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The Second Regularized Trace of Even Order Differential Operators
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Abstract.
In this paper, we investigate the spectrum of the self adjoint operator L defined by
d2r
L:=(-1) ot A+ Qw),

where A is a self adjoint operator, Q(x) is a nuclear operator in a separable Hilbert space, and we derive
asymptotic formulas for the sum of eigenvalues of the operator L.

1. Introduction

The theory of regularized traces of differential operators began with the study of Gelfand and Levitan [12].
They calculated the trace formula for the sum of substraction of eigenvalues of two self adjoint operators.
After this primary work, many mathematicians concentrated on this theory in a large scale.

Dikiy [13], Halberg and Kramer [4], Levitan [2] and some others studied the regularized traces of scalar
differential operators. The list of works on the subject was given in the works Levitan and Sargsyan [3] and
Fulton and Pruess [16]], but a few of these works were about the regularized trace of differential operators
with operator coefficient. Chalilova [15] calculated regularized trace of Sturm Lioville operator with
bounded operator coefficient. Adigtizelov [5] computed regularized trace of the difference of two Sturm-
Liouville operators with bounded operator coefficient given in the semi-axis. Maksudov, Bayramoglu and
Adagtizelov [10] found a formula for the regularized trace of Sturm-Liouville operators with unbounded
operator coefficient under the Dirichlet boundary conditions. Bayramoglu and Adigtizelov [14] obtained
the regularized trace of second order singular differential operator with bounded operator coefficient.
Furthermore Adigiizelov and Baksi [6], Adigtizelov and Sezer [7], [8] and Sen, Bayramov and Orucoglu [9]
investigated the regularized trace formulas of differential operator with operator coefficient.

Although most of the previous researches on the subject dealt with regularized trace of second order
differential operators, we focused on higher order differential operators. It is clear that our study advances
the formulation of regularized trace that the prior manuscripts has proved. This paper aims to explore the
second regularized trace of higher order differential operators with operator coefficient.
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Let us begin by recalling some definitions and properties:
Let H be an infinite dimensional separable Hilbert space. We denote the inner productsin H by (.,.) and
the norm in H by ||.|. Let H; = L,(0,w; H) denote the set of all functions f from [0, ] into H which are

strongly measurable and satisfy the condition fon” f (x)||2dx < 00.The space Hj is a linear space. If the inner

product of arbitrary two elements f and g of the space H; is defined as (f, 9)n, = foﬂ ( fx), g(x))dx, then H;
becomes an infinite dimensional separable Hilbert space [1]. The norm in the space H; is denoted by |[.||;.
0« (H) denotes the set of all compact operators from H to H. If T € 0(H), then T*T is a nonnegative self
adjoint operator and (T*T)? € ow(H) [T1]. Let the nonzero eigenvalues of the operator (T"T): be {sj}’]f:1
(0 <k < o0) such that s; > s, > ... > s according to its multiplicity number. Since (T*T)? is non negative,
si’s are positive numbers. The numbers s; are called s-numbers of the operator T. If k < oo, then's; = 0
(j =k+1,k+2,..) will be accepted. s-numbers of the operator T are also denoted by s;(T) (j = 1,2, ...). Here
s1(T) = |IT1|.

If T is a normal operator, then s;(T) = [A{(T)| (j = 1,2, ..., k) [11]. Here, {A1(T), A2(T), ..., A(T)} is an ordering
of all nonzero eigenvalues of the operator T according to [A1(T)[ > [A2(T)| > ... > [Ak(T)|. 0, or 0,(H) denotes

the set of all compact operators, the s-numbers of which satisfy the condition }, s’; (T) < oo (p 2 1). The set
j=1

) »
op (p = 1) is a separable Banach space with respect to the norm [|Tl|y,m) = [Z s’;(T)] , for T € o,(H) [11].
j=1

o1(H) is the set of all operators T € g (H), the s-numbers of which satisfy the condition }_ s;(T) < co . If an
=1

operator belongs to 01(H), then it is called a nuclear operator. If the operators T € 0,(H) and B € B(H), then
TB,BT € o,(H) and [ITBllo, ey < IBINT I, ey, 1BT o1y < IBINT o, (r1)-

