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Integral Operators on Local Orlicz-Morrey Spaces

Tat-Leung Yee?, Ka-Luen Cheung?, Kwok-Pun Ho?

*Department of Mathematics and Information Technology, The Education University of Hong Kong, 10 Lo Ping Road, Tai Po, Hong Kong, China

Abstract. We establish a general principle on the boundedness of operators on local Orlicz-Morrey spaces.
As applications of this principle, we obtain the boundedness of the Calderén-Zygmund operators, the
nonlinear commutators of the Calderén-Zygmund operators, the oscillatory singular integral operators,
the singular integral operators with rough kernels and the Marcinkiewicz integrals on the local Orlicz-
Morrey spaces.

1. Introduction

This paper aims to study the boundedness of operators on local Orlicz-Morrey spaces.

The Morrey spaces were introduced in [35] for the studies of quasi-linear elliptic partial differential
equations. Since then, it had been developed to be one of the major topics in the theory of function spaces
and extensions of Morrey spaces had been introduced by a number of researchers in harmonic analysis
and theory of functions spaces. One of the extensions is the local Morrey spaces. The boundedness of the
singular integral operator, the Hardy-Littlewood maximal function and the fractional integral operator had
been extended to local Morrey spaces in [2-8, 43, 44].

Another important generalizations of Morrey spaces is the Orlicz-Morrey spaces [39]. The boundedness
of the singular integral operator, the Hardy-Littlewood maximal function and the fractional integral operator
had been extended to the Orlicz-Morrey spaces in [10-13, 17, 19, 20, 22, 23, 29, 37-40, 50].

As motivated by the preceding mentioned results on local Morrey spaces and Orlicz-Morrey spaces, we
study the boundedness of operators on the local Orlicz-Morrey spaces. Our main result gives a principle
for the boundedness of operators on the local Orlicz-Morrey spaces. This principle is obtained by refining
the extrapolation theory introduced by Rubio de Francia in [47-49] by using the ideas from [27]. Our main
result does not only apply to linear operators, it can also be used to obtain boundedness for nonlinear
operators. As applications of our main result, we establish the boundedness of the Calderén-Zygmund
operators, the nonlinear commutators of the Calderén-Zygmund operators, the oscillatory singular integral

operators, the singular integral operators with rough kernels and the Marcinkiewicz integrals on the local
Orlicz-Morrey spaces.
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This paper is organized as follows. The definition of the local Orlicz-Morrey space is given in Section
2. We study a pre-dual of the local Orlicz-Morrey space, namely, the local Orlicz-block spaces in Section
3. The main result of this paper and the boundedness of the Calderén-Zygmund operators, the nonlinear
commutators of the Calderén-Zygmund operators, the oscillatory singular integral operators, the singular
integral operators with rough kernels and the Marcinkiewicz integral on the local Orlicz-Morrey spaces are
presented in Section 4.

2. Local Orlicz-Morrey spaces

This section gives the definition of the Young’s function, the Orlicz spaces and the local Orlicz-Morrey
spaces.

Let B(z,7) = {x € R" : |x — z| < r} denote the open ball with center z € R"” and radius r > 0. Let
B ={B(z,r): ze R", r > 0}.

A function @ : [0, +00] — [0, +00] is a Young’s function if there exists an increasing and left-continuous
function ¢ satisfying ¢(0) = 0 and that ¢ is neither identically zero nor identically infinite such that

S
D(s) = f ¢(u)du, s>0.
0
A Young's function @ is said to satisfy the Ay-condition if there exists a constant K > 1 such that
D(2t) < Kd(t), t>0.

We write @ € A, if it satisfies the A,-condition.
Let ® be a Young’s function associated with ¢. Let

Y() =influ > 0: p(u) > v}, 0<v < o0

The function WV defined by

¢
W(t) = f Y(@)dv, 0<t<oo
0

is called the conjugate (complementary) function of ® [1, Chapter 4, Definition 8.11].
We write @ € V, if there exists a constant K > 1 such that

2KD(t) < DKH).

