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Abstract. This paper deals with a generalization of Kantorovich variant of Baskakov type operators
preserving constant function and e−2y. We discuss uniform convergence properties and weighted approxi-
mation for this generalized Baskakov-Kantorovich type operators.

1. Introduction

In 2003, J.P. King [13] introduced a sequence of operators preserving test functions e j(y) = y j, ( j = 0, 2).
Such type of modifications of the operators called after his name as King type modifications or King type
operators in the later literatures. He claimed that the Bernstein type operators on C[0, 1] modified by him
has better approximation than the classical one on [0, 1/3). Several such type of modifications has been
done by many researchers in this direction since then. We will mention a few of them here; cf previous
literature [2, 9, 15]. Not long ago, Acar et al [1] provided a modification of Sźasz-Mirakjan type operators
that retain the function e2θy, for some fixed positive θ. For functions f ∈ C[0,∞), such that the right-hand
side below is absolutely convergent, authors introduced operators as

R∗m,θ(1; y) = e−mαm(y)
∞∑

i=0

(mαm(y))i

i!
1

( i
m

)
(1)

y ≥ 0, m ∈N, such that the conditions

R∗m,θ(e2θt; y) = e2θy (2)

are satisfied for all y and m. Using (1) and (2), authors found αm(y). They proved uniform convergence, or-
der of approximation via a certain weighted modulus of continuity, and a quantitative Voronovskaya-type
theorem. A comparison with the classical Szász-Mirakyan operators was given. Some shape preserva-
tion properties of the new operators were discussed as well. Using a natural transformation, authors
also presented a uniform error estimate for the operators in terms of the first and second-order moduli of
smoothness.
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Chen [3], in 1989, presented with the help of a parameter θ > 0, a different generalization of Baskakov
operators as

Hm(1; y) =

∞∑
i=0

m(m + θ)(m + 2θ) · · · (m + (i − 1)θ)
i!

yi

(1 + θy)
m
θ +i
1

( i
m

)
. (3)

Very recently, Yılmaz et al [26] introduced the following form of operators defined as:

Hϕ
m(1; y) =

∞∑
i=0

m(m + θ)(m + 2θ) · · · (m + (i − 1)θ)
i!

ϕm(y)i

(1 + θϕm(y))
m
θ +i

∫ i+1
m

i
m

1(t)dt, (4)

where 1 : [0,∞)→ R is such a mapping provided above operators are absolutely convergent for y ≥ 0, m ∈
Nwith the condition

Hϕ
m(e−t; y) = e−y (5)

keeps for all m and y. Authors discussed uniform convergence of this generalization by means of the
modulus of continuity and establish quantitative asymptotic formula.

Erençin and Büyükdurakoǧlu [5] introduced the following operators in 2014 as follows:

Km(1; y) =

∞∑
i=0

Sm,am (i, y)
bm

dm − cm

∫ i+dm
bm

i+cm
bm

1(t)dt, y ≥ 0, m ∈N, (6)

where

Sm,am (i, y) = e−
am y
1+y

Pi(m, am)
i!

yi

(1 + y)m+i ,

and (am), (bm), (cm) and (dm) are sequences of real numbers having the properties:

(i) am ≥ 0, bm ≥ 1, 0 ≤ cm ≤ dm ≤ 1;

(ii) lim
m→∞

m
bm

= 1, lim
m→∞

am

bm
= 0.

We remark that for am = a, bm = m, cm = 0 and dm = 1, the operators Km(1; y) turn out to be the operators
Hm(1; y). Authors established some direct results and weighted approximation properties for a modification
of generalized Baskakov-Kantorovich operators (6).
A good work can be seen in [10] where authors presented the differences of some positive linear operators,
e.g., the difference between the Baskakov and the Szász-Mirakyan-Baskakov operators. Approximation of
the continuous functions by a general class of Srivastava-Gupta operators can be read in [11]. Srivastava et
al. constructed a Kantorovich type q-Szász-Mirakjan operators via Dunkl’s generalization in [22]. For more
results on the approximation by positive linear operators, we can refer to [14, 16–21, 23–25].

2. Construction of operator

Inspired by the above discussed work, we have tried to construct a new generalization of Kantorovich
variant of Baskakov type operators preserving constant function and e−2y as follows:

Hθ,ϕ
m (1; y) =

bm

dm − cm

∞∑
i=0

m(m + θ)(m + 2θ) · · · (m + (i − 1)θ)
i!