If T is a nuclear operator and {ej}]f"’:1 C H is any orthonormal basis, then the series }’ (Tej, ej) is convergent
j=1
and the sum of the series does not depend on the choice of the basis {q}}” 1- The sum of this series is said to

be matrix trace of the operator T denoted by t#T. Moreover

v(T)

0T = Z A{(T)
j=1

[11]. Here, each eigenvalue counted according to its algebraic multiplicity number. v(T) denotes the sum
w(T)

of algebraic multiplicity of non-zero eigenvalues of the operator T [11]. The sum of the series }. A{(T) is
j=1

called spectral trace of the operator T.

Now, let us return to our problem. Consider the differential expression

ty) = (1Y (x) + Ay(x)

in the space H; = L,(0,r; H). Here, the densely defined operator A : D(A) — H satisfies the conditions
A = A* > I (I is unit operator in H) and A™' € og.(H). Let {yn}{" be an ordering of all eigenvalues of A
according to y; <2 <--- <y, < --- and ¢, the corresponding orthonormal eigenfunctions. Here, each
eigenvalue counted according to its multiplicity number.

Let Dy be a subset of the space H; . A function y(x) € Dy , if y(x) satisfies the following conditions:

(y1) y(x) has continuous derivative of the (2r)th-order with respect to the norm in the space H for every
x € [0,n],

(y2) Ay(x) is continuous with respect to the norm of the space H on [0, rt],

¥3) y0) =y (0)=-=y?DO)=y(n) =y (1) ==y D) =0 (r=1,2,...,m).

Here, Dy = H; . Define the linear operator Ly: Do — Hy as Lyy := €o(y).
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’ ’ 2 .
The construction above gives that L is symmetric. The eigenvalues of L, are (k + %) ' +7j(k=0,1,2,...;j=

1,2,...)and \/g N cos(k + %)x the corresponding orthonormal eigenvectors.

We can see that the orthonormal eigenvector system of the symmetric operator L is an orthonormal basis
in the space H;. We denote the closure of Ly by Lo : D(Ly) — Hj . Since the orthonormal eigenvector system
of the operator L is an orthonormal basis in the space Hy, Ly is a self adjoint operator.

Let Q(x) defined on [0, ] be an operator function satisfying the following conditions:

(Q1) Q(x) has weak derivative of (2r + 2)th order and

QD) = Q®*N(m) =0  (i=0,1,2,...,7)

QQYx):H—H  (i=0,1,2,...,2r+2)areself-adjoint operators for every x € [0, t], AQ”(x), Q¥ +?(x) €
01(H) and the functions [|AQ" (X)lls,(H), IIQ(Z”Z)(x)IIUl(H) are bounded and measurable in the interval [0, 7] .
Define the operator L : D(Lg) — H; as follows

L=Ly+Q.

The operators Ly and L are self adjoint operators and have purely discrete spectrum [6]. We denote the
resolvent sets of Lo, L by p(Lo), p(L) and the resolvent operators of Ly, Lby R} = (Lo — AI)™', Ry = (L—AD)™,
respectively. Also, we denote the eigenvalues of the operators Ly and L by {u,}{° and {A,}]° satisfying the
inequalities yy < pp <+ <y, <---and Ay <A < <A <

If yj~aj* (@>0,0<a<o) as j— oo, then

U, Ay ~ dyna, (1.1)

as n — oo [7]. Here, d; is a positive constant. By using the asymptotic formula (1.1), there exists a
subsequence 7, of positive integers such that

2ra

2ra
Mo =ty 2 (g7 = n2%), (g=my+1,m,+2,..)

where d, is a positive constant.
In the work [8], the formula in the form

Tt T
1y

i Y[, = [ (@i, = 50700 + 0m) - 51 [ s

p—)OO

q=1 0 0

is obtained for the first regularized trace of the operator L. In this present work, we find a formula in the
form

np m 7 Ys
l}i_r& 2. (A; - - 2;(—1)55‘1R65A:yqtr[/\(QR9\)S] - % Of(Q(x)(qu,(p]-q)dx)
= (-1y27 [ Q®)(0) - Q@) ()| + %[trAQ(O) — trAQ(m)]. (1.2)

The left hand side of equality is called the second regularized trace of the differential operator L.