The Orlicz space L consists of all Lebesgue measurable functions f satisfying

Il = inf {1 >0: f o dx<1) <o

For any Lebesgue measurable set E with |E| < oo, we have [|xgllr, = where @ denotes the

right-continuous inverse of ® given by

1
O-I(E[T)
o7l = supP(s) <t, 0<t<oo.

>0

We have the Holder inequality for Orlicz spaces,

. 1reogtnas < cifitois,

for some C > 0 where Ly denotes the Orlicz space generated by W, see [42, Section 6.7.14.8].
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For any r > 0 and Lebesgue measurable function @ : (0, ) — (0, 0), define ®,(t) = ®(t"). Whenever ®
and @, are Young's functions, we find that

I, = inf {2 > 0: f a(ff/Ax <1)
IR}’l

_ inf{/\’ >0: fR ((f1/AY)dx < 1} = lIA, - (1)

Definition 2.1. Let @ be a Young’s function and v : (0, 00) — (0, 00) be a Lebesgue measurable function. The local
Orlicz-Morrey space LMo, consists of all Lebesgue measurable functions f satisfying

1
IfllLme, = sup —

IxB©, fllLe < 0.
>0 U(T’) ( r)f ®

In particular, when v = 1, the local Orlicz-Morrey space LM, becomes the Orlicz space Ly. When
D(t) =7, p € [1, 00), the local Orlicz-Morrey space reduces to the local Morrey space.

A similar function space, called as the central Morrey-Orlicz spaces, are introduced and studied in
[33, 34].

Let g > 0. We find that

1 1
U, = SUp —= sl = sup — (A1
fllise, = sup s lxonl Ve = sup o5l
1 q
— (sup =171 ) =1 @
"o o e LMo, s’

The following results give conditions that guarantee xgz € LMo, B € B. Consequently, it also guarantees
that xg € LMg, whenever E is a Lebesgue measurable set with |E| < oo.

Proposition 2.2. Let @ be a Young's function and v : (0, 00) — (0, ) be a Lebesque measurable function. If ® € v,
and there is a constant C > 0 such that v satisfies

C<o(r), Vr>1, (3)

1
W <Co(r), Vr<il, 4)

then for any B € B, xp € LMq.
Proof: Let s > 0. When r > 1, according to (3), we have

L

v(r)”XB(O,s)XB(O,r)“LcD < ClIxBos)llee 5)
for some C > 0. When r < 1, (4) yields
L s < —Ils0n ©)
o(r) XB0,s)XBONILe = o) XBO,NILe
1 1

=————<(C
o(r) @1(IB(0, nI™)
Consequently, (5) and (6) assure that

1
IxB©s) My, =sup —

<C+C .
up 1XB©,5XBO,Le lxB©s)lre

Thus, xpos) € LMg,. For any B(x,r) € B, we have a s > 0 such that B(x,r) C B(0,s). Therefore, we have
XB(x,r) € LM(D,v- L]
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3. Local Orlicz-block spaces

This section studies the local Orlicz-block space, that is a pre-dual of the local Orlicz-Morrey space. The
local Orlicz-block space is used to obtain the main result of this paper in the next section.

The results presented in this section are the analogues of the results for the block type spaces obtained
in [25]. For completeness, we also give the details for the result presented in this section.

We begin with the definition of the local Orlicz-block spaces.

Definition 3.1. Let @ be a Young’s function and v : (0,00) — (0, o) be a Lebesgue measurable function. For any
Lebesgue measurable function b , we write b € be, if supp b € B(0,r) for some r > 0 and

1
1bll, < ) (7)

The local Orlicz-block space LB, is defined as
2By, = {Z My Y 1Al < oo and by € bm}. ®)
k=1 k=1

The local Orlicz-block space LB, is endowed with the norm

1flles,, = inf{Z Al such that f = ) Akbka.e.}. )
k=1 k=1

For any B(x,r) € B, we have xp( ) € £Bao, with [|xpenlles,, < X8l v(x] + 7).
We now show that the dual space of the local Orlicz-block space is the local Orlicz-Morrey space.

Theorem 3.2. Let ® be a Young’s function and v : (0, 00) — (0, c0) be Lebesgue measurable function. We have
(By,)" = LMoy

where W is the conjugate function of ® and (¥By ,)* denotes the dual space of LBy ,,.

