Filomat 36:4 (2022), 1179-1194

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2204179A

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
2 S
) @
b, &
Ty s

5
TIprpor®

Approximation by g-Bernstein-Stancu-Kantorovich Operators with
Shifted Knots of Real Parameters

Mohammad Ayman Mursaleen®?, Adem Kilicman?, Md. Nasiruzzaman®

?Department of Mathematics & Statistics, Faculty of Science, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor, Malaysia
bSchool of Information & Physical Sciences, The University of Newcastle, University Drive, Callaghan, NSW 2308, Australia
cComputational & Analytical Mathematics and Their Applications Research Group, Department of Mathematics, Faculty of Science,
University of Tabuk, PO Box 4279, Tabuk-71491, Saudi Arabia

Abstract. Our main purpose of this article is to study the convergence and other related properties of
g-Bernstein-Kantorovich operators including the shifted knots of real positive numbers. We design the
shifted knots of Bernstein-Kantorovich operators generated by the basic g-calculus. More precisely, we
study the convergence properties of our new operators in the space of continuous functions and Lebesgue
space. We obtain the degree of convergence with the help of modulus of continuity and integral modulus
of continuity. Furthermore, we establish the quantitative estimates of Voronovskaja-type.

1. Introduction and Basic Definitions

In 1912, S. N. Bernstein gave a very short and easy proof of Weierstrass approximation theorem by
introducing the Bernstein polynomials [3]. The g-analog of Bernstein polynomials were introduced by
Lupas [14] and Phillips [24], separately. Since then several polynomials were generalized and studied by
using g-calculus. For example related to our present theme, g-Bernstein shifted operators [20], g-Bernstein-
Kantorovich operators [21], Bernstein-Kantorovich operators based on (p, g)-calculus [19], and other related
operators [1], [4], [13], [25], etc..

The Bernstein operators have been extended in various forms for the purpose of approximating func-
tions of different classes by replacing the point evaluation functionals by some integrals. To deal with the
approximation in L,[0, 1] (1 < p < oo) for which Bernstein operators are unsuitable, Bernstein-Kantorovich
operators [12] and Bernstein-Durrmeyer operators [6] were introduced. Jackson type estimation by Kan-
torovich type positive linear operators in L,-spaces is studied in [28] while weighted L,-approximation was
studied in [7].

In 2004, the Stancu variant of Bernstein-Kantorovich operators [2] were defined as follows:

s+1+pq
+1+vq

TG = (r+1+m1) Z(; (:)55(1 - f fhdt, (0 < pr <), M
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2020 Mathematics Subject Classification. Primary 41A36; Secondary 441A25, 33C45.

Keywords. Bernstein-Stancu type polynomials; g-calculus; modulus of continuity; Peetre’s K-functional; Korovkin’s theorem;
Voronovskaja-type theorem.

Received: 07 April 2021; Revised: 04 August 2021; Accepted: 17 October 2021

Communicated by Hemen Dutta

Email addresses: mohdaymanm@gmail.com, mursaleen.ayman@student.upm.edu.my, mohammad.mursaleen@uon.edu.au
(Mohammad Ayman Mursaleen), akilic@upm.edu.my (Adem Kilicman), nasir3489@gmail.com (Md. Nasiruzzaman)



M. Ayman Mursaleen et al. / Filomat 36:4 (2022), 1179-1194 1180

Recently, a variety of Bernstein-Kantorovich operators have been studied in [18], [23] and [17]. While
the operators (1) with shifted knots were studied by Gadjiev et al. [8] for the operators S;?, : C[0,1] —

Uzt
C[f—z — ] defined by

sio=() Be- i) (- )

s=0

r+o

where £2 < & < 22 and yy, w(k = 1,2) are positive real numbers satisfying 0 < yp < g < v1 < .

Moreover, Sucu et al. f27] introduced the Bernstein-Stancu-Kantorovich operators with shifted knots by

r r+pg +1
r+vy+ 1 )7+1 r+l+v]
_— d
e R o
s=0 r+l+vy
;f(E L2 )S r+up+1 5”
s r+vy+1) \r+va+1 '

Here we introduce the Bernstein-Stancu-Kantorovich operators with shifted knots by using g-integers
and then investigate the approximation in the L,-spaces (p > 1). Using of shifted knots of real parameters has
certainly some advantage that one can do approximation on some interval as well as on its subinterval. Some
basic results for approximation as well as rate of convergence of the introduced operators are established.
We obtain the degree of approximation of our new operators by using the modulus of continuity and
integral modulus of continuity. We give some direct theorems in L,-spaces. Furthermore, we obtain the
approximation in Lipschitz spaces and also establishe the quantitative estimates of the Voronovskaja-type.

