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A New Method of Constructing Weak Crossed Products
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Abstract. This paper is devoted to constructing a new class of weak crossed products.

1. Introduction

In [2], an associative product on A ® V which was called weak crossed product, was defined, for an
algebra A and an object V both living in a strict monoidal category C where every idempotent splits. To
obtain such weak crossed product, we must consider crossed product systems, that is, two morphisms
P V®A—->A®Vandof: VOV — A® YV satisfying some twisted-like and cocycle-like conditions. The
theory presented in [2] contains the classical crossed product in [4], the weak smash products in [5], the
weak wreath product in [12] and the weak crossed product in [11].

Recently some new types of crossed products were presented in different settings, for example, partial
crossed product was introduced by Alves, Batista, Dokuchaev and Paques in order to characterize cleft
extensions of algebras in the partial setting [1], and unified crossed product was introduced by Agore and
Militaru in order to solve the restricted (H-C) extending structures problem [3]. In [10], Vilaboa, Rodriguez
and Raposo proved that partial and unified crossed products are weak crossed products.

A natural question occurs to us: How to construct a new class of weak crossed products. In the paper, we

shall present a new method to construct weak crossed products, the inspiration is from the partial crossed
product and the unified crossed product.

The paper is organized as follows.

In Section 2, we shall recall some basic concepts in the strict monoidal category. In Section 3, we shall
introduce a partial extending datum of a bialgebra, and a new algebra structure is presented.

2. Preliminaries

Throughout this paper, C denotes a strict monoidal category with tensor product ® and base object
K. Given an object A, we use ids to denote the identity map on A. Also we assume that idempotents
split, i.e., for every morphism Vy : Y — Y such that Vy = Vy o Vy, there exist an object Z and morphisms
iy : Z — Y(injection) and py : Y — Z(projection) satisfying Vy = iy o py and py o iy = idz.
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An algebra in Cis a triple A = (A, ma, 1a), where A is an object in C and 4 : K — A(unit), ms : AQA —
A(product) are morphisms in C such that

ma o (ida ®Na) = ida = ma o (Na ®ida), 1)

my © (ldA ®71’IA) =1y O (mA ® ZdA) (2)

Given two algebras A = (A, ma,n4) and B = (B, mp, np), f : A — B is an algebra morphism, if
mg o (f®f)=foma,fona=ns. ©)
Also, if C is braided with braid ¢ and A, B are algebras in C, the object A ® B is also an algebra in C, where
Naes = 14 ® 1 and Magp = (M @ mp) o (ids @ tp4 ® idp).

A coalgebra in C is a triple D = (D, Ap, €p), where D is an object in C and ¢p : D — K(counit),
Ap : D — D ® D(coproduct) are morphisms in C such that

(SD ® ldD) o AD = ldD = (ZdD ® SD) o AD/ (4)

(ZdA ® AD) o AD = (AD ® ldD) [¢] AD' (5)
Given two coalgebras D = (D, Ap, ¢p) and E = (E, Ag, ), f : D — E is a coalgebra morphism, if

(f®f)OAD:AEOf,SEOf:€D. (6)

Also, if C is braided with the braid ¢ and D, E are coalgebras in C, the object D ® E is also an coalgebra in C,
where
epeor = €p ® € and Apge = (idp ® (DE® idg) o (Ap ® Ap).

If C is braided with the braid ¢, we say that H is a bialgebra in C, if (H, my, ny) is an algebra, (H, Ay, €n)
is a coalgebra and ey and Ay are algebra morphisms (equivalently ny and mjy are coalgebra morphisms).
If moreover, there exists a morphism Sy : H — H satisfying the identities

mHO(idH®SH)OAH=8H®T]H=mHO(SH®idH)OAH,

we say that H is a Hopf algebra.
Let A be an algebra. The pair (M, ¢u) is a right A-module, if M is an object in C and ¢p : M® A — M is
a morphism in C satisfying

by o (idy ® na) = idpy, P o (Pp @ ida) = P o (idy @ ma). (7)

Given two right A-modules (M, ¢pu) and (N, ¢n), f : M — N is a morphism of right A-modules, if ¢y ©
(f ®idg) = f o pp. In a similar way, we can define the notions of left A-modules and morphism of left
A-modules.

