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Abstract. In this paper we study the General Matrix Pencil Completion Problem under double rank
restrictions. Considered rank restrictions are not structural, hence the obtained results deal with full sets of
Kronecker invariants of the involved matrix pencils, and they generalize many of the existing results in the
literature, for example [1, 5,7, 9, 11, 12, 21, 24, 45, 46]. Main methods consist of combining the celebrated

Sa-Thompson’s result [1, 39, 44] with novel results on rank restrictions in completions of matrix pencils.
All of the obtained results are explicit and constructive.

1. Introduction

Let F be an algebraically closed field. Let C(1) € F[A]™", and D(A) € F[A]™" be matrix pencils, i.e.
matrix polynomials of degree 1. We say that matrix pencils C(A) and D(A) are strictly equivalent if there exist
invertible matrices P € F>" and Q € F"", such that

PC(A)Q = D(A).

One of the fundamental open topics in Linear Algebra is the General Matrix Pencil Completion Problem
Its roots date back from 1970’s [35], and it has been posed as a Challenge of Linear Algebra in [30].

Let A(A) € F[A]#PX(1+m) and M(A) € F[A]#P+yX(+m+3) he two matrix pencils. Then the General Matrix
Pencil Completion Problem is the following:

Problem 1.1. Find necessary and sufficient conditions for the existence of pencils X(A) € F[A]"PX¥, Y()) €
F[A]>0+m) and Z(A) € F[A]Y* such that the pencil

A(A) - X()
Y(A)  Z() |
is strictly equivalent to M(A).
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Apart from purely theoretical importance, Problem 1.1 has strong connections and applications in
Control Theory, Graph Theory, Perturbation Theory and Representation Theory of Quivers, see e.g. [3,
4, 8, 20, 22, 25, 29, 31-34, 4143, 46]. Although many authors through decades have studied Problem
1.1 and its particular cases, it still remains open and presents a big challenge in Matrix Theory. For the
most important contributions towards solving the General Matrix Pencil Completion Problem see e.g.
[2,5,7,9,14,16,21, 24,37, 39, 44-47].

Strict equivalence invariants of a matrix pencil are usually called Kronecker invariants and they consist
of invariant factors, infinite elementary divisors, and column and row minimal indices. For all details see
[23].

Until recently, the main method to attack and resolve Problem 1.1 was by considering structural re-
strictions, i.e. by limiting the types of Kronecker invariants of involved pencils. For example, the most
celebrated classical results on this topic deal with pencils A(A) and M(A) that are both regular [1, 39, 44], or
such that one of them is regular [7, 12, 21, 24], or such that one, or both, of them is quasi-regular [5, 10, 19],
etc.

In [9] for the first time in the literature, Problem 1.1 has been considered and solved without any
structural restrictions, i.e. the obtained necessary and sufficient conditions involve all the possible eight
types of Kronecker invariants (four of them coming from the matrix pencil A(A), and four of them coming
from the matrix pencil M(A)). Hence, the solution to Problem 1.1 in [9] is different and more general
concerning the types of Kronecker invariants involved, than all the existing ones. However, the solution in
[9] isn’t the final one, since we consider restrictions on the dimensions of the involved matrix pencils. In
fact, the solution from [9] corresponds to the minimal possible values of x and y in order the prescribed set
of Kronecker invariants could be reached. For all details see [9, 11].

In this paper we improve this novel approach from [9], by stretching the existing methods to the limits,
combining the results from [9] with the classical celebrated Sa-Thompson’s result [1, 39, 44]. In addition,
we use technical results on rank restrictions in completions of matrix pencils (Lemmas 3.1-3.9), as well as
combinatorial results on generalized majorization (Lemma 2.3).

Let A(A) € F[A]0#Px(1+m) rank A(A) = n, and M(A) € F[A]HP+X0+m+x) pank M(A) = n + s, be two matrix
pencils. The main result of the paper is a solution to General Matrix Pencils Completion Problem, Problem
1.1, under any of the following double rank constraints:

rank[ A()) X(A) |=n+s-y, and rank[ %A\; ]:n+s—x. 1)
rank[ AQ) X(1) |=n, and rank[ é&; ]=n. @
rank| A(\) X(1) |=n, and rank[ ‘3&; ]: n+s—x 3)
rank[ A1) X() |=n+s-y, and rank[ %A\; ]:n. (4)

We note that restrictions (1) imply
max(x,y) <s<x+y,

restrictions (2) imply
0 <s <min(x,y),

restrictions (3) imply

and restrictions (4) imply
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By considering and solving Problem 1.1 under these restrictions, we come one step closer to its general
solution. The obtained results directly generalize the main result in [9], as well as the main results in
[5,7,11, 12, 21, 24, 46]. Moreover, novel restrictions that we are considering in this paper (1)-(4), are given
in the form of double rank restrictions. This is important due to various reasons. First, these restrictions are
not structural and they allow considering all eight types of Kronecker invariants. Also, these constraints
directly connect completion problems with problems of rank restrictions, and thus open the door to possible
applications of Problem 1.1 into Perturbation Theory and Control Theory. Next, the rank restrictions are
easily comprehensible and of more interest to wider audience, comparing to structural restrictions which
involve Kronecker invariants. Also, these kind of restrictions can be checked more easily. Finally, they are
more general than majority of the restrictions considered to Problem 1.1 in the past, both structural and
minimal.

In particular, the main results in [9] are just special cases of Theorems 1-3. More precisely, [9, Theorem
4.1] is a special case of Theorem 1 when s = x + y; [9, Theorem 4.2] is a special case of Theorem 2 when
s = 0; [9, Theorem 4.3] is a special case of Theorem 3 when x = 0; and [9, Theorem 4.4] is a special case of the
transposed version of Theorem 3 when y = 0. Even more, the main result in [7] is a special case of Theorem
1 when M(A) is regular. The main result in [12] is a special case of Theorem 2 when A(A) is regular, while
the main result in [5] is a special case of Theorem 3 if both A(A)T and M(A) are quasi-regular pencils. Anal-
ogously, one can easily see that [1,11, 21, 24, 45, 46] are also direct corollaries of the main results in this paper.

The paper is organised in six sections. In Section 2 we give notation that is used throughout the paper,
as well as the most important previous results on minimal case completions, and basic concepts on Matrix
Pencils and General Majorizations. Section 3 consists of auxiliary lemmas that are essential in the proofs
of the main results. Lemma 3.8 is particularly useful and challenging, and it has strong impact in solving
Problem 1.1. More applications of this particular result are expected.

We solve Problem 1.1 under restriction (1) in Theorem 4.3 in Section 4, and we solve Problem 1.1 under
restriction (2) in Theorem 5.2 in Section 5. Finally, it is straightforward to see that restrictions (3) and (4) are
transposed versions of each other, so it is enough to solve Problem 1.1 under one of them. A solution to
Problem 1.1 under restriction (3) is given in Theorem 6.1 in Section 6.

