets

t_
| (s,,,y ')) Q(g; 6)

H () = g)l < 201+ ) H,," ((1 +t-y7) (1 "

<41+ &)1 +PHY” (1 + & - )4) Qa(4;61)

m

= 4(1+6,)(1+ ) {1 + %HZ"P (¢ -y y)} s (g;6)

m

<Ci(l+y?) {1 + %HZ‘P (- y*; y)} Q(g; 6m)

m

if 54 = HOY ((t -4 y) implies 6, = \H.'? ((t - )% y) which implies that
Ho (g ) = 9)| < 2C1(1 + 1) a9 61)

IH, (9: ) - 9(3)]
1+y2
where C* =2C;. O

< C'(1+ y)Qa(g; 6m),

In Theorem 5.2, we have shown that HS{ ¥ converges to g in the weighted space C,[0, ). But in Theorem
5.4, we have computed the rate of convergence for these operators in the weighted space C,[0, o).
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