The g-calculus emerged as a very useful tool and a very fruitful connection between Mathematics and

Physics. We recall here some basic definitions and notations about the g-calculus. We take C as the set of
complex numbers and IN the set of positive integers.

Ko (f €)

X

Definition 1.1. Let g € C\ {0, 1}. Then the g-number is defined by

1-¢° 0eC\1{0
T, (0 eC\{0})
[G]qz 1 (6=0) @
r—1
Y@ =1+q+¢*+ - +¢° (6 € N).

s=0

Definition 1.2. For number q € C\ {0, 1}, the g-factorial is defined by

1 ©=0)
0=\ 11101,  ©eN). ®)
6=1

Definition 1.3. For g € C\ {0,1}, and 0 < s < r the g-binomial coefficient is defined by

L

B [sly! [r —s]y!

The g-analogue of (1 + &)" is the polynomial given by

r—s—1
(1+5)g_s:{(11+5)(1+qé) Qeg  GoeN) @
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Definition 1.4. [9, 11] The g-Jackson integral from 0 to A € R is defined by

A )
[ sods=aa-nY sanr, ®
5=0

while, the more general g-Jackson integral on interval [A, B] is given by

B B A
fA @),z = fo f@)dyz - fo f@)d,z. ©®)

Theorem 1.5. [11] (Fundamental theorem of q-calculus ) Let @ be the anti g-derivative of the function f, namely
Dy = f, be continuous at z = A. Then

B
| e = o) - o) -

&
D, ( fA f(f)dqt) - £9). ®)

2. Construction of operators and basic properties

In this section, taking into account the operators introduced by [2, 12], we focus on these operators and
then construct the new generalized operators in L,-spaces by g-analogue and investigate the convergence
results. Thus, with the basic definitions of g-integers for 0 < g < 1, we define new construction of Bernstein-

Kantorovich polynomials with shifted knots of positive real numbers y;, vs for (s = 1,2) with G +ﬁ; 0 S &<

[r+1]+u . . _ u [r+1],+u
—[Hl]j’le, provided 0 < pp < p; < vy < v,. For this purpose welet 1 < p < o0, J, = —[T+1]j+1/z’ —[r+1]:+vj d
define the operators Bﬁ';ﬁvl : L,[0,1] — L,(J;) by
[5+l]q+,u1
[r+1], + 12\ & Ey
L2,V2 . _ q L2,V2
Bl (7€) = (1 + 1]y +v1) (—[r oo, ), P © f fdyt ©)
= r1]g+vy

for f e L,[0,1]and r=1,2,3,---, where

s r—s—1 +11. + A
P = 1] (e o) TT (e - )
q

s [r+1]q+vzq o [r+1]; +12

and
yﬁl([r+1]q+yz —L]ié) _ ([1’+1]q+#2 _E)V—s.
o [r+1]; +v2 [r+1]; +v2 g

In addition, it is very clear that for g = 1, these operators reduce to [27] and for y; = v, = 0 withg =1 we
get operators (1) by [2] . If we take yu; = yp = v1 = v, = 0 with g = 1, then the operators (1) reduce to the
classic Bernstein-Kantorovich operators [12].
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[r+1]g+va 7 [r+1]p+v2

Lemma 2.1. Take the test functions 1;(t) = tffor j=0,1,2. Then forall £ € J, = [L [7+1]q+P2] e have:

1oV _ _(r+ 1]+ w2
(D) B o®;8) = (W)q,
V2 ) 2 [r], [r+1]; +v2 2 142
2 B (m®;8) = E[H‘l]q +V1( 10, ) ( - m)q

(1+2‘Lll) ([7"+1]q+1/2) )
2l (r+1l, +v) \ [r+1], ] !