(ϕm(y))i

(1 + θϕm(y))
m
θ +i

∫ i+dm
bm

i+cm
bm

1(t)dt, (7)
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where 1 : [0,∞)→ R is such a mapping provided above operators are absolutely convergent for y ≥ 0, m ∈
Nwith the condition

Hθ,ϕ
m (e−2t; y) = e−2y, (8)

holds for all m and y. To find (ϕm) sequence, we try the famous binomial series

∞∑
i=0

(a)i

i!
zi = (1 − z)−a, |z| < 1, (9)

and combining (7) and (9), we have

e−2y =
bm

dm − cm

∞∑
i=0

(
i
θ

)
i

i!
(θϕm(y))i

(1 + θϕm(y))
m
θ +i

∫ i+dm
bm

i+cm
bm

e−2tdt

=
bm

dm − cm

e−
2cm
bm − e−

2dm
bm

2
(1 + θϕm(y))−

m
θ

∞∑
i=0

(
m
θ

)
i

i!

(
θϕm(y)e−

2
bm

)i

(1 + θϕm(y))i

=
bm

dm − cm

e−
2cm
bm − e−

2dm
bm

2
(1 + θϕm(y))−

m
θ

1 −
θϕm(y)e−

2
bm

(1 + θϕm(y))i

−
m
θ

=
bm

dm − cm

e−
2cm
bm − e−

2dm
bm

2

[
1 + θϕm(y)

(
1 − e−

2
bm

)]
.

Solving above relation, ϕm(y) becomes the function

ϕm(y) =
(dm − cm)e

2θx
m

[
bm(e−2cm/bm − e−2dm/bm )

]θ/m
−

m√

2θ

m√

2θ(1 − e−2/bm )θ
. (10)

Thus, under the consideration of (10), the sequence of operators (7) takes the form

Hθ,ϕ
m (1; y) = 2bm(1 − e−2/bm )m/θ

{
e

2θy
m [bm(e−2cm/bm − e−2dm/bm )]

θ
m − e−

2
bm

}−m/θ

×

∞∑
i=0

( m
θ )i

i!

 e
2θy
m [bm(e−2cm/bm − e−2dm/bm )]

θ
m −

m√

2θ

(dm − cm)e
2θy
m [bm(e−2cm/bm − e−2dm/bm )]θ/m − e2/bm

i ∫ i+dm
bm

i+cm
bm

1(t)dt.

3. Auxiliary results

Lemma 3.1. 1. Hθ,ϕ
m (1; y) = 1;

2. Hθ,ϕ
m (t; y) =

m
bm
ϕm(y) +

cm + dm

2bm
;

3. Hθ,ϕ
m (t2; y) =

m(m + θ)
b2

m
ϕ2

m(y) +
m(1 + cm + dm)

b2
m

ϕm(y) +
c2

m + cmdm + d2
m

3b2
m

;

4. Hθ,ϕ
m (t3; y) =

m(m + θ)(m + 2θ)
b3

m
ϕ3

m(y) +
3m(m + θ)(2 + cm + dm)

2b3
m

ϕ2
m(y)

+
m
b3

m

{
c2

m + cmdm + d2
m +

3
2

(cm + dm) + 2
}
ϕm(y) +

c3
m + c2

mdm + cmd2
m + d3

m

4b3
m

;

5. Hθ,ϕ
m (t4; y) =

m(m + θ)(m + 2θ)(m + 3θ)
b4

m
ϕ4

m(y) +
2m(m + θ)(m + 2θ)(3 + cm + dm)

b4
m

ϕ3
m(y)

+
m(m + θ)

b4
m

{
2(c2

m + cmdm + d2
m) + 6(cm + dm) + 7

}
ϕ2

m(y)
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+
m
b4

m

{
(c3

m + c2
mdm + cmd2

m + d3
m) + 2(c2

m + cmdm + d2
m) + 4(cm + dm) + 6

}
ϕm(y)

+
c4

m + c3
mdm + c2

md2
m + cmd3

m + d4
m

5b4
m

.