All of the obtained results are explicit and constructive, and are valid over algebraically closed fields.

2. Notation and previous results

2.1. Matrix pencils

Let A(A) € F[A]®+PX(+m) be 3 matrix pencil. In this paper we shall consider invariant factors and infinite
elementary divisors unified as homogeneous invariant factors, for all details see e.g. [7]. Hence, the Kronecker
invariants of A(A) consist of homogeneous invariant factors and column and row minimal indices. Also,
their number can be expressed in terms of the size and rank of a matrix pencil as follows. Let rank A(A) = n,
then A(A) has n homogeneous invariant factors, p row minimal indices, and m column minimal indices.
Also, if we denote the sum of the column minimal indices of A(A) by ¢, the sum of the row minimal indices
of A(A) by r, and the sum of the degrees of the homogeneous invariant factors of A(A) by &, then

c+r+h=n.

For more details on Kronecker invariants see chapter XII of [23].

The canonical form for strict equivalence is called Kronecker canonical form. We shall consider the
Kronecker canonical form of A(A) as given in [18, 23]. Moreover, since in this paper we unify the invariant
factors and infinite elementary divisors as homogeneous invariant factors, we have that the Kronecker
canonical form of A(A) has the following shape:

NG| 0 0

0 [C)| 0
0 0 | R(Y

(5)
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where N(A) € F[A]"" is the matrix pencil block that corresponds to homogeneous invariant factors (made
out of two blocks, one corresponding to companion matrices of the invariant factors, and the other one cor-
responding to infinite elementary divisors), C(A) € F[A]”*“*™ corresponds to the column minimal indices
and R(A) € F[A]0+nxr corresponds to the row minimal indices of A(A). For the purpose of this paper we do
not need the specific forms of N(1), C(A) and R(1), however they are well known, and can be found e.g. in
[18, 23].

By I we denote the identity matrix of size k. All polynomials throughout the paper are assumed to
be homogeneous polynomials from F[A, u], and monic with respect to A. Let 04]-- -6, be homogeneous
invariant factors of a matrix pencil D(A) (and so rank D(A) = n1). We assume 6; = 1, foralli < 1and 6; =0,
for all i > n. By d(6;) we denote the degree of a polynomial o;.

2.2. Generalized majorizations

By a partition we mean a non-increasing sequence of integers. For any sequence of non-increasing
integers a; > --- > a;, we define the corresponding partition by a = (a3, ...,45). Moreover for any such
sequence, we assume 4; = +oo, for i < 0, and a; = —oo, for i > 5. Also, we put Zf:ﬂ a; = 0 whenever a > b.

We recall the definition of the classical majorization:

Definition 2.1. [26] Let a = (ay,...,a5) and g = (g1, ..., gs) be two partitions. If Y.;_, gi = Y.i_1 a; and

then we say that g is majorized by a and write g < a.

In [16] we have introduced the concept of generalized majorization. We recall it here since it will be
used in Section 6:

Definition 2.2. Let di > -+ 2 dysk—s, 91 2 *++ 2 Gmek, 41 = -+ = as be integers. Consider partitions d =
(dlr LR /dm+k—s)r g= (gll oee /gm+k) and a = (all e /aS)' lf
di = Giss, i=1,..., m+k-s, (6)
hj hi—j ]
Zgz_zdiﬁzaz/ j=1..8 )
i=1 i=1 i=1
m+k m+k—s s
Z gi = dl + ai, (8)
i=1 i=1 i=1

where
h]‘ = min{ildj_jﬂ < g,‘}, ] =1,...,s,

then we say that g is majorized by d and a. This type of majorization we call the generalized majorization, and we
write

g <’ (d,a).
Notice that, if (8) is satisfied, then (7) is equivalent to the following:

m+k m+k—s s

ZgiZ 2 di+2ﬂj, j=1,...,S. (9)

i=hj+1 i=hj—j+1 i=j+1

The following result follows directly from Definitions 2.1 and 2.2:
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Lemma 2.3. Let a, c and d be partitions such that
c <’ (d,a).
Let @ be a partition of the same length as a, such that a < a, then
c <’ (d,a).

2.3. Notation

The following notation will be used throughout the paper:

Let n,m, p,x, y and s be nonnegative integers.

Let A(A) € F[A]#P*(1+m) be a matrix pencil, such that rank A(A) = n.
We denote the Kronecker invariants of the pencil A(A) by:

a] - |a, - homogeneous invariant factors
12 "2C>Cu1==Cp=0 - column minimal indices
1 2rg>rgp = -=1,=0 - row minimal indices

Then

n

d(ay) + i ci + i ri = n. (10)
i=1 i=1

Let M(A) € F[A](#p+y)X(n+m+3) be 3 matrix pencil, such that rank M(A) = n +s.
We denote the Kronecker invariants of the pencil M(A) by:

i=1

Vil Vass - homogeneous invariant factors
di2-->d;>ds = =dyirs =0 — column minimal indices
FL2 - 2Tg>Fgyy = =Fprys =0 - row minimal indices
Then
n+s m+x—s pty—s

d(y;) + Z di + Z Fo=n+s. 11)

i=1 i=

i=

—

The following theorem will be useful in the proofs of the main results:

Theorem 2.4. [9, Theorem 4.3][15, Theorem 2] Let A(A) and M(A) be pencils as given in Section 2.3, with x = 0.
There exist a pencil Y(A) such that the pencil

A(A)
[ Y() ] (12)
is strictly equivalent to M(A) if and only if

0>0, (13)
c <’ (d,a), (14)
< (r,b), (15)
‘)/l' |ai | 7/1'+y/ Z: 1,...,71, (16)
n+s n+s P pty—s
Y dlem(ais, y)) < Y dy) =Y i+ Y 7 (17)
i=1 i=1 i=1 i=
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Here the partitons a = (ay,...,as) and b = (by, ..., b, ) are given by

j n m m—s n+s—j
Z:m = z:mag+21¢rwu—§:@h+1y-Z:daqm%ﬁﬂgg)—ﬁ i=1,...,5s,
17(1 ;=+1S z;l s i=1 . i=1
Z b = Z d(y;) - Z ri+ Z Fi— Z dlem(@iis, i), k=1,...,y—s.
i=1 i=1 i=1 i= i=1

3. Auxiliary results on ranks and completions of matrix pencils

In this section we give eight lemmas, all of them dealing with ranks of matrix pencils and completions.
Some of them (Lemmas 3.2, 3.3 and 3.4) are known, but we cite them in stronger form than comparing to the
paper they have appeared in, [18]. In fact, by following their original proofs in [18], one can conclude much
stronger result than stated in those lemmas originally. We stress this out here, and we cite those lemmas in
these more powerful forms. The results in Lemmas 3.1, 3.6 and 3.7 are straightforward. Finally, we give
some involved technical lemmas based on the results of Lemmas 3.3 and 3.4. Novel powerful technical
Lemmas 3.8 and 3.9 will be essential in proving the main results of the paper.