Proof: Let f € LMo, and b € by, with suppb € B = B(0, ), r > 0. The Holder inequality yields

Fb()ldx = f

B(O,r
< Cllxso,n Lo lXB0,/ Ly

R

) |f (x)b(x)ldx

1
<C—
<0 lxBo,n fllLe

for some C > 0. Thus,

1
[f()b(x)ldx < C—=|lxBon fllLe < CllfllLme, -
R o(r)

For any g = Y jen Ak € 8By, we have

f |f(x)g(x)ldx < Z |kl f |f)br()ldx < Cllgllewy, Nl Nl (10)
R k=1 R

for some C > 0. Thus, LMy, — (£By,)".

We prove the reverse embedding. For any r > 0 and L € (8By )", define X = {gxpoy : g € Lo}. Itis
easy to see that X is a subspace of L. Define the linear functional I : X — C by I(h) = L(xp(,)g) where
h = xpong € Xand g € Lo.
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For any r > 0,

1
= T . 9XB 0,
19250, 1Ly 0() 7B

belongs to by . According to (9), we get [|Gll¢s,,, < 1. That s,

lgxBOleDy, < 19XBOLy0(r). (11)

Since L € (£By )", (11) guarantees that

[[(M)] = IL(gxB0,»)| < Cllgxsonllesy, < KllgxsonllL, = KllhllL,

for some K > 0 independent of . Therefore, | is a bounded functional on X. The Hahn-Banach theorem
assures that / can be extended to be a member of (Ly)*. As (Ly)* = Lo, there exists a f, € Lg such that

I(g) = Lnﬂ(x)g(x)dx, Vg €Ly

and without loss of generality, we can assume that suppf, € B(0, ).

Let r > s > 0. For any Lebesgue measurable set E with E C B(0,s), we find that J}; fr(x)dx = I(xg) =
fE fs(x)dx. Thatis, f, = f; almost everywhere on B(0,r) N B(0,s). It guarantees that there exists an unique
Lebesgue measurable function f such that f(x) = f.(x) on B(0, r) for all r.

Next, we show that f € LMg,. For any B(0,7) € B and Lebesgue measurable function & with ||h||., = 1,
H= XBonh

o(r)
As H € by,, we get

belongs to by ,. In addition, we have ||[H|l¢w,,, < 1. That is, |[xpunhlles,, < 0(r).

son il = —
— IXB(, Lo = T~ SU
o(r) OnJilke o(r) ||h||L“,p:1

) fh(y)dy

B(O,r

< sup
lley, =1

X8, (x)h(x)
B(0,7) f) o(r) dx‘

hxgo,
o(r)

< |ILlle®y,)- sup < Ll e®y,)-

IRl =1 LBy,

By taking supremum over B(0,r) € B on both sides of the above inequalities, we find that f € LMg, and
lfllzMo, < [ILll(¢®y,,)-- Moreover, the functional L¢(g) = f]R" f(x)g(x)dx and L are identical on the set by . In
view of Definition 3.1, the set of finite linear combinations of functions in by , is dense in LBy ,, therefore
Lf =Land (Q%qj,v)* —> LMq,,U. u

For any locally integrable function f, the Hardy-Littlewood maximal operator M f is defined as

M f@) = sup - fB Fldy

Bax

where the supremum is taken over all B € B containing x.

We obtain some preliminary results for the boundedness of the Hardy-Littlewood maximal function on
LBy .

Proposition 3.3. Let © be a Young’s function, v : (0, 00) — (0, 00) be Lebesgue measurable function and f € LBy .
If g € M satisfies |g| < |f], then g € £Bq,,.
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Proof: As f € £Bq,,, (8) and (9) assure that for any € > 0, there exists a family of {b;}°, C b, and a family
of scalars {A;}:2, such that f = Yo Aibjand Y72 Al < (1 + €)ll fllew,,,- We find that g = 21 1 Aici where

9(x)
o) =1 fa oy JOFO
0 fw =

As gl < |fl, {ci}2, C by and g € £LBg,. Moreover, since € is arbitrary, we have ||glles,, < [Iflles,,. =

Theorem 3.4. Let @ be a Young's function and v : (0, 00) — (0, co) be Lebesgue measurable function. If v fulfills (3)
and

1

W < CU(T), Vr < 1, (12)

where \V is the conjugate function of ®, then £Bq, C L, and LBq,, is a Banach space.