We can write the above results of Lemma 3.1 as follows:

1. Hθ,ϕ
m (1; y) = 1;

2. Hθ,ϕ
m (t; y) =

m
bm
ϕm(y) +

σ0(m)
2bm

;

3. Hθ,ϕ
m (t2; y) =

m(m + θ)
b2

m
ϕ2

m(y) +
mσ1(m)

b2
m

ϕm(y) +
σ2(m)
3b2

m
;

4. Hθ,ϕ
m (t3; y) =

m(m + θ)(m + 2θ)
b3

m
ϕ3

m(y) +
3m(m + θ)σ3(m)

2b3
m

ϕ2
m(y) +

mσ4(m)
2b3

m
ϕm(y) +

σ5(m)
4b3

m
;

5. Hθ,ϕ
m (t4; y) =

m(m + θ)(m + 2θ)(m + 3θ)
b4

m
ϕ4

m(y) +
2m(m + θ)(m + 2θ)σ6(m)

b4
m

ϕ3
m(y)

+
m(m + θ)σ7(m)

b4
m

ϕ2
m(y) +

mσ8(m)
b4

m
ϕm(y) +

σ9(m)
5b4

m
;

where
σ0(m) = cm + dm,
σ1(m) = 1 + cm + dm,
σ2(m) = c2

m + cmdm + d2
m,

σ3(m) = 2 + cm + dm,
σ4(m) = 2(c2

m + cmdm + d2
m) + 3(cm + dm) + 2,

σ5(m) = c3
m + c2

mdm + cmd2
m + d3

m,
σ6(m) = 3 + cm + dm,
σ7(m) = 2(c2

m + cmdm + d2
m) + 6(cm + dm) + 7,

σ8(m) = c3
m + c2

mdm + cmd2
m + d3

m + 2(c2
m + cmdm + d2

m) + 2(cm + dm) + 1,
σ9(m) = c4

m + c3
mdm + c2

md2
m + cmd3

m + d4
m.

Lemma 3.2.

Hθ,ϕ
m

(
(t − y)2; y

)
=

m(m + θ)
b2

m
ϕ2

m(y) +

{
mσ1(m)

b2
m
−

2my
bm

}
ϕm(y) + y2

−
σ0(m)

bm
y +

σ2(m)
3b2

m
;

Hθ,ϕ
m

(
(t − y)4; y

)
=

m(m + θ)(m + 2θ)(m + 3θ)
b4

m
ϕ4

m(y) +
2m(m + θ)(m + 2θ)σ6(m)

b4
m

ϕ3
m(y)

+
m(m + θ)σ7(m)

b4
m

ϕ2
m(y) +

mσ8(m)
b4

m
ϕm(y) +

σ9(m)
5b4

m

− 4y
{

m(m + θ)(m + 2θ)
b3

m
ϕ3

m(y) +
3m(m + θ)σ3(m)

2b3
m

ϕ2
m(y) +

mσ4(m)
2b3

m
ϕm(y) +

σ5(m)
4b3

m

}
+ 6y2

{
m(m + θ)

b2
m

ϕ2
m(y) +

mσ1(m)
b2

m
ϕm(y) +

σ2(m)
3b2

m

}
− 4y3

{
m
bm
ϕm(y) +

σ0(m)
2bm

}
+ y4.

4. Approximation Results

We will denote all real-valued uniformly continuous and bounded functions defined on R+
0 by CB(R+

0 ),
with the norm ‖1‖CB = supx∈R+

0
|1(x)|.
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Let 1 ∈ CB(R+
0 ) and δ ≥ 0, the usual and second order modulus of continuity, denoted by ω(1, δ) and

ω2(1, δ), respectively, are defined as

ω(1, δ) = sup
0<|t|≤δ

sup
y+t,y∈R+

0

|1(y + t) − 1(y)| (11)

and

ω2(1, δ) = sup
0<|t|≤δ

sup
y+2t,y+t,y∈R+

0

|1(y + 2t) − 21(y + t) + 1(y)|. (12)

The Peetre’s K-functional [4] of 1 ∈ CB(R+
0 ) is defined by

K2(1, δ) := inf
f∈C2

B(R+
0 )

{
‖1 − f ‖CB + δ‖ f ‖C2

B

}
, (13)

where

C2
B(R+

0 ) :=
{

f ∈ CB(R+
0 ) : f ′, f ′′ ∈ CB(R+

0 )
}
,

and the norm ‖ f ‖C2
B

:= ‖ f ‖CB + ‖ f ′‖CB + ‖ f ′′‖CB . It is clear that the following inequality:

K2(1, δ) ≤Mω2(1,
√

δ), (14)

is valid, for all δ ≥ 0. The constant M is independent of 1 and δ.