3% [rllr—1], ([r+1]q+vz)3( . m )2

Bl ([r+ 1, + 2\ [r+1], [r+ 1, +v2),

. 3q(q + 1+ 2u1) [r], ([r +1]; + V2)2( ~ 1> )
[3]; ([r + 115 +v1)? [r+1], [r+1]; +v2

1 (1+3u1+3u3) ([r+1]q +1/2)
[3] ([r + 1], +v1)? [r+1], ]

B) Bl (1) &)

Proof. From g-Jackson integral, clearly we have

[s+1]g+ug [s+1]g+ug qlslg+uy

[r+1]g+v1 [r+1]g+v1 [r+1]q+v1
trd,t trd,t — trd,t
qlslg+uq 0 0

[r+]]q+\'1
. )[s+1]q+y1 i([s+1]q+y1 m)“ "
1 [r+1];+v1 — [r+1];+v1
[] +H1 . q[s]q+‘l.11 ma m
- (- )[r+1]q+v1 Z([r+1]q+v1q ) 1
-9 ( ) A
(s 1 ) = Gl + ) Y g0
([1’+ 1]!1 +V1)a+1 q H1 H r;)q
Thus we easily get
[s+1lg+y [7+1]q+1{1 for a =0;
[r+lg+vy tadqt — [Z]q([r+1 +v1)2 (1 + 2[.11 + 2Q[S]q) for a =1; (10)
qlslg+pq
[r+l]q+v1

—_— 2 =
o ([r+1 o (1 + 31 + 3u2 + 3q(1 + 2u1)[s]; + 3¢%[s] ) for a =2,

where we used [s + 1], = 1 + g[s],.

Thus in the view of (10) for @ =0, 1,2, n,(t) = t*, we get

[r+1];+v2\" !

1
H2,V2 . _ 1 H2,V2
qu i (no(t), é) - ([7" + 1]q + Vl)( [1’ + 1]q )q ([1’ + 1]q + Vl) ; Pr,q,mn/] (é)

~ ([r+1]q+vz)r+1( [r+1], )
q

[r+1], [r+1]; +v2

q



v (1 +2p1)([r + g +v1) ([r + 1]y +v2\™! 1 ST
H2,V2 . _ Hz 2
Brasn (mBic) = 2, ( o+ 10, ) T 11, +v0p Ly ®
2q([r + 1y +v1) ([r+ 1], + v\ 1 r .
" 2], ( [r+1], )q ([r + 1], +v1)? SZ;‘[ SlaPrgpun (8)
B (1+2u) ([r+1]q+vz)r+1( [r+1], )
= [Z]q([r + 1]17 + 1/1) [1’ + 1]17 [1’ + 1],1 + vy q
2q [r]y [r+1],+ 12 AR s 1o
iz el s )q L P ® [e- m)q
_ (1+2‘L11) ([7’+1]q+1/2)
IS EE A T
Y I ([r +1]; + 12 )’“ (5 . m ) ( [r+1], )’-1 '
(2], ([ + 14 +v1) [r+1], ] [r+1];+v2 ] [r+1];+v2 . !
By o (M2(8); )
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1 (L+3u1 +3ud) ([r+ 1]+ 12\ piz:
[3]q ([r + 1], +v1)? 1’+1]q Z r'wlvl

7

3g(1+2um) [l ([r +1], + 12 )”1 pias ( 1 )
E (&) T oo
q

[3], ([r + 1]y +v1)? [r+1], =Lt [r+1];+v2 ]

5=0

3¢% [r], ( [r+1]; +v2 )Hl a o ( s )
A [1+5s],P NE———
q Z !

[3]; ([r + 1] + v1)? [r+1], — =L [r+1];+v2 .
1 (1+3m + 3uf) ([r+ 1], +v2
[3]q ([r+ Hq +v1)? ( [r+ 1]q )q

39(1 +2u1) [r], ([r +1]; + 12 )2 (5 I )

B,  (r+1l,+v)?\ [r+1], ERVEEY:

3q2 [r]q [7’ + 1]q +Vv2 " ‘uz vy Ha
Bl @+ 11, +vl>2( [+ 1, )q Zg r- wm@(é‘ T, +v2)q

s=

a0 Uhlr=ly (1l + v\ g o Y
[3; ([r + 11y + v1)? [r+1], , = ’2’“‘1"1() [r+1]q+vzq

1 (1+3u+3u3) ([r+ 1], +V2)
q

Bl (Ir + 11, +v1)? \ [r+1],

3q(1 +2u1) ], ([r +1],+ v, )2( L )
[3]4 ([r +1]; +v1)? [r+1], [r+1], +v2 .

3¢ [r], ([r +1, +v2)2( ~ 1 )

(3l ([r + 1] + v1)? [r+1], ] [r+1]; +v2 ]

3¢ [rlylr - 1], ([r +1]g +v2 )3( o )2

[3l; ([r + 1]; + v1)? [r+1], [r+1]; +v2 . ’

This completes the proof of Lemma 2.1. [

1183
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Lemma 2.2. For the operators B, 2:;21,1/1 (.; .) defined by (9), we have the following central moments:

@) Boanm®) - &&)

[Zq [r], ([r+1]q+v2)2_([r+1]q+v2) ]
q

21, [r+1,+vi \ [r+1], [r+1],
[ 1+ 2 ([r+1]q+vz) _ 2qu [r], ([r+1]q+vz)2].
[2],([r + 1], +v1) [r+1], . [2]; ([r + 1]y +vo)([r + 1]; + v2) [r+1], g !