Proof: Proposition 2.2 asserts that xyz € LMy, YB € B. According to Theorem 3.2, we have xp € (£8Bg,)"
For any f € £Bq,, (10) gives

flf(x)|dx < ClIxBllzatg, Il fleDe, - (13)
B

As a result of this inequality, we find that £B¢, — LllOc

We are going to show that ¢, is a Banach space. Let {f;}, C £Bq, satisfy Y72 || fillew,, < .

For any B € B, (13) yields fB Yoy Ifio)ldx < Clixsllimy, (i Nl filles,,). Consequently, f = Y12, fiis a well
defined Lebesgue measurable function and f € L .

For any € > 0, there exists a N € IN such that,

Y filles,, <e. (14)

i=N+1

The definition of B, asserts that for any € > 0, f; = Y72 Axibr; where {bgi}iken C bop and Y00 q Akl <
1+ ollfilleso, -
For any 1 <i < n, there exists a N; € IN such that

N; oo
Hfz - Z Akibr i < Z [Akil <27 (15)
k=1 2B, k=N;+1
For any B € BB,
N N;
INERWRERCE
i=1 k=1
N N N
< f £ =) FiGo|dx+ ®-) Z A ibi ()| dx
=1 i1 k=

,W>meww

mewalf

i=N+1
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According to (13), (14) and (15), we get

N N;
INERRNIEIE
B i=1 k=1
) N N
< Clleslme, | Y, Wlleso, + Y 1fi= Y Auibis
i=N+1 i=1 k=1 28,

N

< Cllxslliasy, [e Y z-"e] < 2ClIxsllimy €.
i=1

Consequently, we find that Y;°; Y22, Agibx; converges to f in L! and Y;°; Y22, Axiby; converges to f

loc
locally in measure. A subsequence of {Zfil ):Q/il Akibritnm converges to f a.e. We find that {A ;}; ke, satisfies

Yot Yor Akl < X+ €) X2 I fillew,, < oo. Thatis, Y72, f; converges to f in £Bg,. Since € > 0 is arbitrary,
we have ” Y fiHm < Y1 lfilles,,- Therefore, £Bq, is a Banach space. =
B,y ’

We now establish the boundedness of the Hardy-Littlewood maximal operator on £Bg .

Theorem 3.5. Let ® be a Young's function and v : R" X (0,00) — (0, 00) be a Lebesgue measurable function. If
D € Ay N Vy, v satisfies (3), (12) and for any r > 0
v(2r) < Co(r), (16)
vt (1B, 27
W(BO, NI

v(2/*1r) < Co(r) (17)
=0

for some C > 0 where WV is the conjugate function of ®, then the Hardy-Littlewood maximal operator M is bounded
on LB 5.

Proof: Since v satisfies (3) and (12), Theorem 3.4 ensures that £Bq,, C Llloc, therefore the Hardy-Littlewood
maximal operator is well defined on £Bg,.

Let b € by, with support B(0,r), r > 0. For any k € IN, write B, = B(0, 2%7). Define my; = XBey\B M(D),
k € IN\{0} and my = xp(,2) M(b). We have supp my C B(0, 2r), supp 1y C Biy1\Bx and M(b) = Y12, 1.

Since @ € Ay N V,, the Hardy-Littlewood maximal operator M is bounded on the Orlicz space Lo.
Consequently, [[moll, < [[Mbllr, < Clibll, for some C > 0. According to (7) and (16), we find that
[ImollL, < CllbllL, < C% < Cﬁ for some C > 0 independent of r > 0 and b. Consequently, 11/C € bg .

The Holder inequality yields

X +1
e = x5 M(D)] < A f Ib(y)ldy
B(0,r)

2knrn
1
< CXBM\BkW”b”Lq;”XB(O,r)”L\y

for some C > 0 independent of k.
Consequently, in view of [23, (2.1)], we obtain

2knrn
llxBonlly v2*17r) 1
- ||XBk+'] ”L\y U(T’) ’U(2k+1 r) :

Il < C 1Bl [1X B0, 1

Define my = oyby where

_ xsonllLe 02517
IxBe e o(r)
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We find that b;/C € bg, for some C > 0 independent of k. Since v satisfies (17), we find that

lxB0 Ly 2(2"7) < Colr).
]-:0 ||XB(O,2f+1T)||L\1/

That is, Y.;oy0x < C for some C > 0. In view of Definition 3.1, M(b) € £By,. In addition, there exists a
constant Cy > 0 so that for any b € bg,, | M(b)ll¢s,,, < Co.