Lemma 4.1. ([8]) Let 1 ∈ C2[0,∞) and {Jm(1; y)}m≥1 be a sequence of positive linear operators with the property
Jm(1; y) = 1. Then

|Jm(1; y) − 1(y)| ≤ ‖1′‖
√

Jm

(
(t − y)2; y

)
+

1
2
‖1′′‖Jm

(
(t − y)2; y

)
.

Lemma 4.2. ([28]) Let 1 ∈ C[a, b] and h ∈
(
0, b−a

2

)
. Let 1h be the second order Steklov function attached to the

function 1. Then the following inequalities are satisfied:

‖ 1h − 1 ‖ ≤
3
4
ω2(1; h), (15)

‖ 1′′h ‖ ≤
3
2

1
h2ω2(1; h). (16)

Now, we consider the following auxiliary operator

Ĥθ,ϕ
m (1; y) = Hθ,ϕ

m (1; y) − 1
(

m
bm
ϕm(y) +

σ0(m)
2bm

)
+ 1(y)

where σ0(m) is given as in Lemma 3.2.

Lemma 4.3. Let 1 ∈ C2
B[0,∞). Then, we have∣∣∣∣∣Ĥθ,ϕ

m (1; y) − 1(y)
∣∣∣∣∣ ≤ δm(x)‖1′′‖,

where

δm(y) = Hθ,ϕ
m

(
(t − y)2; y

)
+

(( m
bm
ϕm(y) − y

)
+
σ0(m)
2bm

)2

.
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Proof. By the definition of the sequence of operators Ĥθ,ϕ
m (1; y) and Lemma 3.1, we get

Ĥθ,ϕ
m (t − y; y) = Hθ,ϕ

m (t − y; y) −
(

m
bm
ϕm(y) +

σ0(m)
2bm

− y
)

= Hθ,ϕ
m (t; y) − yHθ,ϕ

m (1; y) −
(

m
bm
ϕm(y) +

σ0(m)
2bm

− y
)

= 0.

Let 1 ∈ C2
B[0,∞) and y ∈ C2

B[0,∞). By Taylor’s formula of 1,

1(t) − 1(y) = (t − y)1′(y) +

∫ t

y
(t − u)1′′(u)du, t ∈ [0,∞),

one may write

Ĥθ,ϕ
m (1; y) − 1(y) = 1′(y)Ĥθ,ϕ

m (t − y; y) + Ĥθ,ϕ
m

(∫ t

y
(t − u)1′′(u)du; x

)
= Ĥθ,ϕ

m

(∫ t

y
(t − u)1′′(u)du; y

)

= Hθ,ϕ
m

(∫ t

y
(t − u)1′′(u)du; y

)
−

∫ m
bm
ϕm(y)+ σ0(m)

2bm

y

(
m
bm
ϕm(y) +

σ0(m)
2bm

− u
)
1′′(u)du.

Now, using the following inequalities∣∣∣∣∣∣
∫ t

y
(t − u)1′′(u)du

∣∣∣∣∣∣ ≤ (t − y)2
‖1′′‖

and ∣∣∣∣∣∣∣
∫ m

bm
ϕm(y)+ σ0(m)

2bm

y

(
m
bm
ϕm(y) +

σ0(m)
2bm

− u
)
1′′(u)du

∣∣∣∣∣∣∣
≤

(
m
bm
ϕm(y) +

σ0(m)
2bm

− y
)2

‖1′′‖ ≤

(( m
bm
ϕm(y) − y

)
+
σ0(m)
2bm

)2

‖1′′‖

we reach to

Ĥθ,ϕ
m (1; y) − 1(y) ≤

Hθ,ϕ
m

(
(t − y)2; y

)
+

(( m
bm
ϕm(y) − y

)
+
σ0(m)
2bm

)2
 ‖1′′‖ = δm(y)‖1′′‖.

We get our desired inequality.