@) B ((m) = &)%¢€)

[3_q4 [rllr — 1], ([r+1]q+vz)3
Bl ([r + 1y +v)* \ [r+ 1]

49 I ([r+1]q+v2)2+([r+1]q+v2) ]52
9

[2]; ([r +1]; +v1) [r+1], [r+1],

[Sq(q +1+2u) [r], ([r +1]; + v )2
(3], ([r+1p+v?\ [r+1ly ),

4qu 1] ([r +1],+ 7 )2

TR, T, rvr 1, t v\ il
3Pt qua [l -1] ([r +1]; +v2 )3
[B],([r + 1] +v2) ([r + 1], + v1)? [r+1], g
_ 2(1 +2[.11) ([7’4‘1],1 +V2) ]
[2],([r + 1], +v1) [r+1], g
+

[3]; ([r + 1]; +v1)? ([r + 1], + v2)? [r+1],

3qua(1 + g+ 2u1) [r], ([r +1]; +v2 )2
Bly(lr + 1]y +v2) ([r + 1], +v1)? \  [r+1], .

1+3u1+3u2 ([r+l]q+vz)
+
[S]q([r + 1]q +v1)? [r+ 1]q

3_q3 [T]q[?‘ - 1]q U2 ([7 + 1]q +12 )2
q

Remark 2.3. It was mentioned in [5] that the integral operators defined by q-Jackson integral are linear but may not
remain positive. So to overcome this problem, the function f must be strictly monotonic increasing.

Theorem 2.4. Let & € ;. Then, for strictly monotonic increasing function f € C(J,), we get

im (18755, (3 ) = f(Ellee) =0,

where J, = [[L Mﬂ] , and C(J;) is the set of all continuous functions f on 7.

r+1]g+vp 7 [r+1]p+v2

Proof. In the view of Lemma 2.1 for x = 0,1, 2, we easily get

lim max |85y, (1:(8);€) — £°1 = 0. (11)
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We construct operators Ci’;:flv as follows
Braw () if €€,
}12 vy rq,u,vi\J 7 rs 12
Gawnn 138 = {f(é) if £ €[0,1]\7. (2
Then, it is easy to see that
IC i (€)= f(Ellco = max 1By (5 ) = fE). (13)

From (11) and (13), we get

Hm [, (1(8); &) = E¥llcon = 0, = 0,1,2.

On applying the well-known Korovkin’s theorem, we get
lim [ICEEE L, (5 €) = f(Olleron =
Therefore, from (13) we get

lim max |Cf; i (€)= f(OI=0

r—o0 £,
This completes proof of Theorem 2.4. [

Theorem 2.5. For every strictly monotonic increasing function f € L,[0,1], p > 1, operators (9) satisfy
lim (18755, (£3.€) = fOllLoton =

Proof. Inorder to prove the result, we consider Theorem 2.4 and operators Cf; }Vf] 1, by (12). By Luzin theorem

[15], for a given € > 0, a continuous function i on [0, 1] exists and satisfies ||f — Il [0,1] < €. Then for all
r € IN, it is enough to prove that there exists a number R > 0 such that ||C % Lzl llLpi011 < R. For this purpose,
taking into account Theorem 2.4, for given € > 0, there exists a positive number ry € IN with 7 > ry such that

ICY a0 (W5 €) = Y(ElILpp0,1] < €. Consider the inequality

IC i (F:8) = fOllL,o1 < NICH 5 v (5 8) = Y(E)llco + IIf = Iz, o1
+ IC i (5 ) = Crir iy (05 Ol 011- (14)