Assume that the monoidal category C is braided with the braid ¢. We shall recall the theory of weak
crossed products in a monoidal category C introduced in [9]. Let A be an algebra and V be an object in C.
Suppose that there exists a morphism

Vi VRA—> ARV,

such that the following equality holds
(ma ®idy) o (ida ® Piy) o (Y @ida) = Yih o (idy @ ma). (8)
As a consequence of (8), the morphism V gy : A® V — A® V defined by

Vagy = (ma @idy) o (ida ® Pf) o (ida ® idy @ 14) 9)
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is idempotent. With A X V, igev : AXV — A® V and pagy : A® V — A X V we denote the object, the
injection and the projection associated to the factorization of V4ev.

We consider the quadruples (4, V, tp‘{}, oé), where A is an algebra, V an object, w@ VR®A > A®Va
morphism satisfying (8) and 04, : V® V — A® V a morphism in C. If (4, V, ¢4, 04}) satisfies the following
conditions

(ma ®idy) o (ida ® YPy) o (07 @ ida) (10)
= (ma ®idy) o (ids ® 0}y) o (V) ®idy) o (idy ® ),

and
(ma ®idy) o (ids ® 0%)) o (o ®idy) (11)
= (ma @idy) o (ids ® 0%) o (Y @ idy) o (idy ® op).
For (A, V, 4}, 04), we define the product
Magy = (ma @ idy) o (ma @ a'y) o (ids ® iy @idy), (12)
and let maxy be the product
Maxv = Pasv © Mgy © (iagv ® irzy). (13)

If (A, YV, llb"‘}, a’(}) satisfies (10) and (11), we say that (A ® V, maey) is a weak crossed product.
If A is an algebra, V an object in C and mugy is an associative product defined in A ® V, a preunit
v:K — A® YV is a morphism satisfying

Magy © (ZdA ®idy ® V) = MAgV © (1/ ®ids ® ldv) (14)
= Mgy © (ida @ idy ® (Magv) © (V@ V))).

3. Partial Extending Datums and Weak Crossed Products
Definition 3.1. Let A be a bialgebra in C. A partial extending datum of A is a system
QA)=H,¢p:HIA->H, s : H®A—> A w:H®H — A)

where:
(i) There exist morphisms N : K - H,my : H®H — H, ey : H — Kand Ay : H — H ® H such that
(i-1) (H, Ay, €n) is a coalgebra,
(i-2) AH oy = g ® Ny, € © Nu = idk,
(i-3) my o (Nu ® idy) = idy = my o (idy ® Nu),
(i-4) Ay o my = mpey © (Ag ® Ap), ey omy = ey ® €.
(ii) n is a coalgebra morphism, i.e.,

(PH ® 1) © Apga = Ap o Pu,eq 0 Py = ey B €.
(iii) Q4 is a coalgebra morphism, i.e.,
(A ®@a)o Apga = Aao@Pa,eaopa=ceg®ea.
(iv) w is a coalgebra morphism, i.e.,
(W w)oAggy =Asow,ep0ow = ey ey.

(v) The following conditions hold
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(v-1) P o (N ®ida) = Ny ® €4, Py © (idy ® N4) = idy,
(0-2) pao (Nu ®ida) = idy,
(v-3) w o (idH ® T]H) =wo (T]H ® idH) =@p0 (idH ® T]A),
(v-4) pa o (idg ®ma) = ma o (ida ® Pa) o (Pa ® Pr) 0 Apga ®ida),
(v-5) ma o (ida ® ) © ((Pa ® Pr) © Arpa ® idy) © (idy ® (Pa ® PH) © Anga)
=mp o (ids ® pa) o ((w ® my) o Apgy ® ida),
(0-6) w = my o (ida ® Pa) o ((w @ Mp) © Apgy @ 14),
(0-7) can © (Pa ® Pr) © Apga = (Pu ® Pa) © Apga,
(0-8) cap © (w ® my) © Aggn = (Mg ® W) © AxeH.
Lemma 3.2. If Q)(A) is a partial extending datum of A, then we have

Qa =Mmy o ((PA ® (PA) o (idy ® na® idy ®ida) o (Ag ®idy), (15)

My o (idy ® w) o (pa ® Pu) © Anga ® idp) o (idp ® (¢a © (idy @ 14)) @ idp) o (idy ® An)
= w
= 1y o (pao (idg ®n4)® w) o (A ® idy).
Proof. Since
Pa = @ao(idu®mp)o (idyg®na®idy)
2 g o (ids ® pa) o (P4 ® bir) © Anion ® id) o (idy © 11 ® id )
= myo(ida®pa)o (pa® Py ®idy)
o(idy ® Na ®idy @ Na ®idy) o (Ay ®ida)
= mao(Pa®@a)o(idu®nNa®idy®ida) o (Ay®idy)
as desired. By using (v-5) and (15), we can check that (16) holds in a straightforward way. [