Theorem 4.4. Let 1 ∈ CB[0,∞), then for all y ∈ [0,∞), there exists a constant A > 0 such that

|Hθ,ϕ
m (1; y) − 1(y)| ≤ Aω2

(
1;

√
δm(y)

)
+ ω

(
1;

∣∣∣∣∣ m
bm
ϕm(y) − y

∣∣∣∣∣ +
σ0(m)
2bm

)
,

where δm(y) is defined as in Lemma 4.3.
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Proof. By means of the definitions of the operators Ĥθ,ϕ
m and Hθ,ϕ

m , we have∣∣∣∣Hθ,ϕ
m (1; y) − 1(y)

∣∣∣∣ ≤ ∣∣∣∣∣Ĥθ,ϕ
m (1 − f ; y)

∣∣∣∣∣ +
∣∣∣(1 − f )(y)

∣∣∣ +

∣∣∣∣∣Ĥθ,ϕ
m ( f ; y) − f (y)

∣∣∣∣∣ +

∣∣∣∣∣∣1
(

m
bm
ϕm(y) +

σ0(m)
2bm

)
− 1(y)

∣∣∣∣∣∣
and ∣∣∣∣∣Ĥθ,ϕ

m (1; y)
∣∣∣∣∣ ≤ ∣∣∣∣Hθ,ϕ

m (1; y)
∣∣∣∣ + 2‖1‖

≤ ‖1‖Hθ,ϕ
m (1; y) + 2‖1‖ = 3‖1‖.

Thus, we may conclude∣∣∣∣Hθ,ϕ
m (1; y) − 1(y)

∣∣∣∣ ≤ 4‖1 − f ‖ +

∣∣∣∣∣Ĥθ,ϕ
m ( f ; y) − f (y)

∣∣∣∣∣ +

∣∣∣∣∣∣1
(

m
bm
ϕm(y) +

σ0(m)
2bm

)
− 1(y)

∣∣∣∣∣∣ .
In the light of Lemma 4.3, one gets∣∣∣∣Hθ,ϕ

m (1; y) − 1(y)
∣∣∣∣ ≤ 4‖1 − f ‖ + δm(y)‖ f ′′‖ + ω

(
1;

∣∣∣∣∣ m
bm
ϕm(y) − y

∣∣∣∣∣ +
σ0(m)
2bm

)
.

Therefore, taking the infimum overall f ∈ C2
B[0,∞) on the right hand side of the inequality and considering

(14), we find that∣∣∣∣Hθ,ϕ
m (1; y) − 1(y)

∣∣∣∣ ≤ 4K2

(
1;

√
δm(y)

)
+ ω

(
1;

∣∣∣∣∣ m
bm
ϕm(y) − y

∣∣∣∣∣ +
σ0(m)
2bm

)
≤ 4Cω2

(
1;

√
δm(y)

)
+ ω

(
1;

∣∣∣∣∣ m
bm
ϕm(y) − y

∣∣∣∣∣ +
σ0(m)
2bm

)
= Aω2

(
1;

√
δm(y)

)
+ ω

(
1;

∣∣∣∣∣ m
bm
ϕm(y) − y

∣∣∣∣∣ +
σ0(m)
2bm

)
which completes the proof of the theorem.

Theorem 4.5. Let 0 < γ < 1 and 1 ∈ CB[0,∞). Then, if 1 ∈ LipM(γ), i.e. the inequality

|1(t) − 1(y)| ≤ M|t − y|γ, y, t ∈ [0,∞)

holds, then for each y ∈ [0,∞), we have∣∣∣∣Hθ,ϕ
m (1; y) − 1(y)

∣∣∣∣ ≤ δγ/2m (y),

where δm(y) = Hθ,ϕ
m

(
(t − y)2; y

)
, and M > 0 is a constant.

Proof. Let 1 ∈ CB[0,∞) ∩ LipM(γ). By the linearity and monotonicity of the operators Hθ,ϕ
m , we get∣∣∣∣Hθ,ϕ

m (1; y) − 1(y)
∣∣∣∣ ≤ Hθ,ϕ

m
(
|1(t) − 1(y)|; y

)
≤MHθ,ϕ

m
(
|t − y|γ; y

)
≤MHθ,ϕ

m

(
(t − y)2; y

)γ/2
Hθ,ϕ

m

(
12; y

)(2−γ)/2

= MHθ,ϕ
m

(
(t − y)2; y

)γ/2
≤Mδγ/2n (y)

which completes the proof of the theorem.
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Now, we compute the rate of convergence of the operators Hθ,ϕ
m with the help of the second order modulus

of smoothness.