Lemma 3.1. Let A(A) € F[A]PX0#m) gnd X(A) € F[A]*+X0#M) be matrix pencils such that rank A(A) = n and

A(A)

rank| X(A)

}=n+s.

Then there exists an invertible matrix P € F@+X0+S) gych that

[ I 0 H A ]: }?1%))
o P || x |
where X1(A) € FIAJ**™ and
rank A =n+s
X1(A) ’

As announced, we cite a stronger version of [18, Lemmas 9 and 10] comparing to [18]. In fact, the proofs
of [18, Lemmas 9 and 10] prove these stronger versions, and we write them below in Lemmas 3.2, 3.3 and
3.4 explicitly:

Lemma 3.2. [18, Lemma 9] Let

A1 0 0
0o A 1 - 0
Cc(A) = . . ) € F[A]>D,
0 0 A1
and
A1 0
0o A 1 -
R,(A) = .| e ALY

0 0 A
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be matrix pencils. Let t(A) € F[A]™*D and s(A) € F[A]™" be matrix pencils such that

C.(A) 0
rank 0 R,(A) |=c+r+1.
tA)  s(A)

Then there exist matrices P; € FX0+D P, ¢ FX0+D and Py € FCDX" sych that

I. Py O C.(1) 0 | p C.(A) 0
0 Ly O 0 &m)[ gl f]: 0 R.(A) |.
0 P 1 tA) s(A) r 0 0

Lemma 3.3. [18, Lemma 10] Let A(A) € F[A]0P>0m) gnd B(A) € F[A]Y("*™) be matrix pencils, n = rank A(A).

_ A(A)
Lets = rank[ B(A) ] —rank A(A).
Then there exist invertible matrices P € F@+P>X0+0) O € Y and S € F+mXt+m) and g matrix R € FY<0+p)
such that
[P 0][““]52 ﬁ%
R Q B(A) Y(A)

A(M)

where X(A) € F[AP*0*™, and Y(A) € F[A]Y=9%0m) sych that the pencil [ X(A)

] has rank equal to n + s, has the

same row minimal indices as A(A), and the same column minimal indices as [ g((j\\; ]

A(A) A
In particular, this implies that | X(A) |is strictly equivalent to .
Y(A) B(1)

Having in mind the stronger version of [18, Lemma 9] given as Lemma 3.2, in [18] we have also proved
the following result:

Lemma 3.4. [18, Lemma 10] Let A(A) € F[A]"P*0*M) be g matrix pencil, n = rank A(A). Let

NG 0 0
0 C@) 0
0 0 R)

be the Kronecker canonical form of the matrix pencil A(A). Let us denote by h the sum of degrees of its homogeneous
invariant factors, by c¢ the sum of its column minimal indices, and by r the sum of its row minimal indices. Let
x(A) € FA]*", #(A) € FIAIC*™ and s(A) € F[A]™" be matrix pencils, such that

N 0 0

0 Cch o0 |_

0 0 RO | = n+s.
x(A) A s(A)

rank

Then there exist matrices Py € FX0+P) P, € FXU*P) and Psy € FC™Xr sych that

L, 0 0 07 NA 0 0 Lo o N(A) 0 0
0 I. P 0 0 CA) o0 S | b |_| 0 <cw o0
0 0 L O 0 0 R 0 Cy 13 I 0 R
0 0 P I x(A) HA) s(d) ’ x(A)  HA) 0
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In addition, if X(A) € F[A]&+9X" T(A) € F[A]6T9XCm gnd S(A) € F[A]SH*" are matrix pencils, such that

N(A) 0 0
rank 8 Cg\) R?)\) =n+s,
X(A) T S

then there exist matrices P; € FXU+P) P, e Fe+0X(r+p) P, e FC+mXr and an invertible matrix P € FE+0X6+) gych
that

I, 0 0 O] N®&A 0 0 N) 0 0
L, 0 0 0 C(A) 0
0 I P 0 0 CW) o0 0 Lo pl-l o 0 R(Y)
0 0 Iy O 0 0 RN | o, 3" [ 0
0 0 P, P [|X@A) TR S@A) ’ PX(\) PT(A) —g+

S(A)

Here 0 € IF** is a zero matrix with s rows. Also, matrix P is the one obtained from Lemma 3.1.

Remark 3.5. We also note that if X(A) € F[A]*", T(A) € FIA]*™ and S(A) € F[A]™" are matrix pencils, such
that
NAA) 0 0

o cy o N@) 0 0

rank 0 0 R(A) = rank 8 CE)/\) R?A) =n,
X(A) T S
then there exists a matrix P € TF*¢, such that
I, 0 0 0 N(A) 0 0 N(A) 0 0
o I. 0 O 0 C(A) 0 _ 0 C(A) 0
0 0 Ly O 0 0 R(A) |~ 0 0 R(A)
0O P 0 I X(A) TA) S(A) X(A) 0 S(A)

The following two lemmas are straightforward:

Lemma 3.6. Let A(A) € F0Px0i+m) X(1) € FO+Pxx Y(1) € B0+ and Z(A) € Y be matrix pencils such that
rank A(A) = n,
_ AN) | _
rank[ A(A)  X(A) ] =n+x, and rank[ Y(A) ] =n+y,
then
AA) - X(A)

rank[ Y Z(A)

]=n+x+y

Lemma 3.7. Let A(A) € F0#px0+m) X (1) € FOpXx Y(A) € T+ and Z(A) € T be matrix pencils. Then

X2 rank[ I;Ej\\; ggg ] - rank[ I;Ej\\; ] > rank[ AA)  X(A) ] —rank A(A).

By using Lemmas 3.3 and 3.4, we can prove the following result:
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Lemma 3.8. Let A(A) € F[A]P>mm) X(A) € FIA]"P%, Y(A) € FIA]Y*0™ and Z(A) € F[A]Y™* be matrix
pencils such that

rank A(A) = rank [ A(A)  X(A) ]:rank[ ‘3&; ]:n, (18)
and such that

k] 40 X0 |y 19
Then

[ 3o ]

is strictly equivalent to

Yi(A)  Zi(N) | Za(A)
Y2(A)  Z3(A) | Zs(A)

A Xi(D) | Xz(A) ]

where

AN Xi(A)
Yi()) - Zi(A)

] e IF[/\](n+p+s)><(n+m+s) (21)

has rank equal to n + s, and has the same column and row minimal indices as A(A), respectively.

In particular, if s = x = y, then column and row minimal indices of A(A) and (20) coincide, respectively.

Proof. Let us denote by & the sum of degrees of homogeneous invariant factors of A(A), by c the sum of its
column minimal indices, and by r the sum of its row minimal indices.