Finally, let f € £Bq,. Thereis a {cx}2, C b(L:lD,v and a sequence A = {A4};7, € I such that f = Y17 Akck
with ||Allp < 2||fllen,,- As £Bg, is a Banach space, we have

Y AeM(e) M@,
k=1

IA
?TMg

284, ~

Co Y Il < 2Collf e,
k=1

IN

As M f < Y221 A M(cx), Proposition 3.3 asserts that M f € £Bg, and [|M flles,, < Cl|flles,, for some
C>0. =

4. Main results

The main result is obtained in this section. It relies on the refined extrapolation theory for the local
Orlicz-Morrey space. It is obtained by refining the extrapolation theory from Rubio de Francia [47-49]
by using the ideas given in [26, 27] for studying the extrapolation theory of the Orlicz-slice spaces and
Morrey-Banach spaces.

We begin with the definition of the well-known Muckenhoupt weight functions.

Definition 4.1. For 1 < p < oo, a locally integrable function w : R" — [0, 00) is said to be an A, weight if

1 1 vV
sop [ oot (7 [0 Fa)” <o

where p’ = ;%1' A locally integrable function w : R" — [0, 00) is said to be an Aq weight if

|1§| fa)(y)dy <Cw(x), aex€B (18)
B

for some constant C > 0 independent of the balls B. Define A = Up14y.

It is a well known fact that for any p € (1, o), the Hardy-Littlewood maximal operator is bounded on
the weighted Lebesgue space L (w) if and only if w € A,.
For any locally integrable function k, define

(o)

k
Rhx) = Z MF h(x)

—
= 2KIM" (e,

IfM: 8By, — LBy, is bounded, then R is well defined. Consequently, R satisfies

h(x) < Rh(x), (19)
IRAllew,, < 2lAllew.,,, (20)
[Rh]a, <2|IM |[lg,,- (21)

We see that (19) follows from the definition of R, (20) follows from the boundedness of the Hardy-Littlewood
maximal function on 2By, and (21) is a consequence of the boundedness of Hardy-Littlewood maximal
function on £By , and (18).

The following theorem is the main result of this paper.
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Theorem 4.2. Let g > 1, @ be a Young’s function and v : (0, 00) — (0, o) be a Lebesgue measurable function. If
Dy, is a Young's function, @15 € Ay N Va, v satisfies (3), (4), (16) and

i (P1/)”"(IB(O, 27" 1))

@O T @ =Cro )

j=0
for some C > 0. Suppose that for every
we R :he LBy, hles,, , < 1} (23)

where W1 is the conjugate function of ®y,, the mapping T : L(w) — LI(w) satisfies

IT(H) ) w(x)dx < C [Rn [f ()T (x)dx (24)

R”
for some C > 0 independent of f. Then, we have
T fllimo, < CllflliMy,,  Yf € LMoy. (25)
Proof: The conjugate function of W is ®@/,. In addition, we have @1/, € A, NV, if and only if W7 € A, N V5.
Therefore, Theorem 3.5 guarantees that the Hardy-Littlewood maximal operator M is bounded on £Byy
and Theorem 3.4 assures that LBy, C L}OC. Consequently, R is well defined on By« and satisfies
(19)-(21).
Let f € LMg,,. For any h € LBy, with ||h]| 8y 4 <1, (2) and (20) give
[ o RI <, R,
IR}’l

< ClFI Ml < oo.