Theorem 4.6. Let 1 be defined on [0,∞) and 1 ∈ C[0, a], then the rate of convergence of the sequence of operators
Hθ,ϕ

m is governed by

|Hθ,ϕ
m (1; y) − 1(y)| ≤

2
a

h2
‖ 1 ‖ +

3
4

(2 + a + h2)ω2(1; h)

where h = 4
√

Hθ,ϕ
m

(
(t − y)2; y

)
.

Proof. Let us denote the second order Steklov function of 1 as 1h. Because of Hθ,ϕ
m (1; y) = 1, one can write

|Hθ,ϕ
m (1; y) − 1(y)| ≤ 2 ‖ 1h − 1 ‖ +|Hθ,ϕ

m (1h; y) − 1h(y)|. (17)

From the Landau inequality and applying (16), we may derive the following inequality

‖ 1′h ‖ ≤
2
a
‖ 1h ‖ +

a
2
‖ 1′′h ‖

≤
2
a
‖ 1 ‖ +

3a
4

1
h2ω2(1; h). (18)

By virtue of 1h ∈ C2[0, a], if we use the Lemma 4.1, equations (16) and (18) we obtain the estimate

|Hθ,ϕ
m (1h; y) − 1h(y)|

≤

(2
a
‖ 1h ‖ +

3a
4

1
h2ω2(1; h)

)√
Hθ,ϕ

m

(
(t − y)2; y

)
+

3
4

1
h2 Hθ,ϕ

m

(
(t − y)2; y

)
ω2(1; h). (19)

Choosing h = 4
√

Hθ,ϕ
m

(
(t − y)2; y

)
in inequality (19) and then considering the last term in (17), so the proof is

completed.

Furthermore, in the case, 1 is a smooth function, the following theorem gives the estimation of an approxi-
mation to the function 1.

Theorem 4.7. For 1 ∈ C2
B(R+

0 ), we have

|Hθ,ϕ
m (1; y) − 1(y)| ≤

1
bm
µ(y) ‖ 1 ‖C2

B
(20)

where

µ(y) =

∣∣∣∣∣m(m + θ)
bm

ϕ2
m(y) − 2myϕm(y) +

m
ϕm

(σ1(m) + bm)ϕm(y) +
(
bm(y − 1) − σ0(m)

)
y +

3bmσ0(m) + 2σ2(m)
6bm

∣∣∣∣∣ .
Proof. From the Taylor’s formula

1(t) = 1(y) + 1′(y)(t − y) +
1′′(η)

2
(t − y)2

where η ∈ (y, t). Due to linearity property of the operators Hθ,ϕ
m , one can write

Hθ,ϕ
m (1; y) − 1(y) = 1′(y)Hθ,ϕ

m
(
(t − y); y

)
+
1′′(η)

2
Hθ,ϕ

m

(
(t − y)2; y

)
.

From this fact and using Lemma 3.1, we obtain

|Hθ,ϕ
m (1; y) − 1(y)| ≤

∣∣∣∣∣( m
bm
ϕm(y) − y

)
+
σ0(m)
2bm

∣∣∣∣∣ ‖ 1′ ‖CB

+

∣∣∣∣∣∣m(m + θ)
b2

m
ϕ2

m(y) +

(
mσ1(m)

b2
m
−

2my
bm

)
ϕm(y) + y2

−
σ0(m)

bm
y +

σ2(m)
3b2

m

∣∣∣∣∣∣ ‖ 1′′ ‖CB .

We immediately get (20) by just a simple calculation of the above inequality.
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5. Weighted Approximation

Now with the mean of weighted Korovkin type theorem [6, 7], we will develop convergence properties
of the operators Hθ,ϕ

m . Aiming this, we recall some notations and definitions.

Let ρ(y) = 1 + y2 and Bρ[0,∞) be the space of all functions with the property

|1(y)| ≤M1ρ(y),

where y ∈ [0,∞) and M1, depending only on 1, is a positive constant. Bρ[0,∞) is provided with the norm

‖1‖ρ = sup
y∈[0,∞)

|1(y)|
1 + y2 .