We start by putting A(A) in its Kronecker canonical form. Hence there exist invertible matrices P €
F0+9)X(40) and Q € Fr+mX(1+m) gyich that

N(A) 0 0 | Xi(d)
[ P o H AN X(A) H O o ]_ 0 C(A) 0 | Xa(A) )
0 I || YO Zw) 0 L | | o 0 RA) | X3(A) |

i) Ya()  Ya() | Z(h

Since (18) holds, by Remark 3.5 there exist matrices P; € F¥*¢ and Q; € F”™** such that

L, 0 0 0 N@A) 0 0 [XM[H 0 0 0
0 I, 0 0 0 C(A) 0 | X(M) 0 Iyw O 0 |
0 0 Iy O 0 0 R(A) | X3(A) o 0 I, Q|
0 P 0 I [ () Ya(d) Ys(d) | Z(D) 0 0 0 L
N@) 0 0 | Xi(d)
3 0 CA) 0 | X
=l o o rRM| o | (23)

Vi) 0 Ya() | Z()
We note that the subpencil
N@A) 0 0] Xi(A)
0 C) 0] X0
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is quasi-regular, i.e. ithas only homogeneous invariant factors and column minimal indices as the Kronecker
invariants.

Thus, by applying Lemma 3.4 on the pencil (23) we have that there exist matrices P; € ™), P, €
Fx(+1) Py e FYX0+P) P, € B>, Ps € FC*™*" and Pg € IF*, and an invertible matrix P € F¥Y, such that

(I, 0 P, 0 N(A) 0 0 [ XML, 0 Py 0
0 I. P, 0 0 C(A) 0 | X2(d) 0 Ism Ps 0 |_
0 0 Iy O 0 0 R 0 0o 0 I 0|
[ 0 0 Ps Pl Vi) 0 Y1) | Z() 0 0 Py I
N(A) 0 0 Xi(A)
0 C(A) 0 X(A)
0 0 R(A) 0 , (24)
N 0 o
PYi(A 0 ——~—|PZA
| 1() Y3(A) ()

and such that the subpencil of (24) made of its first n + p + s rows has rank equal to n + s. Here the number

of rows in the zero matrix in the subpencil | ] is exactly s.

0
Y3(A)

Hence, if we denote

P?1<A>=[ s ] V(M) € FIAP,
and
PZ(A) [%] Z1(A) € FAT™,
(24) becomes
N@A) 0 0 | Xi(h)
0 CA) 0 | X(d)
0 0 R(A) 0o |, (25)
Yi(A) 0 0 | Zi(d)
Yo(A) 0 Y3(d) | Z(A)
where
N@) 0 0 | X
rank 8 CE)/\) R?/\) Xzé)\) =n+s. (26)

Yi(A) 0 0 | Zi()

Now, we shall apply the transposed version of Lemma 3.4 on the pencil in (26). So, there exist matrices
Q1 € F*", Q, € FXU*P), Q3 € B¢, Q4 € FXh Q5 € FeXr and Qg € F*™** and an invertible matrix
Q € F**, such that

I, 0 0 O N(A) 0 0 ):(1(/\) I 0 0 0

Q1 I Q Qs 0 CA) 0 | Xp(A) Qs ILm Q5 Qs |_ 27)
0 0 Iy O 0 0 R(A) 0 0 0 L 0 |~

0 0 0 I Yi(A) 0 0 | Zi(A) 0 0 0 Q
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NG\ 0 0 X(M)Q

0 C@) 0 0 | Xa(A)

0 0 R) 0 (28)
Yi(A) 0 0 | ZiMQ

Here the number of columns of the zero submatrix in the pencil [ 0| X3(A) ] is exactly s, and the rank of
the subpencil of (28) made of its first # + m + s columns is 1 + s.

Hence, if we denote X . .
HMQ =] X)) | () |, Xu) e FIAT™,

and
Z0Q=[ Z) | Za() |, Zi() e FIAFS,

the pencil (28) becomes

N@XA) 0 0 | Xi(d) | X2(A)
0 C@h) 0 0 | X50)
0 0 RA)| 0 0o |

Yi(A) 0 0 [Zi(1) [ Z(d)

and

NA) 0 0 X1(A)
rank g CE)A) R?/\) 8 =n+s. (29)
Y1(A) 0 0 \ Z1(A)

Moreover, the pencil in (29) has the same column and row minimal indices as A(A).

Operations (27) transform the pencil (25) into its strictly equivalent form

N@) 0 0 | Xi(d) | X2()
0 CA) 0 0 | X3(1)
0 0 RA) | 0 0o |,
Yi(A) 0 0 Z1(A) | Z2(A)
Yo(d) 0 Y3(d) | Z5(A) | Za(A)
where A
2:0Q =] Zs(V) | ZaV) |, Zs(A) e FAJ<.
Finally,
N@) 0 0 | Xi(d) | Xa(A)
1 0 0 C) 0 0 | Xs() o 0 AN XD | %)
[ 0 1] 0 0 R 0 0 [ 0 I ]z Yi(A)  Zi(A) | Zo(A) |,
Y@y o 0 | Zi(Y) | Zo(N) ' Ya()  Z3(A) | Zs(A)
Yo() 0 Ys(d) | Zs(A) | Zs(D)
Xi(A) X2(M)
where X;(A) = P1| 0 |eF[A]™P>, X,(A) = P1| X3(M) e]F[A](”+V)X("‘S),Y1(/\):[ Yi(A) 0 0 ]Q—le
0 0

FIA]*+™  and Y, (A) = [ Y,(A) 0 Ys(A) ]Q‘l € F[A]W=s(mm) Here the subpencil

A(M)
Y1(A) ’

X1(A)
Z1(A)
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is strictly equivalent to (29), hence has the rank equal to 7 + s, and its column and row minimal indices
coincide with the column and row minimal indices of A(A), respectively, as wanted. [

In the following lemma we give a generalization to S&-Thompson’s theorem [1, 39, 44]:

Lemma 3.9. Let A(A) € FOPXtm) gud M(A) € FOp+xm+) pe matrix pencils, with n = rank A(A) and
n + x = rank M(A), such that their column and row minimal indices coincide. Let an|---|a, and y1|---yn+x be
homogeneous invariant factors of A(A) and M(A), respectively. If

Vi|ai|7/i+2x/ Z = ]-/" N1,
then there exist pencils X(A) € FUPXX Y(A) € F>0HM) and Z(A) € B such that the pencil

AD) XA
[ Y() 2 } (30)

is strictly equivalent to M(A), and such that

rank[ A(A)  X(A) ]z n and rank[ ?8\\; ]z n.