Apply the Jensen’s inequality to operators (9), we immediately get
Bl (FEW
B

[s+1lg+pq
[r+1]; +v2 il L Toory p
< {([r +1]g +v1) (W Z P (&) f,m . |f(t)|dt}
q q 5=0 [r+1]q+|/1
ZV',([H”‘”VZ) P @+ 1] )([”1]"”2) . R ol
< —_— r+1], +v) | ——> }
o q S
= AN o [r+1l, J, e
r [s+1]g+ug
[r+ 1]q + VZ plav [r+ 1]ﬂ + V7 P [r+Tlg+vy
e S— s S— P
< Z ( [1’ T 1]q rq V1 (5)([7’ + 1]q + Vl) [1’ n 1]q ﬁMqﬂq |f(t)| dt.
s=0 q q Y Tr+ilg+y

o [r+1]+u2
[r+1]g+va 7 [r+1]5+v2

Taking integral over [, = [ ] we obtain
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- 4 r+1
f Bl (FOF < ([”qu)( [r+1], ) 1
NG A1V s=0 [7’ + 1]q q [7’ + 1],7 +vp ] [1’ + 1]!]
[s+1lg+4q
[7 + 1]£i + vy P il
“rr11 p
x ([r+1]; + Vl)( [r+1], ﬁlslwl [f@)IPdt
q [V+1]q+v1
[+ 1]+ (P41 4\ G P
e 1) L Fopdr
[T' + 1]q [7’ + 1]q . = ﬂfﬁ’;fjl

[r+1]; +12
() it

From (12) and using the inequality f 0117, [f(EIPE < ||f||L o1 We get that

+1
fo (Cli(FrOPde <1+ (ﬁ) 1A o (15)

+1],

Thus

ICE"2 | (Allty 011 < 2+ va)lglle, o011 < RIFIl, o,

Therefore, for all r € N, if IICﬁféfbm lp01] < R, then (14) gives us
IC i () = Ao < NICH () = Wl o,

||Cif,27:,v,21,vl|| lf = Yl 01 + If = Yl 01
€R + 2e.

IN +

Similarly, we also have

1 1
V2 12,V2 ,
I D=l = ([ 1Ct (o)

(] 1m0 - soraz)
1By 0 (F5 ) = FElL, )

< €eR+2e.

Thus we get lim, .« 18}7: ., (f; &) = f(E)llL,(7,) = 0. This completes the proof of Theorem 2.5. [J

3. Convergence properties of operators 8" ;’;1 "
We write C[0, 1] for the space of uniformly continuous functions on [0,1] and E; = {f | fe ¢lo, 1.

For 6 > 0, let @(f; 6) be the modulus of continuity of the function f of order one and lims_,,, @(f;5) = 0
Thus we immediately see

o(f;0)= sup | f(h) = f(t)|; t,t2€[0,1], (16)

|t1—t2|§5
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[0 - £ 1< (1+ =2 g, 17

Theorem 3.1. [26] Let [u,v] C [x, y] and {K,},>1 be the sequence of positive linear operators acting from Clx, y] to
Clu,v]. Then

1. if f € Clx, y] and & € [u, 0], then we have
K f:6) = O < IFEIK o) 6) -
b Km(®:8)+ 5 Km0 - 9% ) VR D) £:9),
2. forany ' € Clx, y] and & € [u, 0], we have
K6 =S < OO 1+ O 1) 56)
b KA - 5 O VR0 + = K m) - £ 0}ar:0).

Theorem 3.2. For all strictly monotonic increasing functions f € E¢ and & € [, operators (9) satisfy the inequality

[r+1]; +v2\ _ quz
{58 ol )

2,V2 r+1], 2,V2
where 8757, = (it )| Bt () =252

B L (f:6) = fE)] <

Proof. From (1) of Theorem 3.1 and Lemma 2.2, we can write

B (5 = FOL < IFOIB 0:6) = 1+ { B3, ;)

b 2B 0 - 95\ ;0 |a(735)

~ 1 F ’
If we choose 6 = (552 1;121 (€)= ([:;]ql’vz )q \/Bf ;,rfm (M @) — &2 &), then we get

B (f;€) — fE)] <

[ +1] + %)
0 +1] If(E + (W)q (f 6¢qy1v1(5)).
O

Theorem 3.3. For all strictly monotonic increasing functions f € E¢ and & € [, operators (9) satisfy the inequality

2,V2 V2 [1’ + 1]q V2
B (F59) f<5>lﬁ—[r+uﬁf”(w) (7 ).

where R, = maxgeq, |f(E) and & = maxgeq, 6822, (£).

gtV

Proof. In the view of monotonicity of the modulus of continuity, we easily get the desired result. [

Remark 3.4. For all & € J, Theorem 3.2 estimates the local order approximation, while Theorem 3.3 allows to
estimate the global order approximation.
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Theorem 3.5. If ¢ € C'[0, 1] which is also strictly monotonic increasing, then for every & € J, we have

1B 1 (@;8) — (&)

—=lp(&)l +

[r]g [r+ 1, +v2\*  ([r+1]; +v2
[+1] [[2 [r+1]q+v1( [r+1], )_( [r + 1], )q]

[ 1+2‘111 ([T+1]q+1/2)
Rl ([r+1];+v)\ [r+1], .