The space of all continuous functions belonging to Bρ[0,∞) is denoted by Cρ[0,∞). By C0
ρ[0,∞), the subspace

of all functions 1 ∈ Cρ[0,∞) is denoted by for which

lim
y→∞

|1(y)|
ρ(y)

< ∞.

Theorem 5.1. ([6, 7]) Let {Am} be linear positive operators acting from Cρ[0,∞) to Bρ[0,∞) and satisfying the
conditions

lim
m→∞

∥∥∥Am
(
tν; y

)
− yν

∥∥∥
ρ

= 0, ν = 0, 1, 2.

Then for any function 1 ∈ C0
ρ[0,∞),

lim
m→∞

∥∥∥Am
(
1; y

)
− 1(y)

∥∥∥
ρ

= 0.

Note that positive linear operators Am acts from Cρ[0,∞) to Bρ[0,∞) if and only if∥∥∥Am
(
ρ; y

)∥∥∥
ρ
≤Mρ,

where Mρ is a positive constant. This fact is a simple result of the necessary and sufficient condition that Am
(
ρ; y

)
≤

Mρ(y) given in [6, 7].

Theorem 5.2. Let {Hθ,ϕ
m } be the sequence of positive linear operators defined by (7). Then, for each 1 ∈ C0

ρ[0,∞), we
have

lim
m→∞

∥∥∥∥Hθ,ϕ
m

(
1; y

)
− 1(y)

∥∥∥∥
ρ

= 0.

Proof. Using Lemma 3.1, we may write

Hθ,ϕ
m (ρ; y)
1 + y2 =

Hθ,ϕ
m (1; y) + Hθ,ϕ

m (t2; y)
1 + y2

=
1

1 + y2

{
1 +

m(m + θ)
b2

m
ϕ2

m(y) +
mσ1(m)

b2
m

ϕm(y) +
σ2(m)
3b2

m

}
≤ 1 +

m(m + θ)
b2

m
+

mσ1(m)
b2

m
+
σ2(m)
3b2

m
.

Thus

sup
0≤<∞

|Hθ,ϕ
m (ρ; y)|
1 + y2 ≤ 1 +

m(m + θ)
b2

m
+

mσ1(m)
b2

m
+
σ2(m)
3b2

m
.



K. J. Ansari / Filomat 36:3 (2022), 1049–1060 1058

Since lim
m→∞

m
bm

= 1, we have lim
m→∞

1
bm

= 0. Thus under the conditions (i) and (ii), there exists a positive constant
M∗ such that

m(m + θ)
b2

m
+

mσ1(m)
b2

m
+
σ2(m)
3b2

m
< M∗

for each m. Hence, we get

‖Hθ,ϕ
m (ρ; y)‖ ≤ 1 + M∗

which shows that Hθ,ϕ
m are positive linear operators acting from Cρ[0,∞) to Bρ[0,∞). In order to complete

the proof, it is enough to prove that the conditions of theorem A

lim
m→∞

‖Hθ,ϕ
m (tν; y) − yν‖ρ = 0, ν = 0, 1, 2

are satisfied. It is clear that

lim
m→∞

‖Hθ,ϕ
m (1; y) − 1‖ρ = 0.

By Lemma 2.2, we have

‖Hθ,ϕ
m (t; y) − y‖ρ = sup

0≤y<∞

∣∣∣∣∣∣ m
bm

ϕm(y)
1 + y2 −

y
1 + y2 +

σ0(m)
2bm

1
1 + y2

∣∣∣∣∣∣
≤ sup

0≤y<∞

∣∣∣∣∣∣( m
bm
− 1

) y
1 + y2 +

σ0(n)
2bm

1
1 + y2

∣∣∣∣∣∣
≤

∣∣∣∣∣ m
bm
− 1

∣∣∣∣∣ +
σ0(m)
2bm

.

Thus, taking into consideration the conditions (i) and (ii), we can conclude that

lim
m→∞

‖Hθ,ϕ
m (t; y) − y‖ρ = 0.