Proof. Let P € F)X(m40) and Q € Fm+mx(+m) be invertible matrices that put A(A) in its Kronecker canonical
form:

cHy| 0 | o
0 [RM | 0
0 0 |NQ

PAL)Q =

Leth:= Y., d(;). Now since
vilailyieor, i=1,...,n
by Sa-Thompson’s theorem [1, 39, 44] there exist pencils X(A) € F[A]”%, Y(A) € F[A]®", and Z(A) € F[A]*
such that the pencil

cl) 0 0 0
0 RA)| 0 0
0 0 | N(Y) X0
0 0 | YOV z)

is strictly equivalent to M(A). Thus

cxyy o 0 | o
P10 0 R(A) 0 0 Q'l o
0 I 0 0 N@) | X(A) 0 I
0 0 YN | Z(
has the form (30), with
X(/\):P‘l[ X?A) ] Yw=[0 YW |Q7, zw) =20

In addition,

rank[ A(A)  X(A) ]: n, and rank[ ?8; ]: n,

as wanted. O
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4. Problem 1.1 under restrictions (1)

Now we can pass to solving Problem 1.1. We start by resolving it under restriction (1). To that aim we
shall use some additional notation and previous results given in the following subsection:

4.1. Additional notation

Let us consider matrix pencils A(A) € F[A]0PX0+m) and M(A) € F[A]¢+P+X(4m+x) a5 given in Section
2.3. Let

max{x,y} <s <x+y.

Let
h]' =min{i|d,-_]-+1 <C,'}, j=1,...,s—x, ho =0,

and

v =min{i|fip <1}, k=1,...,s— Yy, vy =0.

Then we define

m m+x—s
%= Z(c,-+1)— Z @di+1), j=0,...,s—x
i=hj+1 i=hj—j+1
and
p pty—s
i o= Z(ml)— Z F+1), k=0,...,5-1.
i=vp+1 i=v—k+1

By using this notation we also cite [9, Theorem 4.1], since it will be used further on in this section:
Theorem 4.1. [9, Theorem 4.1] Let A(A) and M(A) be matrix pencils given in Section 2.3, with
s=x+y.
There exist pencils X(A), Y(A), and Z(A), such that the pencil

A X(A)
Y(A)  Z(A)

is strictly equivalent to M(A) if and only if

Fi2tipe, i=1,...,p—y, and di2ciy, i=1,...,m-y, (31)
Vi|ai|7i+x+y/ i= 1/ s n, (32)
n+x+y—k—j n
Z A(lem(@ix_ysksj, 1)) — z da) <%+ j=0,...,y, and k=0,...x. (33)
i=1 i=1

Remark 4.2. We note that the restriction s = x + y in Theorem 4.1 is equivalent to the following double rank
restrictions:

rank[ A(\) X(A) |=n+x and rank[ ’;g; ] =n+y.
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4.2. A solution to Problem 1.1 under restriction (1)

In the proof of Problem 1.1 under restriction (1) we shall use the results from Theorem 4.1, the classical
Sa-Thompson’s result on interlacing inequalities [1, 39, 44], Lemmas 3.3, 3.7 and 3.9, and the notation from
Sections 2.3 and 4.1. The solution is given in the following theorem:

Theorem 4.3. Let A(A) € F[A]0P>0Hm) gnd M(A) € F[A]0+P0X04m4%) be matrix pencils as given in Section 2.3.
There exist pencils X(A) € F[A]™>* | Y(A) € F[A]Y™ and Z(A) € F[A]Y such that

rank[ A(A)  X(A) ] =n+s—y, and rank[ 1388 ] =n+s-x, (34)
and such that the pencil
A(A)  X(A)
[ Y Z(A) ] (35)
is strictly equivalent to M(A), if and only if
(0) max{x,y} <s<x+y
@) Ti 2 Tivs—y, i=1,...,p+y-s,
(1) di > Ciys—x, i=1,...,m+x-—5,
(le) Vilai|7/i+x+y/ 1 = ]-/ e n,
n+2s—x—y—k—j n
(iv) ;1 d(lcm(ai_25+x+y+k+]-, Vz)) - ;d(al) < J?]' + Tk, fOT’ all ] =0,...,s—x, k=0,...,s— Y.

Proof. Necessity: Let us suppose that there exist pencils X(1), Y(A), and Z(A), such that (34) is satisfied, and
such that (35) is strictly equivalent to M(A).

Conditions (34) imply that s > max{x, y}. Also, from the size and ranks of the pencils A(1) and M(A), we
have that s < x + y. Altogether we have (0).

By (34) and by applying Lemma 3.3 first on the pencil [ é&; ], and then the transposed version of

Lemma 3.3 on [ A(A) ‘ X(A) ], we get that (35) is strictly equivalent to

A | Xi(D) | X5(A)
Yi(d) | Z1(A) | Z>(A)
Y2(A) | Zs(A) | Za(A)

, (36)

where X;(1) € F[A]"*PX6Y) and Y (A) € F[A]e-0x0m),

rank[ A | Xi(A) ]:[ A | Xi(A) | Xa(A) ]:n+s—y, (37)
and
A
rank [A(A)} = Y1(A) |=n+s—nx. (38)

Next, let us consider the subpencil

e ]F[A](n+p+s—x)x(n+m+s—y). (39)

[ AN | XA |
Vi) | ZiA) |
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By Lemma 3.6 the rank of (39) is equal to n + 2s — x — y. Since the rank of (36) is n + s, and (37) and (38)
hold, by Lemma 3.7 we get

AW | Xi(h) | %) | _
rank_ Yi0 | Zih) ‘ 7z ]—n+25—x—y, (40)
and
[ A | Xi(A)
rank| Yi(A) | Z1(A) |=n+2s-x—y. (41)
| Y2(A) | Zs(A)

By (40), (41), and the facts that the rank of (39) is n+2s—x—y, and the rank of (36) is n+s, by the second part
of Lemma 3.8, we have that both the column and row minimal indices of (39) and (36) coincide, respectively.

Let us denote the homogeneous invariant factors of (39) by

[31| to |,Bn+25—x—y-
Then by the ranks of the pencils A(A) and (39) we have

n+2s—x—y m+x—s pry=s

id(ai)+i(ci+1)+i(ri+1): Y @)+ Y @i+ Y ).
i=1 i=1 i=1 i=1 i=1

i=1
By applying Sa-Thompson’s result [1, 39, 44] on the completion of (39) up to (36), we obtain
Vil Bil Vieary-s), 1=1,...,n+2s—x—y. (42)

The completion of A(A) up to (39) is a minimal completion Case I, since it is a completion by exactly
s — x rows and s — i columns (for all details see [9]). Hence, by applying Theorem 4.1, i.e. [9, Theorem 4.1],
to this completion we get that the following holds:

Fi2tips—y, 1=1,...,p+y—s, (43)
d; > Cips—x, 1=1,...,m+x-—s5, (44)
BilailBis2s—x—y, i=1,...,n, (45)
n+2s—x—y—k—j n
Y dlem (@i ) = Y i) < %+ G, (46)
i=1 i=1

forall j=0,...,s—x,andk=0,...,s —y.
Conditions (43) and (44) are (i) and (i), respectively. Also, (42) and (45) together give (iii). We are left
with proving condition (iv). Since

lem(@ios4xsy, Vi) | Bi, i=1,...,n+25—x~y,

we have

n+2s—x—y—k—j n+2s—x—y—k—j

d(lcm(ai—25+x+y+k+j/ Vi) < Z d(lcm(ai—2s+x+y+k+j/ Bi)), (47)
i=1 i=1

forallj=0,...,s—x,k=0,...,5 —y. Hence (46) implies (iv).