2. Main Results

The main purpose of this section is to obtain the second trace formula for the operator L. Now, we find the
relations between resolvents and eigenvalues of the operators Ly and L.
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Ifa> 52 and A # Ay, y (9 = 1,2,...), then by (1), R} and R, are trace class operators. Hence

0o

1 1
0y — 0 _
tr(Ry — R)) = trR; — trRY = Z(Aq iy )
q=1
If this equality is multiply with 2"—; and integrated on the circle |A| = b, = 3(iy, + tn,+1) , then we have
following equality
1 2 0 v, A2 f
2mi f A tr(RA Ry EM T 2mi f Z(Aq - /\  2mi Z @1
Al=b, i=b, 771 Aj=p, 91
We can see that for the large values of p,
{A q//vlq} C B(0, bp) ={A: A < bp}
Ag g € B[O, bp] = {A - |A| < by} (g 21, +1).
Therefore by (2.1), we have
np l
2_ 2 2 0
Y -wd)= 5= f A2tr(Ry — RS )dA. (2.2)
7=1 IAI=b,
This is well known formula for the resolvents of the operators Ly and L:
Ry =R} -RiQRY (A€ p(L)N p(Lo))-
By using the last formula, we obtain
Ry = RS = ) (=1)R§(QRY) + (~1)"'RA(QR))™,
s=1
for every positive integer m. By and the last equality, we have
np 1 m
Y (33 -4) = o [ (YD RUQRY + (-1 RA@RY™ i
q=1 AI=b, s=1
or
- Y (m)
2 2\ _ m
Y (A2-u2) =) Dy +D{". (2.3)
q:l s=1
Here,
D, = U™ At(RYQRYY)A, (5=1,2,..) (2.4)
ps 27_(1 A A ’ 74,
[Al=by
pm - EV” Aztr(RA(QRO )m+1)d)\. (2.5)
4 27 A
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Theorem 2.1. Ify; ~aj® (0<a,a> 525) as j— oo, then

2r-1
(_1)5 S
Dy = f Atr((QRYF)A (s =1,2,..).
IAI=b,

Theorem 2.2. If the operator function Q(x) satisfies the conditions (Q1) and (Q2), then the series

T

Y Y (k+ %)2’ +7j) f Q)@ ¢;) cos((2k + 1)x)dx

k=0 j=1 0
is absolutely convergent.
We are at the position to give the main result:

Theorem 2.3. If the operator function Q(x) satisfies the conditions (Q1), (Q2), and y; ~ aj* as j— oo (a >
0, 52 <a),then we have

2r-1
: c 2 2 . 5.—1 0ys 2[’1‘7 (
lim Y12 - 42 = 2)) (175 Resiey, 1(AQRY) = - [ (@l 03
q=1 s=2 0

= (=1) 27 (#rQ@(0) — Q) (m)) + %(trAQ(O) — trAQ(n)),

— | 2ra+6r+3a
where m = era—Zr—a

integer less than or equal to x.

J. Here, |.] shows the greatest integer function whose value at any number x is the greatest

3. Proofs

Proof of Theorem 1. We can show that the operator function (QRR)S is analytic with respect to the norm in
the space 01(H1) in the region p(Ly) and

tr([QRY)T) = str((QRY)(QRY™),  (QRY) = QR))?.
Therefore, we have

tr([(QRY)T) = str(R}QR})):
From and the last equality we obtain

D, = 07 f 2r{[(QRYY] Jaa.

2mis
|Al=by,

We can also write the last formula in the following form:

_1)s+1 ,
Dyps (22is f tr([AQ(QRR)S] —ZA(QRR)S)dA
IA1=b,
—1)8 _1)s+1
= (nls) f /\i’T((QR(})\)S)dA + (211)15 f tT([Az(QRg)S],)d/\ (3.1)

IAI=b, Al=b,
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We can see
f ir([A2(QRYY] ) = f [r(22(QRYY")] da. (3.2)
b, i=b,

We write the right hand side of above equality in the following way:

f [er(22(@QRYY")| 2 = f [er(22(@QRYY")| 41 + f [tr(A(@RYY")| da. (3.3)