The above inequality shows that

LMo,y < ﬂ LY(Rh). (26)

he@Byaq 1 lhlles,q 4 <1
For any

w € {Rh: 1€ LByu, IIhlles,, , <1},

(26) guarantees that LMg,;, — L7(w). Therefore, (24) is valid for f € LMo,
Let f € LMg,,. For any h € £Bys 4, (19) and the boundedness of T on LI(Rh) yield

f TGl < f ITF () Rh(x)dx < f @I RA()dx.
R” R” R”

Consequently, Theorem 3.2 and (21) give

f ITFNCo)dx < CllfFlen,,, IRl

< Cl“ﬂqHLMq,]/q/vq 1Pll e,y -
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By taking supremum over h € £Bys » with [|illes,, , < 1 on both sides of the above inequality, (2) and
Theorem 3.2 guarantee that

1/
T flliate,, = |||Tf|q||u\zI ,
)0

1/q
= (sup{ N IT f(0)|7|h(x)|dx : ||h||gg3\wlvq < 1})
< UL, = Clfllosse,

.

which is (25). =

Notice that the classical extrapolation theory only yields the result for some subset of LMg, only, such
as the class of bounded functions with compact support of the class of Schwartz functions. The preceding
theorem gives result on the entire local Orlicz-Morrey space. Thanks to the embedding (26), we can obtain
the result for the entire local Orlicz-Morrey space.

We first apply Theorem 4.2 to the Calderén-Zygmund operators. Let 9 be the space of distributions
on R". A linear operator T : C;° — 2 is a Calderon-Zygmund operator, if T is bounded on L? and there
exists a kernel C,6 > 0 and K(x, y) : R" x R"\{(x, x) : x € R"} — R such that for any f € C;’ and x ¢ supp f,

Tf(x) = f K(x, ) f(y)dy,
]Rn
where K satisfies

|K(x, y)l S Clx - y|_n/ X F y/
IK(x,y) =Kz, )| < Clx = 2Plx =y, |x—zI < |x—yl/2,
IK(x,y) = K(x,2)l < Cly = zPlx — ", |y —z| < |x = yl/2.

One of the celebrated result for the Calderén-Zygmund operators is the following weighted norm
inequality.

Theorem 4.3. Let p € (1,00) and w € A,. If T is a Calderon-Zygmund operator, then T is bounded on LF (w).

As (21) asserts that {Rh : h € LBy 4, ||H| By g < 1} € A, Theorems 4.2 and 4.3 yield the boundedness
of Calderén-Zygmund operators on LMg .

Theorem 4.4. Let q > 1, T be a Calderén-Zygmund operator, @ be a Young’s function and v : (0, 00) — (0, 00) be a
Lebesgue measurable function. If ®y/, is a Young's function, @y, € Ay N V2, v satisfies (3), (4), (16) and (22), then
T is bounded on LM,

The boundedness of the Calderén-Zygmund operators on the central Morrey-Orlicz spaces and the
Orlicz-Morrey spaces were given in [34] and [39, 40], respectively.

We consider a number of important operators related with the Calderén-Zygmund operators. We begin
with the nonlinear commutators generated by the Calderén-Zygmund operators. Let T be a Calderén-
Zygmund operator. We define

Nf =T(floglfl) - TflogITfl. (27)

The operator N is introduced by Rochberg and Weiss in [46]. The nonlinear commutators generated by the
Calderén-Zygmund operators have applications on the estimates of the Jacobian [18] and the weak minima
of variational integrals [30].

The main result in [46] is the boundedness of N on L?, p € (1, o). The weighted norm inequalities for N
is obtained in [41, Theorem 1.3].
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Theorem 4.5. Let p € (1,00) and w € A,. There is a constant C > 0 such that

| wrerewdx<c [ irwros
n IRVI

The reader is referred to [41, Theorem 1.3] for the proof of the preceding theorem. The reader is referred to
[28] for the boundedness of N on Morrey type spaces.

Theorem 4.6. Let g > 1, @ be a Young’s function and v : (0, 00) — (0, o) be a Lebesgue measurable function. If
Dy, 15 a Young's function, @14 € Ay N Vo, v satisfies (3), (4), (16) and (22), then N is bounded on LMg .

The above result shows that Theorem 4.2 is also applied to nonlinear operators. Next, we study the
oscillatory singular integral operators. Let K(x, ) satisfy

Kx, )l <Clx—yl™, x#y, (28)
| Ve K(x, Y|+ vy K, )l <Clx =y ™, x#y. (29)

Let P(x, y) be a real-valued polynomial on R" X IR". The oscillatory singular integral operator Tk p associated
with K and P is defined as

Txpf(x) = p.v.f ePEVK (x, ) f(y)dy.

n

The studies of the oscillatory singular integral operators were started from [45]. The weighted norm
inequalities for the oscillatory singular integral operators were obtained in [32].