Sufficiency:
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Let us assume that conditions (0) — (iv) are valid. Let us denote by
Bi = lem(aiosixty, yi), i=1,...,n+2s—x—-y—1,

and let
ﬁn+25—x—y = Hb lcm(an, yn+25—x—y)/

where 1) is a monic polynomial with the degree, d(1)), equal to

n m 14 m+x—s pty—s n+2s—x-y
Y@+ Y @+ D+ Y i+ D)= Y @+ D)= Y ErD = Y, dlem(@igeney, ) (48)
i=1 i=1 i=1 i=1 i=1 i=1

By (iv) for j = 0 and k = 0, we get d(i) > 0, i.e. B;’s are well defined. With such defined g;’s, condition
(iv) gives (46).

Also, by (0) — (iv) and from the definition of §;, we have that (42) and (45) are satisfied. Indeed, from the
definition of §; we have,
@i | Biszs—x—y, 1=1,...,mn, and y;[B;, i=1,...,n+25-x-y,
and together with (iii):
Bilai, i=1,...,n+2s—x-y-1, and B;|yioaiy-s), i=1,...,n+2s—x—-y-1

Ifn+2s—x—-y >n (ie by (0),ifs > x or s > y), we automatically have Bila;, fori = 1,...,n. If
n+2s—x—1y=mn,thens =x =y, and d(y) = 0. Indeed, conditions (i), (ii), and condition (iv) for j = 0 and
k=0,giver;=7,i=1,...,p,and c; =d;, i =1,...,m. So condition (iii) implies (45).

Similarly, if s < x+y, we have that by convention y,y4x+y = 0,and so B; | Viso@sy-s), i=1,...,n+25—x~y
is automatically satisfied. If s = x + y, condition (iii) gives lem(a;-2ssx+y, yi) = lem(aix—y, yi) = 7i. The last
equality, together with (10) and (11), gives that d(y’) = 0, i.e. in this case we also have ¢ = 1. And so, again
by (iii) we have that (42) is satisfied.

Hence, by Theorem 4.1 conditions (i), (ii), (45) and (46), together with (48) give the existence of pencils
X1(A) € FA]0H#PX6E=9) Y (M) € F[A]S=9%0+m) and Z;(A) € F[A]S™9%6-Y), such that

AN | X4(4)
[ Yi(A) | Zi(A) ] (49)

has B1] - - |Bu+2s-x—y as homogeneous invariant factors, dy > -+ > dy4x—s as column minimal indices, and
1 2 -+ 2 Fpyy-s as row minimal indices, and such that

_ A |

rank[ A(A) ‘ X1(A) ] =n+s-y, and rank[ Y200 ] =n+s-x. (50)
Also, condition (42) by Lemma 3.9 implies the existence of matrix pencils Xp(A) € F[A]0+PX(ty=s)
Ya(A) € FIAJE-9X0m) and Z,(A) € F[AJE-DX0-5) Z:(A) € FIAJE-9X6-0, and Zy(A) € F[AJe-9%+v-s)

such that
AWN) | Xa(D) | Xa(h)
Yi(h) | Z1(D) | Zo(A)
Y2(A) | Zs(A) | Z4(A)

, (51)

is strictly equivalent to M(A), and such that

A Xi(D) | Xz(A)

ra“k[ Vi) Zid) | Zo()

]:n+25—x—y, (52)
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and
AL Xi(A)
Yi(d)  Zi(Y)
Yo(d)  Z3(A)

rank =n+25s—-x-y. (53)

Altogether, since the pencil (49) has rank equal to n + 25 — x — y, by Lemma 3.7 we conclude that

rank[ A(A) | X1(A)  Xo(A) | =rank[ AQD) | Xa(A) |=n+s-y,

and AQ)
rank| Yi(A) [ = rank[ ?((/}\)) ] =n+s-—x,
Y2(A) '

as wanted. This finishes the proof. [

5. Problem 1.1 under restrictions (2)

5.1. Additional notation
Let us consider matrix pencils A(A) € F[A]PX(m) and M(A) € F[A]¢+P+X(1#m+3) a5 given in Section
2.3. Let
0 <5 < min{x, y}.

Let

h] =min{i|ci_]-+1 <d,‘}, j= 1,...,x—s5, ]710 =0,

and
O =min{ilrij <7}, k=1,...,y—s, Tp=0.

Then we define
m+x—s m

£]=Zd,-— Z ¢, j=0,...,x-s5,
i=hj+1 i=hj—j+1
and
pry=s p
Yr = ZT_’,'— Z ti, k:O,...,y—s.
=0 +1 i=0—k+1

We also cite [9, Theorem 4.2] in this notation, since it will be used further on in this section:

Theorem 5.1. [9, Theorem 4.2] Let A(A) € F[A]™P>X0+m) gnd M(A) € F[A]0HP+X0m+) be matrix pencils as
given in Section 2.3, with
s =0.

There exist pencils X(A) € F[A]™>* Y(A) € F[A]X"+™), and Z(A) € F[A]Y%, such that the pencil

AN | X
Y(A) | Z(A)

is strictly equivalent to M(A) if and only if

p=p, and 6>6, (54)
1i2Fiy, 1=1...,p, and ci2diy, i=1,...,m, (55)
‘)/ilailyi+x+y/ l = 1/ e, (56)

Z d(lem(ai—j-x, yi)) = Z d(yi) <xj+ 1, forall j=0,...,x, k=0,...,y. (57)
i=1 i=1
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5.2. A solution to Problem 1.1 under restriction (2)

In the following theorem we solve Problem 1.1 under restriction (2). In the solution we use the notation
from Sections 2.3 and 5.1, and the results of Theorem 5.1, the classical S&-Thompson’s theorem [1, 39, 44],
and Lemmas 3.7, 3.8 and 3.9.

Theorem 5.2. Let A(A) € F[A]®PX0+m) gnd M(A) € F[A]HP+X4me) be matrix pencils as given in Section 2.3.
There exist pencils X(A) € F[A]™P>* | Y(A) € F[A]Y™ and Z(A) € F[A]Y such that

rank[ AA) X() |=n, and rank[ ‘;g; ] =n, (58)
and such that the pencil
AN X(A)
[ YQ)  Z(A) ] ©9)
is strictly equivalent to M(A), if and only if
(0) 0 < s < min{x, y}
(i) p=p, and 6=0,
(ll) ri27i+y—51 i= 1,...,p,
(iif) Ci 2 dipx—s, i=1,...,m,
(Zv) Vi|0¢i|7/i+x+y, i= 1/ e n,
n+s n+s
(v) ;1 d(lem(aj-os—j—, Vi) — ;1 d(y) <X+ forall j=0,...,x—s, k=0,...,y—s.