2qu; [rl, ([r +1]; +v2 )2]
[2]; ([r + 115 + vi)([r + 1]; + v2) [r+1], .

[r+1]; +v2 P p——
2 ( [1’ + 1]4 677'1,}11,1/1 w ((P \/ 6rq 1,V (é)) 7
q

where 5! . !fl v, 1s defined in Theorem 3.2.

+

lp” (O]

Proof. Taking into consideration (2) of Theorem 3.1 and Lemma 2.2, we get

B2 L (@) — (&)l

—|p(&) +

‘[[2 Ig [r+1]; + 11 [r+1], [r+1],

[r], ([r+1]q+vz)2_([r+1]q+vz)]
[ +1]q q

+

[ 1+2u ([V+1]4+V2)
[2],([r + 1], +v1) [r+1], g

2w [r], ([r +1], +v2 )2]
[21; ([r + 1] +vi)([r + 1]; +v2) [r+1], .

" ()

Bl () - £750)
2,V2 2,V2 1 Pt ~ ’. <
VB ()= £756) B (o 1 + 2~ —== la (¢7:5).
B (0(1); €)

+

In the view of theorem 3.2 if we choose § = 6% Lzl (&)= rf:fljlfw \/Bﬁ‘; rfl o (m(t) = &) &), then we
get the result easily. [

By virtue of some earlier information we want to study approximation by positive linear operators (9)
in L, spaces.

In our main instruments we use space L,(,) of integral modification in terms of modulus of continuity
for all ¢ € L,(®,) by

@1p(, t) = sup sup [Pz +A) = P(@) @), @(<p<x), (18)
z€[0,1] 0<A<t

where || . ||L,(@,) is the L,-norm defined over ®, = [0,1—A]. In addition to measure the quantitative estimates
by the Peetre’s K-functional we let i be absolutely continuous function and %1 ,(®x) = {¢, {" € L,(®x)}. For
any ¢ € L,(®)) and 1 < p < oo, the Peetre’s K-functional is given by

K ;) = inf ( - +t ! ) 19
15 ) q)e%lf;@/\) Y =@ llL,@, +t 1 ¢ L@, (19)
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Next, the connection between the Peetre’s K-functional and integral modulus of continuity is given by the
inequality [10] as follows

Mi@1p(; 1) < Ko p(; 1) < Madonp(; 1). (20)

We denote J; = [[r[i]{’;; ﬁ Ll , [[i:ﬂ’;:ﬁ 1] and taking into account the operators (9), let us consider the following

auxiliary operators

+1
D010 = (i) B 050 -

[r+1];+v
Theorem 3.6. For all strictly monotonic increasing functions ¢ € ¥1,[0,1] and p > 1, the operators Z)%EV] (21)
satisfy the inequality

1

12,V2 1 1 12,V2 . 2 ’
||Z)£L7P-l () = (p’|Lp(js) <2 (1 + F,Tl)mgx (Z)iqm " ((771(t) = &) ‘E)) | L0
where Z)f; :,21 " (nl(t) — &% 5) is defined by (21).
Proof. We consider
. [r+1], +v2\ Sr+1], + s
‘tzzulzl V1 (5) —42 g é - MZ d 2 - é . (22)
[r+1], g S g [r+1]q+vzq [r+1]; +v2 g

For any £ € J;, we can write

r

Y Q@ © L (p0) - p(ear

s=0

D (@) = p@©)] = (r+1];+m)

IN

r
([r + 15 +v1) Z Qi
s=0

IA

O+ 11y +v) Y@@ [ 1e-aa
5=0 s

where O (&) = sup, 4 % f; qo’(/\)| dA (t # &) denotes the Hardy-Littlewood majorant of ¢’. By virtue of
the well-known Cauchy-Schwarz’s inequality, we immediately get

A

Dt (@: )~ p(®)] < @W(é><[r+1]q+vl)%[z aif;:f,i,vl(a]
s=0

(;Q%Ifém(é) fj (@) - & )

O, (& max (Dl ((m(h) - 9%¢))

X

IN

For 1 < p < oo, the Hardy-Littlewood theorem [29] gives the inequality

1 p p
fo O, ()de < 2(;)

)| dg
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Thus we get

1

V2 1 1 2,V2 2
||Z)£fzit}11,1/1 () - (pHLp(js) <2 (1 + m)rzrg}x (Dﬁq,ylm ((Th(t) - 5)2} 5)) |

’

P

L,[01]"
O

Theorem 3.7. For all strictly monotonic increasing functions ¢ € L,[0, 1], the operators (21) satisfy

1p 1 . ,
”Z)%:Lzhvl (@) - (PHL,,(jS) = 2M2(1 +27 (1 + ﬁ) @1p <(P; p%érﬁvlzwl(é)) )’

1
2
where M, is positive constant and pﬁfﬁljﬁm (&) = maxgey, (Z)fgrfm ((m(t) - &% 5)) by Theorem 3.6.