Similarly, one gets

‖Hθ,ϕ
m (t2; y) − y2

‖ρ = sup
0≤y<∞

∣∣∣∣∣∣m(m + θ)
b2

m

ϕ2
m(y)

1 + y2 −
y2

1 + y2 +
mσ1(m)

b2
m

ϕm(y)
1 + y2 +

σ2(m)
3b2

m

1
1 + y2

∣∣∣∣∣∣
≤ sup

0≤y<∞

∣∣∣∣∣∣
(

m(m + θ)
b2

m
− 1

)
y2

1 + y2 +
mσ1(m)

b2
m

y
1 + y2 +

σ2(m)
3b2

m

1
1 + y2

∣∣∣∣∣∣
≤

∣∣∣∣∣∣m(m + θ)
b2

m
− 1

∣∣∣∣∣∣ +
mσ1(m)

b2
m

+
σ2(m)
3b2

m

which leads to

lim
n→∞
‖Hθ,ϕ

m (t2; y) − y2
‖ρ = 0.

Thus the proof is completed.

It is well-known that the first and second order modulus of continuity in general do not tend to zero
with δ→ 0 on R+

0 , so we use the following weighted modulus of continuity [27]:

Ω(1, δ) = sup
y≥0

sup
0<|t|≤δ

|1(y + t) − 1(y)|
1 + (y + t)2 . (21)

We have the following lemma:
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Lemma 5.3. ([27]) If 1 ∈ C∗2(R+
0 ), then

1. Ω(1, δ) is a monotonic increasing function of δ,
2. limδ→0 Ω(1, δ) = 0,
3. For any λ ∈ (0,∞), Ω(1, λδ) ≤ (1 + λ)Ω(1, δ).

For t, y ∈ R+
0 and δ ≥ 0, using (21) and Lemma 5.3, we get

|1(t) − 1(y)| ≤ 2(1 + y2)(1 + (t − y)2)
(
1 +
|t − y|
δ

)
Ω(1, δ). (22)

Theorem 5.4. Let {Hθ,ϕ
m } be a sequence of positive linear operators. Then, for each 1 ∈ C0

ρ[0,∞), we have

sup
0≤y<∞

|Hθ,ϕ
m (1; y) − 1(y)|

1 + y2 ≤ C∗Ω2(1; δm)

where C∗ is a positive constant and δm =
4
√

Hθ,ϕ
m

(
(t − y)4; y

)
.

Proof.

|1(t) − 1(y)| ≤
(
1 + (y + |t − y|)2

) (
1 +
|t − y|
δm

)
Ω2(1; δm)

≤ 2(1 + y2)
(
1 + (t − y)2

) (
1 +
|t − y|
δm

)
Ω2(1; δm).

By using the monotonicity of Hθ,ϕ
m and the following inequality (see [12])(

1 + (t − y)2
) (

1 +
|t − y|
δm

)
≤ 2(1 + δ2

m)
(
1 +

(t − y)4

δ4
m

)
one gets

|Hθ,ϕ
m (1; y) − 1(y)| ≤ 2(1 + y2)Hθ,ϕ

m

((
1 + (t − y)2

) (
1 +
|t − y|
δm

))
Ω2(1; δm)

≤ 4(1 + δ2
m)(1 + y2)Hθ,ϕ

m

(
1 +

(t − y)4

δ4
m

)
Ω2(1; δm)

= 4(1 + δ2
m)(1 + y2)

{
1 +

1
δ4

m
Hθ,ϕ

m

(
(t − y)4; y

)}
Ω2(1; δm)

≤ C1(1 + y2)
{

1 +
1
δ4

m
Hθ,ϕ

m

(
(t − y)4; y

)}
Ω2(1; δm)

if δ4
n = Hθ,ϕ

m

(
(t − y)4; y

)
implies δm =

4
√

Hθ,ϕ
m

(
(t − y)4; y

)
which implies that

|Hθ,ϕ
m (1; y) − 1(y)| ≤ 2C1(1 + y2)Ω2(1; δm)

|Hθ,ϕ
m (1; y) − 1(y)|

1 + y2 ≤ C∗(1 + y2)Ω2(1; δm),

where C∗ = 2C1.

In Theorem 5.2, we have shown that Hθ,ϕ
m converges to 1 in the weighted space Cρ[0,∞). But in Theorem

5.4, we have computed the rate of convergence for these operators in the weighted space Cρ[0,∞).
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[20] H.M. Srivastava, V. Gupta, Rate of convergence for the Bézier variant of the Bleimann–Butzer–Hahn operators, Applied Mathe-

matics Letters, 18 (2005) 849–857.
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