Proof. Necessity: Let us suppose that there exist pencils X(A), Y(A), and Z(A), such that (58) is satisfied, and
such that (59) is strictly equivalent to M(A).

By condition (58), we directly obtain (o).

By Lemma 3.8, (59) is strictly equivalent to the pencil

A(A) | Xi(4) | X5(A)
Yi(A) | Zi(h) | Zo(d) (60)
Y2(A) | Zs(A) | Za(R)
whose subpencil
[ ;/41(3\)) }Ziig\\; ] c ]F[/\](n+p+s)><(n+m+s) (61)

has the rank equal to 7 + 5, and has the same column and row minimal indices as A(A), respectively. Let us
denote the homogeneous invariant factors of (61) by

Bil -+ |Buss-
By applying Sa&-Thompson’s result [1, 39, 44] on the completion from A(A) up to (61) we obtain
BilailBirzs, i=1,...,1. (62)
Also, from the ranks of the pencils (60) and (61), we get
nts nts m+x=s py=s

m p
Yoagy+Y i+ Y =Y dyy+ Y, di+ Y
i=1 i=1 i=1 i=1 i i

i=1 i=

e

il
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The completion of (61) up to (60) is a minimal completion Case II, since it is a completion by exactly
y — s rows and x — s columns (for all details see [9]). Hence, by applying Theorem 5.1, i.e. [9, Theorem 4.2],
to this completion we get that the following conditions hold:

p=p, and 026, (63)
i 27i+y—s/ i= 1,...,p, (64)
¢ >diys, i=1,...,m, (65)
VilBilVisx+y-2s, 1=1,...,n+s, (66)
n+s n+s
Y d(em(Bijk, yi)) — X d(yi) <Xj+ i, forall j=0,...,.x-s, k=0,...,y—s. (67)
i=1 i=1

Conditions (63), (64) and (65) are (i), (ii), and (iii) respectively. Also, (66) and (62) together give (iv), and
we are left with proving condition (v). Since

lem(@ios, 7)) | Bi, i=1,...,n+s,

we have
n+s n+s
Y dem(@i e, y)) < Y d(em(Bijr, ), forall j=0,...,x=s, k=0,...,y-s. (68)
i=1 i=1

Hence (67) implies (v).

Sufficiency:
Let us assume that conditions (0) — (v) are valid. Let us denote by

‘Bi = 1CII1(0(1‘_25,)/1'), i=1,...,n+s-1,

and let )
ﬁn+s = 77[} lcrn(a,,_s, Vn+s)/

where ¢ is a monic polynomial such that its degree d()) is equal to

n+s m+x—s pty—s m P n+s
Ydoy+ Y diw Y =Y c= Y ri— ) lem(aia, 7). (69)
i=1 i=1 i= i=1 i=1 =1

By (v) for j = 0 and k = 0, we get d(i) > 0, and so the B;’s are well defined.
For such defined f;’s, condition (v) gives (67).

Furthermore, condition (iv) for such defined f1] - - - |B+s implies (62) and (66). Indeed, by the definition
of B; we have
)/iLB,‘, i=1,...,1’l+S, and ailﬁHZs; i:l,...,n,

and together with (iv)
,Bi|yi+x+y7251 i=1,...,n+s-1, and ﬁ,-|a,-, i=1,...,n+s-1.

If s > 0, we automatically have Bila;, fori = 1,...,n. If s = 0, (iv) implies lem(ai—os, i) = s, 1 = 1,...,n.
Hence by (10) and (11) we get that d(¢) = 0, i.e. in this case ¢ := 1, and so (62) follows from (iv).
Analogously, if x + y —2s > 0, we have by convention that y,y4y-s = 0, and 50 Buss|Vnsxsy-s- If
x +y — 25 < 0, by condition (0), we have s = x = y. Then by (iv) we have lem(a;—2, i) = vi,i=1,...,n+s.
Also, in this case conditions (ii), (iii), and (v) for j = 0 and k = 0, together give¢; = d;, i =1,...,m, and
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ri=7,i=1,...,p. Altogether we conclude that d(i) = 0, i.e. in this case ¢ := 1, and so (67) follows from (iv).

So, by Lemma 3.9 and condition (62), there exist pencils X;(A) € F[A]"*P>¢, Y1(1) € F[A]*("*™), and
Z1(A) € F[A]P, such that

[ AN | Xi(A)

(n+p+s)x(n+mn+s)
Yi(h) &M)FFM] 70)

has f1]- - - |Bs+s as homogeneous invariant factors, ¢ > - - > ¢, as column minimal indices and r; > --- > 7,
as row minimal indices, and such that

rank[ A(A)  Xi(A) ]:n and rank[ ?1(&)) ]:n.

Hence, by Theorem 5.1, conditions (i), (ii), (iii), (66) and (67), together with (69), give the existence of
pencils X»(A) € F[A]PXE=9) Y, (1) € F[AJ=9Xtm) - 7,(A) € FIA}*C9), Z3(A) € F[A]Y=, and Z4(A) €
F[A]W=9%6=9) such that the matrix pencil

AWN) | X5(D) | Xa()
Y1(A) | Z1(A) | Zr(A)
Y2(A) | Z3(A) | Zs(A)

(71)

has y1|- - [yn+s as homogeneous invariant factors, d; > -+ > dy4r—s as column minimal indices and 7 >
“++ 2 Tpyy-s as row minimal indices. Since the rank of (70) and the rank of (71) are both equal to n + s, we

also have

AN X1 (D)
Yi(d) Z:(A)
Ya(A) Zs(A)

AN Xi(A) | Xz(A)

Yi(A) Zi(A) | Z2(A) =n+s.

rank[ ] =n+s, and rank

Finally, by Lemma 3.7 we conclude

rank[ A(A)  Xi(A) | Xo(A) | =rank[ A}) Xi(A) |=n,

and AQ)
rank| Yi(A) | = rank[ ? ((/}\)) ] =n,
Y2() !

as wanted. This finishes the proof. [J

6. Problem 1.1 under restrictions (3) and (4)

6.1. A solution to Problem 1.1 under restriction (3)

By using the notation from Section 2.3, we give a solution to Problem 1.1 under restriction (3) in the
following theorem:

Theorem 6.1. Let A(A) € F[A]PX0m) gpd M(A) € F[A]OHP0X04m4x) be matrix pencils as given in Section 2.3.
There exist pencils X(A) € F[A]"P*% Y(A) € F[A]"*™ and Z(A) € F[A]Y¥ such that

A

rank[ A(A)  X(A) ]:n, and rank[ Y(A)

]:n+s—x 72)

and such that the pencil

AQd) X
[Y@) ZM)] (73)
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is strictly equivalent to M(A), if and only if

(0) x<s<y,
@0 020,
(ii) VilailYisxry, 1=1,...,n,
(i) << (da),
(iv) < (r,b),
(0) Z d(lem(@—six, 1)) < Zd(oc )+ Z(c, +1) - Z (d; + 1).
n+s n+s pty—s p
(vi) Z dllom(@iosy, ) < ) d0) + Y Fi= ) i

i=1 i=1 i=1
Here partitions a = (@4, ...,ds—x) and b=(,..., Ey_s) are given by

j m+x—s n+s—x—j
Y. Zd(a)+2(cz+1>— L @D}, dem@sy, ) = =L s,
i=1 i=1

n+s pty-s p n+s

k
Z ; d(y,) + Z 7i— Z ri— Z d(lem(@i—s—x—k, vi)), k=1,...,y—s.
i=1 i=1

i=1 i=1

Remark 6.2. We note that by [19, Lemma 4. 1] (see also [17, Lemma 2]) together with conditions (v) and (vi), the
partitions a and b are well defined, i.e. @y > -+ > As—y and b= > by s

Proof. Necessity: Let us suppose that there exist pencils X(A), Y(A), and Z(A), such that (72) is satistied, and
such that (73) is strictly equivalent to M(A).