Proof. We consider

2 ||(pHLp[0,1] if ¢ €L,[0,1],

z . (23)
2 (1%) pﬁ‘ir#h"l(é) ||(P‘|Lp[o,1] if ¢ € %1,[0,1],

”D%:;‘ﬁ,vl (p) - (PHLp[O,ll <

H2,V2

where as in Theorem 3.6 we suppose pj7/; ., (£) = Maxgey, (Z)ﬁ';rflvl ((T]l(t) e 5))

1
2
Thus for an arbitrary function ¢ € ¥1,[0, 1], for operators we have

195 @) = ll,

1p 1
1 Lo,V ’
= 2{ e =¥l o +27 (1 " }Tl)pr’é’”zl”l(é) v LPIOJJ}
il 1 H2,V2
< ZKL,,{(p;Z P |1+ ;?Tl Pr,q,m,w (E)}
- b 1 1i2,v2
< 2M2a)1,p{(p;2 P11+ pTl Pr,q,yl,vl(é)}
<

{1427 (14— Wy, (0: 027 (&
2 + + p 1 w1,p (QD/ Pr,q,yllvl( )) .
O

Now we give the local direct estimate for the operators Z)ffirﬁvl defined by (21) via the well-known
Lipschitz-type maximal function involving the parameters @, > 0 and number ¢ € (0, 1]. Thus from [22]

we recall that

=P ¢ tepo ),

. (a,p) ,_ . — — - 5
Lipy " (0) = {f € C[0, 1] : |f(t) = f(E < K(aéz +BE+1)

where K is a positive constant.

Theorem 3.8. For any strictly monotonic increasing function f € Lipﬁ?’ﬁ )(0) and o € (0,1], there exists a positive
constant K such that

1D L (€)= fE)] < K(a&? + pE) 2| Di | (m(t) - &) 5)]% ,

where DLZ'? (Th(t) - &) é) defined by (21).

rq,H1,v1
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Proof. For any strictly monotonic increasing function f € Lipﬁ?’ﬁ ) (0)and o € (0, 1], first we check the statement
holds for ¢ = 1. Then, in conclusion (22) we can see that

DL L (F: €)= FEI< 1D L (D) = FELE + FE) 1D L (mo(); &) — 1

<([r+1], - fO)| @5 ., (©)
<K([r+1], +v)2—5' Q5 (6).
(0[52 + ﬁé g4,V

For any a, B > 0, we use the inequality (@&? + BE + £)7V2 < (a&? + B&)Y/? and apply the well-known
Cauchy-Schwarz inequality, we get

D5, (€)= FEN < K(Ir + 1]y + vi)(@E? + BE) ”ZZIt &1 Qg (9)

= K(a&? + &)” 1/2|Z)ﬁf;ﬁ,vl(m(t) — &)
<K|DE () - 9% 0[P + po) .

These conclusions imply that it is true for 0 = 1. Now we want to show the statement is valid for 1 € (0, 1).
We apply the monotonicity property to operators D, p rfwl and use the Holder’s inequality two times with
c=2/oand d = 2/(2 - o). Thus, we get

| (FE) - FEO] < (r+1] f(g)‘ Qe (@)
< (Z I+ 1]+ vl)czi‘;;:fm(g))i
s=0

o (Y11, @)
s=0

IA

L (E= &) ([ + 10 )@ ()1
K( Z t+a&? + BE )

s=0

K(a&® + 55)—0/2{ Z (t - 5)2 ([r + 11, +v)Q2,2 Vl(é)}i

s=0
< K@&+po P [Di, (m® - %9 .
This completes the proof. [J

IN

Here, we establish a quantitative Voronovskaja-type theorem for the operators D, ;Zzlvl (f;&). For any
f € C[0, 1], the modulus of smoothness is defined by

pﬁ(é)) pﬁ(é)) pﬁ(é)

wp(f,8) = sup {|f(e+ fle- e+ o, 1)

0<lpl<é

where (&) = (€ - &%) and related Peetre’s K-functional is given as

L o
K(f,9)= _int, {If =gl + 3yl g € C'[0,11,6 > 0},
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and W;[0,1] = {g: g € Ca[0,1], [|Bg’ll < oo}. Let Ca[0,1] be the class of absolutely continuous functions
defined on [0, 1]. There is a positive constant C such that

Ks(f, 8) < C wp(f, ).