Let ()(A) be a partial extending datum of a bialgebra A. We define a product m gy on the object A ® H
as follows:

Magn = (ma®idy)o (ma ® (w ®mp) o Anen) (16)
o(ida ® (pa ® Pr) © Anga ® idy).
Lemma 3.3. Let A be a bialgebra in C and ()(A) a partial extending datum of A. The following cross-relations hold:

MagH © (ZdA N ® ida ® ldH) = (my® ZdH) o (ldA QPaA® ldH) (17)
o(ma ® (idy @ Na ®idy) o Ap),

MARH © (idA ®idy ® na® ldH) (18)
= (mA ® idH) o (mA Qw® mH) o (idA ® @y o0 (ldH ® T]A) ® AH@H) o (idA QA ® idH),
MagH © (idA Qidg®ida ® T]H) = (mA ® ldH) o (idA ® ((PA ® (PH) o AH®A). (19)

Theorem 3.4. Let A be a bialgebra in C and ()(A) a partial extending datum of A. The product magn on the object
A ® H is associative if and only if

¢n o (Ppu ®ida) = ¢p o (idy @ ma), (20)
my o (py ®idy) o (idy ® pa ® Pp) o (idy ® Apea) = Py o (my @ida), (21)
my o (my @ idy) = my o (qu ®idy) o (ldH ® w @ my) o (ldH ® Apsn), (22)
my o (ida ® w) o (w ® my ® idy) © (AneH ® idy) (23)

= MmpoO (ZdA ® a)) o ((PA ® (PH ® ldH) o (AH®A ® ldH) o (ldH ®w® mH) o (idy ® AH@H)-



Q.-G. Chen / Filomat 36:4 (2022), 1245-1253
Proof. Since

MagH © (ldA ®idy ® mA®H) o (I]A Qidy®ids ® Ny ® ida ® 7]1—1)

19 . . .
(=) MagH © (77/\ ®idy Qidy @ T]H) o (idy ® my)

19 .
© (pa ® Pr) o Apga o (idg ® ma)
and

MagH © (mA®H ®ids ® ZdH) o (T]A ®idy®ids ® N ® ida ® T]H)
19 . . ,
© (ma ®idy) o (ida ® (pa ® Pn) © Axga) © (Pa ® Pr) © Apea ® ida)
= (ma®idy)o (ida ® pa ® Pn)
o((a ® Prr) © Aiwa ® (cra ®ida) o (Pr ® Aa)) © (Apa @ ida)

(pa o (idg ® ma) ® Ppy)
o(idy ®ids ® (cya ®ida) o (P ® Aa)) © (Apea ® ida).

(-4

Thus it follows that

(pa ® Pr) o Apga o (idg ® ma)
= (pao (idy ®my) ® Py)
o(idy ® ids ® (cya ®ida) o (P ® Aa)) © (Aea ® ida).

Applying ¢4 ® idy to both sides of (24), we gain (20).

MagH © (ldA Qidy ® mA®H) o (7]A Qidy ® Nna® idy ®ids ® T]H)

Q' (4 @ idy) o (ida ® © ® mp) 0 (ida ® Arier)

o(pa ® Pu ®idy) © (Anga ® idy) © (idy ® (Pa ® PH) © Apga)

(ma ®idp) o (idg @ w ® my) o (ida Q idy @ ey ® idpy)
o(pa ® P ® ¢ ® Ap) o (idy ® ida ® Apga ® idm)
o(Axga ®idpy) o (idy ® (pa ® Pu) © Ansa)

= (mA®idH) o (idA®w®mH) o (idA®idH® tH,H®Z'dH)
o(pa ® P ® Py ® Ap) © (Apga ® idy @ ids ® idy)
o(Anga ® idp) o (idy ® Pa ® Pp) o (idy ® Apea)

(i)

= (mA®idH) o (idA®w®mH) o (ldA ®idy ® CH,H®Z'dH)
o(Pa ® P ® Py ®idy ®idy) o (AHes ® idy @ idy ® idy ® idy)
o(Anga ® idy ® idy) o (idg ® pa ® Py ® Q)
o(idy ® idy ®ida ® Apga) © (idy ® Axga)

= (my®idy)o (idy ® w®my) o (QDA ® (;[)H ® CHH © ((;[)H ®idy) ® idy)
o((AHga ® idy ®ida) © Apga ® idy ® idy) o (idy ® Pa ® Py ® Ppr)
o(idy ® (Apea ® idy ® ida) © Apga)