By the ranks and sizes of the involved pencils, we obtain (0).

By Lemma 3.3, there exist invertible matrices P € F"*PX"*P) () € F¥¥ and S € F"+m*(1#m) and a matrix
R € F¥X("+1) such that

IS
R Q Y(A) Ya(A)
where Y1(A) € F[A]6=%(#m) and such that
rank[ ;;‘1(&)) ] =n+s—x.
Thus,
AN | X(A)

i) | Zi(A)

[p OHA()\) X(A)HS 0]—
ROQILYW zW [l 0 17 |5 7m0

Moreover by the dimensions of the involved pencils (see also Lemma 3.7), we conclude that

A X)) | _
rank[ Yid)  Zi(A) ]—n+s—x

(74)

Moreover, by Lemma 3.3, the row minimal indices of A(A) and [ ;;11 ((/}\))
A(A)

by the same lemma, the column minimal indices of [ Y1 (A) ] coincide with the column minimal indices of

] coincide (r; > - -+ > 1p). Also,



M. Dodig / Filomat 36:4 (2022), 1269-1293 1290

A(N) AN)
Y1(A) |. Furthermore, by the transposed version of Lemma 3.3, the column minimal indices of | Y1(A)
Y2(A) Y2(A)
and (74) coincide. Hence the column minimal indices of
A(A)
[ Yi(1) ] 7>

ared; >+ > dpay—s.

Let us denote the homogeneous invariant factors of (75) by

ﬁ1| Tt |ﬁn+s—x'

Now, we can apply Theorem 5.2 for a completion of (75) up to (74), and thus obtain that the following
hold:

0 <x <minfx+vy—s,x}, (76)
0>0, (77)
12Ty, i=1,...,p, (78)
Vi|,3i|7/i+2x+y—51 i= 1,...,n+s—x, (79)
n+s n+s

Y dem(Bioc i, y) = Y d) <G k=0,...,y-s. (80)
i=1 i=1

From the ranks of the pencils A(A) and (75) we have

n+s—x m+x—s

Y d(a,-) + 3 (Cl‘ + 1) = d(ﬁl) + (dl + 1). (81)
i=1 i=1 i=1 i=1

The row completion of A(A) up to (75), by Theorem 2.4, i.e. [15, Theorem 2], implies:

ﬁi|ai|‘8i+5*3€/ l = 1/ o n, (82)
c < (d,a), (83)

where a = (a3, ...,45—) is given by

n m+x—s n+s—x—j

ai=Y da)+ Y (@+1)= Y @d+1D= Y dlem(@iseyp))—j forall j=1,...,5-x
i=1 i=1

i
i=1 i=1 i=1
Condition (77) is (i), while conditions (82) and (79) together give (ii). Since
lem(y;, Qicsix) | i, i=1,...,n+5—1x, (84)

we have that a < a. Hence by Lemma 2.3 we have that (83) implies (iii). Also, (81) and (84) together give
(v). Finally, (vi) follows from (80) for k = 0 and (84).

Also, by the definition of the generalized majorization conditions (78), (79), and (80) give
F < (r,b), (85)
where b = (by, ..., b,) is given by

n+s

k 4
Z bi = d(')/l) + ri— Z ri— d(lcm(ﬁifbcfk/ Vi))/ k= 1/ - Y =S
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Note that, as in Remark 6.2, by [19, Lemma 4.1] (see also [17, Lemma 2]) and (80) for k = 0, b is a partition.
By (84) we obtain that b < b. Hence by Lemma 2.3 we have that (85) implies (iv).
Sufficiency:

Let us assume that conditions (0) — (vi) are valid. Let us denote by
Bi :==lem(@iossr, yi), i=1,...,n+s—-x-1,

and let )
Bris—x = ¢ lem(ay,, )/n+s—x)/
where ¢ is a monic polynomial such that its degree d()) is equal to

m+x—s n+s—x

Y d(ay) + y (c;+1)— di+1)— lem(@ti—s+x, Vi)- (86)

By (v) we have that d(¢)) > 0, i.e. B;’s are well defined.
Also with such defined f;’s, we have a = aas wellas b = b.

Now, condition (iii) coincide with (83), while (iv) coincide with (85). Also (if) implies that conditions
(82) and (79) are satisfied. Indeed, from the definition of §;’s together with conditions (0) and (ii) we have

Oéj|ﬁi+5_x, i= 1, ..on, (87)
vilBi, i=1,...,n+s—-x, (88)
Bilai, i=1,...,n+s-x-1, (89)
,Bi|yi+2x+yfs/ i=1,...,.n+s—x—1. (90)

If s > x, from (89) we get Bila;, i=1,...,n.
If s = x, then conditions (i), (iii) and (v) give thatd(i)) = 0, i.e. in this case ¢ := 1, and so Bila;, i =1,...,n,
and consequently (82) holds.

If s < x + y then we also have Bilyijoviy—, i=1,...,n+s—x.
If s = x + y, then by (0) we have x = 0 and s = y, and then conditions (ii)—(v) give that d(i)) = 0, i.e. in
this case ¢ := 1, and so Bilyisoxsy-s, 1 =1,...,n+s —x, and consequently (79) holds.

Now, by Theorem 2.4, conditions (82) and (83) give the existence of a pencil Y;(A) € F[A]¢=9X(1+m) gych

that
A(A)
[ Yi(A) ] e
has Bi|---|Bu+s—x as homogeneous invariant factors, d; > -+ > d1y—s as column minimal indices and

4 2 -+ 2 1, as row minimal indices.

Next, by Theorem 5.2, by conditions (0), (i), (iv), (vi) and (79) there exist matrix pencils X(A), Y(A), and
Z(A), such that the pencil

AQ))
vy | XA 92)
YO | Z0H

is strictly equivalent to M(A).
This finishes the proof. [



6.2.
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A Solution to Problem 1.1 under restrictions (4)

It is straightforward to see that restrictions 3 and 4 are transposed one to another. So, the transposed

version of Theorem 6.1 solves Problem 1.1 under restriction (4).
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