Theorem 3.9. Let f be strictly monotonic increasing function and f, f’, ' € C[0, 1], then for every & € [0,1] we
have

f”(é)(

\Dfé v (38) = f(©) = DI L (m(D) - & E)F(E) - D () - &)%) +1

< CO([] )/\2(£)w/\(f",[r]q;),

where Dy~ is defined by (21) and A(E) = & + 1.

Proof. For any strictly monotonic increasing function f € C[0, 1], we consider

f
£ - £ (- OF(E) = fg (t -9 ()dy

Therefore, we can write

10 - F© - - a5 - L2

t
(- P +1) < fg =L 0) - f/(Ody.

On applying the operators D22 |, (f;&), we obtain

r4q,t1,v1

\zxﬁ;ﬁ,ﬁ (f:8) = &) = D2 (m(t) - £ EF(©)

- DR 08, (0 - 7 + DI, (059 -

f = 11F7 () -

We can estimate the right hand side expression such as

< HZ Vo 4

- g1,V

;) (26)

j: =217 Q) = £ dy' <2f" = gli(t = &7 + 2lIAg I )l — &P

We easily conclude that

Dyt ((m(t) = €%8) < O([ 3 )AZ@ and D2 | ((H) - &) €) < O([ ]Z]A‘*(a,
where A(£) = £ + 1. From Cauchy-Schwarz inequality, we get

‘Dt‘;',”i W (O = fE =D () - O ©)
" E 12,V 12,V
f ( (Diq U1,V ((Th(i’) - 5)2; é) + Dﬁ,q,yl,vl (nO(t); 5))‘
<2 f" — gDz L () = &% &) + 2IAg IAH D, (I (B) = &F; )
([ 3 ) Nf” - gl
+ 2Ag IATHENDEE | (D) = E% OWHDE2 L (m(t) — &) )12

<2 o( )A%s){n £ = gll+ 1,7 IAg -

[r],
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By taking infimum over all g € W,[0, 1], we easily deduce that

Dl (F6) = FO) - Dl - 07 - (0t ey - 56 +1
1 2 1/ _%
< C.O(E)/\ ©{ 7 11,)

where w, is the modulus of smoothness defined by (24). Thus we complete the proof of Theorem 3.9. O

4. Graphical analysis
In this section, we will give a numerical example with illustrative graphics with the help of MATLAB.
Example 4.1. Let f(&) = 241, 1 =4,u, =3,v1 =1.5v, =4,q = 0.8 and r € {10,40, 80}. The convergence of

the operators towards the function f(&) is shown in Figure 1. We observe that our operator comes closer and closer to
the function as r increases.

35 ' ' ' |
e FOF =10
For r=40
30 | — For r=80
=wununns fynction

-5 ] ] ] ]

0 1 2 3 4 5
& (forq=0.8, uy =4, uo =3, 11 =15, 1, =4)

Figure 1: Convergence of the operators towards the function f(&) = &2 + 1

5. Concluding remarks

It is very clear that, the choice for 4 = 1 in the operators (9), coincide with the recent operators [27] and
the polynomials of our new g-Bernstein-Stancu-Kantorovich variant of shifted knots operators become the
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polynomials of Bernstein-Stancu-Kantorovich polynomials by [27]. Further, in case of i = v, = Owithg =1
then, operators (9) reduce to (1) by [2]. Moreover, for y1 = p» = v1 = vo = 0 with g4 = 1 our new operators
(9) coincide with the classic Bernstein-Kantorovich operators by [12]. Thus in our investigation, we can say
that the operators defined by [2, 12, 27] are special cases of our g-Bernstein-Stancu-Kantorovich variant of
shifted knots operators (9). To overcome the drawback of g-Jakson integral, Marinkovié etal. [16] defined the
Riemann type g-integral which contains only points within the interval of integral. It was shown in [5] that
Riemann type g-integral is a linear and positive operator. One can construct another form of operators (9)
by using Riemann type g-integrals and compare them with the existing one because operators constructed
via Riemann type g-integrals do not require function to be “strictly monotonic increasing function.
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