IAl=b, [AI=b, [Al=by
ImA>0 ImA<0

Let g be a positive number satisfying the inequality by, + &9 < iy, +1-

We consider that the function tr(/\z(QRg)S) is analytic in the simply connected regions:

Gr={A:by— o <|A| <by + &9, ImA>—ép},

Go={A:by,— €9 <|A| <by + &9, ImA < e}

and

(A:IAl=b,, Imd>0)CG,

(A:IAl=b, ImA<0}C G,

By using the Leibnitz Formula and (3.3), we get

| flrearey)fan

Al=b,

= tr(PA(QR® hp)S) - tr(bﬁ(QRgp)S) + tr(bﬁ(QRgﬂ y) - tr{bA(QR® hp)S) =0. (3.4)

From (B.1), (3.2) and (3.4), we have

=1y

D,s = -
P s

f Atr((QRS))dA.0

1Al=b,

Proof of Theorem 2. Let /1j(x) = (Q(x)¢; ¢;). Using the integration by parts formula and the condition (Q1),
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we get
fhj(x) cos((2k + 1)x)dx = fhj(x)(Zkl 1 sin(2k + l)x)
0 0

T

- 2k S sin(k+ 1)")| f I (x) sin((2k + 1)x)dx|
0

e

= ﬁfh}(x)(cos(2k+l)x)/dx
0

Tt

= o Jlr 7 [h;(x) cos((2k + 1)x)’::— fh}'(x) cos((2k + 1)x)dx]

0

b4
1

= BT f ! (x)(sin(2k + 1)x) dx
0

-1 r+1 j .
= w f hj?’ 2(x) cos((2k + 1)x)dx. (3.5)
0

By (3.5), we find

i i' ( + "ty f j(x) cos((2k + 1)x)dx‘

k=0 j=1 0

[==}
—.

s

(2k + 1) f(’h§2r+2)(x)| + yjlh;’(x)l)dx

0

1
gk

T
[=}
-
1l
—_

Ms

f (|(Q<2“2>(x><pj,<pj>| + |(AQ"(X)(P1}(P]')|)de(2k +1)7
0 k=0

.
]
—_

IA

Const. f(z |(Q(27+2)(x)(Pj,(Pj)‘ + Z |(AQ"(x)(Pj,(Pj)|)dx
0 7t =1

IN

Const. f (HQ@H%)HMH) * ||AQ"<x>||ol<H>)dx. (3.6)
0

Since the functions [|Q®*?(x)||,, @ and [JAQ” (x)lls,m) in (B.6) are measurable and bounded in the interval
[0, ], we get

>y

k=0 j=1

< o00.00

[tk + 5+ f (Qp; ;) cos((@k + 1)x)dx

Let {1),4}7° be the orthornormal eigenvectors system corresponding to eigenvalues {y,;}7° of the operator
Ly, respectively. Since the orthornormal eigenvectors corresponding to eigenvalues (k + )% + y; (k=



O. Baksi, Y. Sezer / Filomat 36:4 (2022), 1069-1080

0,1,2---;j=1,

G=12,-")

Py(x) = \/gcos((kq + %)x)(p]-q.

We prove the main theorem of the paper.
Proof of Theorem 3.
By using the Theorem 1, one can write D as follows:

1 S
o [ (aergy)

Al=b,

1
fg = (kg + z)m +7i

and

Dy = 2(-1)s

2(=1)'s" ZRESA —u,t(A(QRY)").

q=1
By using last formula, we can rewrite (2.3) as follows:

p
9=1

Dy :% f Atr(QRY)dA.