= (ma®idy)o (ida ® w ®my) o (pa ® P @ idy ® Pu ® idy)

o(idy Q@ ids @ idy ®ids ® CHeAH ® idy)

o((AHga ® idy ®ida) © Apga ® idy ® idy) o (idy ® Pa ® Py ® Ppr)

o(idy ® (Appa ® idy ® ida) © Apga)

1249
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LD (1 @ idyy) o (ida ® @ @ mpr) 0 (P ® Pyt @ iy @ Ppy ® icdyy)
O(AH®A Qidy Qidy ®ids ® idH) o (ldH ® (HAH @ idy ® ldH)
o(idy ®idy ® Pa ® P ® Pa ® Pr)
o(idy ® idy ® Arien ® idyy ® ida ® idy ® ida)
o(idy ® ids ® Ariea ® idy ® ida) o (Axy ® Arign)

= (ma®idy) o (idy ® w® ) o (4 ® by ® idyy ® oy @ idyy)

O(AH®A ®idy ®idy Qidy ® ldH) o (ldH QPaA® (PH ®idy Qidy ® ldH)
O(idH ® Apga @ idy @ ids ® idH) o (idH ® (HHeA @ PA ® qi)H)
o(idy ® ide ® Ariea ® idy ® ida) o (Axy ® Arian)

D (ma@idy) o (ida ® P ® myr) o (0 @ My ® idy ® Ppy ® i)
O(AH®H ®ids Qidy ®ids ® ZdH) o (ldH ® CHHRA @ PA® qu)
o(idy ® idy ® Apga ® idy Q@ ida) o (Ay ® Anga).
On the other hand,

MagH © (Maey ® ids ® idy) o (T]A ®idy ® na® idy ®ida ® T]H)
= (ma®idy) o (ma® (pa ® Pr) © Axea) o (ida ® w @ my ®idy)
o(pa o (idy ®1N4) ® ApgH ®1da) o (Ap Q idy ®id,)
= (ma®idy) o (ma ® (pa ® Pr) © Axea)
o((pa o (idg ®1na) ® w) o (Ag ®idy) ® my ®ida) o (Apen ® ida)
= (ma®idy) o (0 ®((pa ® Pr) © Anga) © (my ®ida)) © (AHen @ ida).

Thus it follows that

(ma ®idy) o (ida ® pa @ my) o (w @ my ®ids ® P @ idy)
o(Agey ® idp @idy ®ids ® idH) o (idy® CHHRA ® PA® gi)H)
olidy ® idy @ Arign ® idyy ® ida) © (A ® Agran)
= (ma®idy) o (0 ® ((pa ® Q) © Apga) © (M ®ids)) o (Apen ®ida).

Applying €4 ® idy to both sides of the above equation, we can obtain (21).

On one hand

Magr © (Ida ® idy @ MagH) © (Na ®idy ® Na ® idy ® Na ® idy)
= (ma®idy)o (ida ® (w ® mpy) o Apgn) © (P4 ® Pr) © Apga ® idp)
o(idy @ ma ®idp) o (idy ® Pa o (idy @ Na) ® @ ® Mmyy)
O(idH ® Ay ®idy ®idy ® ldH) o (ZdH ® AH@H)
© (ma®idy) o (ida ® (@ ® my) © Ariair) © (P4 ® Prr) © Arion ® i)
o(idy ® @ ® my) o (idy ® Agn)-
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On the other hand,

MagH © (mA®H ®ids ® ldH) o (ﬂA ®idy ® na® idy ® na® ldH)
= (ma®idy)o (ma®w®mp)o (ida ® pa o (idy ®14) ® AneH)
olida ® Ay ® idy) o (ma ® idy ® idy) o (ids ® @ ® My ® idyy)
o(pa o (idy ® 1n4) ® Agy ® idy) o (Ay ® idy ® idpy)

16 ) . .
© (ma ®idpy) o (g @ w ® my) o (ida ® P4 o (idy @ Na) ® Apem)

O(idA QA ® idH) o (a) Qmy® idH) o (AH®H ® idH)
© (ma @ idu) o (ida ® 0 @ my) o (ids ® Arion)
o(w @ my ®idy) o (Agey ® idy).