Theorem 4.7. Let p € (1, ), P(x, y) be real-valued polynomial on R" X R" and K(x, y) satisfies (28)—(29). If the
Calderén-Zygmund operator

T = fR K pf )y

is bounded on L2, then for any w € Ay, Ty p is bounded on LF(w).

In view of the preceding theorem and Theorem 4.2, we obtain the boundedness of the oscillatory singular
integral operators on LMg .

Theorem 4.8. Let g > 1, P(x, y) be real-valued polynomial on R" X R" and K(x, y) satisfies (28)—(29), @ be a Young's
function and v : (0, 00) — (0, o) be a Lebesgue measurable function. If T is bounded on L?, @y, is a Young's function,
Dy/y € £ N V3, v satisfies (3), (4), (16) and (22), then Ty p is bounded on LMg,.

We now turn to the singular integrals with rough kernels. The studies of the singular integrals with
rough kernels can be chased back to Calderén and Zygmund [9] where they introduced the celebrated
method of rotation to obtain the boundedness of the singular integrals with odd kernels.

Letn > 2 and Q) be a Lebesgue measurable function. We say that (2 is a homogeneous function of degree
zero if Q(Ax) = Q(x), for any A > 0 and x € R". We say that Q) satisfies the vanishing moment condition if

f Q(z)dz = 0. (30)
Snfl

Let Q € L'(8"!) be a homogeneous function satisfying the vanishing moment condition. The singular
integral with rough kernel ) is defined as

Q —
Taf(x) =p.o. f |x(x_—y|z)f(y)dy-

We have the following weighted norm inequality for the singular integrals with rough kernels, see
[15, 53].
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Theorem 4.9. Let 6 € (1,00) and Q € LO(S"~1) be a homogeneous function of degree zero that satisfies the vanishing
moment condition. If p € (6, 00) and w € Ay, then Tq is bounded on LP (w).

The preceding result and Theorem 4.2 yield the boundedness of T on LM,

Theorem 4.10. Let 6 € (1, 00) and Q € L9($"1) be a homogeneous function of degree zero that satisfies (30). Let
q > 0, ® be a Young’s function and v : (0,00) — (0, c0) be a Lebesgue measurable function. If @y, is a Young's
function, @1y € Ay N Vo, v satisfies (3), (4), (16) and (22), then Tq is bounded on LMo .

The preceding theorem gives a complementary result for the boundedness of singular integral operators
with rough kernels on Orlicz-Morrey spaces. For the boundedness of the singular integral operators with
rough kernels on Morrey-Banach spaces, in particular, the Orlicz-Morrey spaces, the reader is referred to
[24].

Finally, we study the boundedness of the Marcinkiewicz integral on LMg,,. Let Q € L}($"!). The
Marcinkiewicz integral Mg, is defined as

2 3
t_3 .

o Ol —
Mgf(x)=( fo fl Mf(y)dy

x—y|<t Ix - y|”71
The Marcinkiewicz integral was introduced by Stein in [51] as a generalization of Littlewood-Paley
function. The weighted norm inequalities for the Marcinkiewicz integral are given in the following theorem.

Theorem 4.11. Let 6 € (1,00) and Q € L9(8"Y) be a homogeneous function of degree zero satisfying (30). If
p € (0',00) and w € Ayjo, then Mg is bounded on LF (w).

For the proof of the above theorem, the reader is referred to [14, 16].
By applying Theorem 4.2 to the above weighted norm inequality for Mq, we obtain the boundedness
of Mg on LMg, in the following theorem.

Theorem 4.12. Let 0 € (1,00) and Q € LO(S"') be a homogeneous function of degree zero satisfying (30). Let
q > 0, @ be a Young’s function and v : (0,00) — (0, 00) be a Lebesgue measurable function. If @, is a Young’s
function, ®y;, € Ay N Vo, v satisfies (3), (4), (16) and (22), then Mq is bounded on LMg,,.
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