[Al=by

Since (QRO) is a nuclear operator for every A € p(Lo) and {i,}{°
have

tr(QRY) = Z(QR Yo, Yo,

Here, RSy, = (ttg — A",
If we substltute the last two equalities into (3.9), then we get

=l AZ(QR Yy Y

w b, 7

-1 =1
= = /\qu——A

=1
al=b, 7

= —Z(Q%ﬂ/’q)ﬁ f—‘“

[Al=by

Dy =

(Qvg, Pg)r,dA

By using the Cauchy Integral Formula

1 o if
2mi /\ T an = { 0 if
IA|=b,

q=np
q>mp

m
Z(A; _ tug ) Z(—l)ss1RBS/\:yl,t7(/\(QRg)s)) = D}ﬂ + Dém)/
s=2

1076

2,---) of the operator L are \/g cos((k + %)x)go j, respectively,

(3.7)

(3.8)

(3.9)

is an orthonormal basis in the space H;, we
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and by (3.7), we obtain

Dp = ZZHq(Q‘/’qr%)Hl
q=1
= 2y @@, gy
g=1 0
= ZqufQ(x \/7cos(k + = )x(p]q,\/zcos(k + )x(p]q)
= Zqu% f cosz(kq+%)x(Q(x)qojq,(qu)dx
9=1 0

np 2 T[
- Z = f (1 + cos(2k; + x)(Q(x)j,, ¢, )dx
g=1 0

n,

= —qu f cos(2k, + Dx(Q);,, @j,)dx + = Zuq f (QM@)@j,, j,)dx
0

0

We substitude (3.10) in (3.8):

T

Zp‘()tj -y - 2i(_1)s5—1 ResA:yqtr[/\(QRg)s] _ % f hjq(x)dx)

q=1 s=2 0

e

n
2y (m)
= = Z g fhj”(x) cos(2ky + 1)xdx + D, .

9=1 0

If we use Theorem 2, then we know that

— hm Z g f hj, (x) cos(2k, + 1)xdx

0

%ii ((k+3 2f+y])fh(x)cos(2k+1)xdx

k=0 j=1 0

If we substitude in the right hand side of (3.12), then we get

1077

(3.10)

(3.11)

(3.12)
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— (-1 f [(—%)rhj.zy)(x)+)/j(x)hj(x)] cos(kx)dx),
0

1078

The sums according to the k on the right hand side of the last relation are the values at 0 and 7 of the Fourier

Series of the function (—}l)’hg.zr) (x) + y;jhj(x) according to the functions {cos kx}}? |

Therefore,

% i i (k +5 )2r + y]] fh (x) cos(2k + 1)xdx

k=0 j=1

| =

= 2 Y[ 60 - w) + 00 - i)
=1

= (-1y27 2 [rQ®(0) - rQ®)(m)| + %[trAQ(O) — trAQ(m)|

From (3.12) and (3.13), we obtain

T

= hmqu f i, (x) cos(2k, + 1)xdx

0

= (-1y27 Q) - rQ®)(m)| + %[trAQ(O) — trAQ(m)|

Let us estimate of D;,m) for the large value of p. By using we get

IA

Dy f AR[er(RAQRSY™*1) i

[Al=by

[ [ruceryy

[Al=by

IA

ldA|
o1(Hy)

on the interval [0, 7t].

(3.13)

(3.14)
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IA
-
—

=

Ra |[(QRD™!

ldA|

o1(Hz)

IN
SN

2 0\m 0
: [ el o fos],, oo

Jury

IA
oY

m
1

Sl lol e o0

a1(Hz)

=N
Jury

One can prove the following inequalities similarly in work [Z]:

0 1-6
”R/\ < const.n,”°,

o1(Hi)

. 2ra
R ” < const.n,™ (6= ~1).
H Al = constity ® 2r+a )

From last two inequalities and (3.15), we obtain
(m) 3, —om-25+1
|Dp ' < const.byny .

For large values of p

b, = 2_1(ynp + ‘Unp+1) < const.nllﬁ‘s.

From (3.16) and (3.17), we obtain

4-(m-1)5

‘D;m)' < const.u,

_ | 2ra+6r+3a :
Therefore, for m = [—Zr i, J + 1, we find

lim D\ = 0.

p—)OO

1079

(3.15)

(3.16)

(3.17)

(3.18)

From (3.11)), (3.14) and (3.18), we find the following formula for second reqularized trace formula of the operator

L

T

p—)OO

q=1 5=2

0

= (-1)y27 [ Q®(0) - trQ® ()| + %[trAQ(O) — trAQ(m)] .o
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lim (Ag - yg—zz(—n s 1ResA=Mtr(/\(QRg) )— % f (Q)@),, @;,)dx
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