Thus it follows that

(ma ®idy) o (ida ® (0 ® my) o Apen)
o((pa ® ¢n) © Anga ® idy) o (idy ® @ ® my) o (idn ® Angh)
= (mu®idy) o (ids ® w @ my) o (ids ® AxgH)
o(w ® my ® idy) o (Angr ® idn).
By applying ids ® ey and €4 ® idy to both sides of the equality above respectively, we can gain (22) and (23).
The converse can be checked in a straightforward way. [J

Let C be the monoidal category of vector spaces over a fixed field k. If we write m4en using the Sweedler
notation and denoting the product of two elements a,b € A by ab, pp(h ® a) by h<a, pa(h ® a) by h>a and
mp(h ® g) = h - g, we have the multiplication on the vector space A ® H as follows:

(@®h)(b® g) = a(ha) > ba)w(he) <ba), ga) @ (he) <be) - ge)- (24)
By Theorem 3.4, we have the following result.

Theorem 3.5. Let A be an ordinary bialgebra and ((A) = (H, <,>, w) a partial extending datum of A. Then the
multiplication defined by (24) on A ® H is associative if and only if the following conditions hold: for all h,g,1 € H
and b,c € A,

(h-g)-1=(h<w(gay,lm)) Ge o) (25)
(h<b)<c =h<(bo), (26)
w(hq), gay)whe) - 9@, 1) = (hay > w(ga), lp)whe) <@g, ), 96) - Le), (27)
(h-g)<c=(<(gay>cw)) - (9@ <c@)- (28)

For Q)(A) a partial extending datum of A, we can define the morphisms
Ya H®A > A®H
by
Uiy = (94 ® Pn) © Atiea,

and
of :H®H —> A®H

by
Gfl = (CU ® mH) o AH@H-

Using the morphisms 7, and 07, we can rewrite the equalities (v-4)-(v-8) and (21)-(23) in the following
form:
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(A1) my o (my ® idy) = my o (¢u ® idy) o (idy ® o7y),
(A2) @4 o (idy®ma) =ma o (ids ® pa) o (Yf, ®idy),
(A3) ¢y o (my ®ids) = my o (Ppn @ idy) o (idy  Y5),
(A4) my o (ids ® w) o (P @idy) o (idy ® Yi) = ma o (ids ® pa) o (o ®ida),
(A5) my o (ida ® w) o (Y5 ® idy) o (idy ® 01y) = ma o (ida ® ) o (07, @ ida),
(A6) cam ol = (Pu ® a) © Anga,
(A7) camoopy = (my®w) o Apgh.

By using Theorem 3.4 and [10], we have the following conclusion.

Theorem 3.6. Let (X(A) be a partial extending datum of a bialgebra A. Let (A, H, {1, o) be a 4-tuple, where 4, ot
are defined as above. Then the pair (A ® H, magp) where

Magn = (Ma ® idy) o (ma ® opy) o (ida ® Pf ® idy)
is a weak crossed product with preunit v = na ® ny if and only if (A1), (A3), (A5) and (20).
As the end of this paper, we shall present a concrete example as follows.

Example 3.7. Let G = (glg* = e) be a cycle group. Then we have a group Hopf algebra H = k[G]. Let A =
k(14,a,b,c) be an algebra with the following multiplication table:

ma|lalal|l b |c
1A 1A a b C
a |ala|c|c
b lcl|lsala
c |c|a|a

It is not hard to check that A is a bialgebra with the coalgebra structures given as follows:
Aga) =a®a,As(b) =b®b,As(c) =c®c,
ea(a) = ea(b) = eac) = 1.
Now, we define the action > of H on A given via
grla=a,gra=ag>b=ag>c=ae>1y=1s,era=age>b=berc=c
The action < of A on H is given by the trivial action and the linear map w : H® H — A is defined as follows:
w(ee) =14,w(g,e) =a=wle,g) = w(g,g).

with >, <, w defined as above, it is not hard to check that (H, <,>, w) is a partial extending datum of A and the
conditions (25)-(26) are satisfied. Thus we have the weak crossed product A ® H with the multiplication table as
follows:

: 1lyQe|a®e | b®e | c®e |14®g|a®g|b®g|c®yg
1ly®e |1la®e|a®e | b®e | Qe | a®yg |a®g | c®g | cQg
a®e | a®e |a®e | c®e |c®e | a®g |a®g|c®g | c®yg
b@e | b®e | c®e |1y®e|a®e | c®g | Qg |a®g|a®yg
c®e | c®e | c®e | a®e |a®e | c®g |c®g|a®g|a®g
14®g| a®g |a®g | a®g |a®g| a®e |a®e | a®e |a®e
a®g | a®g |a®g| a®g |a®g | a®e |a®e | a®e |a®e
b®g | c®g |c®g| c®g |c®g| c®e | c®e | c®e | c®e
cC®g | c®yg |c®g| c®g |c®g| c®e | c®e | c®e | c®e
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