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Abstract. In this article, we study non-homeomorphic mappings of Riemannian surfaces of the Sobolev
class. We have established estimates for the distortion of the modulus of families of paths, and as a conse-

quence, we obtained results on the boundary behavior of such mappings between domains of Riemannian
surfaces.

1. Introduction

One of the main problems of modern analysis is the extension of mappings to the boundary of a domain.
There are a number of results on this topic related, in particular, to the theory of quasiconformal mappings

and their generalizations, see [1]-[12]. Among the listed papers, we note the fundamental assertion of
Naikki, see [1, Theorem 2.4] (see also [2, Theorem 17.15])

Theorem (on the extension of quasiconformal mappings to the boundary). Let D,D’ be domains in
R", n > 2, and let f be a quasiconformal mapping of D onto D’. Suppose that D is locally connected on its

boundary, and dD’ is quasiconformally accessible. Then f has a continuous extension f : D — R".

This result was developed in a number of papers by other authors. First of all, Srebro and Vuorinen
extended Nikki’s theorem to quasiregular mappings, see [3, Theorem 4.2] and [4, Theorem 4.10.1I]. More
recently, Martio, Ryazanov, Srebro and Yakubov, as well as Ignat’ev and Ryazanov obtained results on
the boundary extension of homeomorphisms with unbounded characteristic, see [5, Lemma 5.16] and [6,

Lemma 2.1, Corollary 2.1]. Later they were carried over to Riemannian manifolds and metric measure
spaces (see, e.g. [7], [9], [10] and [11]).

Let us now dwell on the recent results of Ryazanov and Volkov [12]. Here the authors proposed an
approach that allows one to study the boundary behavior of Sobolev classes acting between two Riemannian
surfaces. It should be noted that the paper [12] contains important results in this direction, however, they all
concern only homeomorphisms. In our opinion, it would be important to describe the boundary behavior
of similar mappings with branching, and this problem is largely solved in this article. As in [12], the main
research tool is the modulus method. To a large extent, our publication is devoted to the development of
the modulus method and the identification of fundamental opportunities of this method in this context.
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Conventionally, the paper may be divided into three parts: establishing an estimate for the distortion
of the modulus of families of curves, §§ 2 and 3; boundary behavior of mappings, § 4; local the behavior
of the mappings (at the inner points of the domain) and the global behavior of the mappings (at the
inner and boundary points of the domain), §§ 5-6. In the last sections, homeomorphisms and mappings
with branching are studied separately, since the corresponding results have been proved under various
conditions and are new in both cases.

Here are some definitions. A Riemannian surface is a two-dimensional manifold with a countable base in
which transition maps between corresponding maps are conformal, see, e.g., [12]. The Riemannian surface
5 considered below will be assumed to be a of hyperbolic type, that is, a surface conformally equivalent to
the unit disk D = {z € C : |z] < 1} with “glued” points (see [13, item 6, Section 1]). In other words, we
consider those and only those Riemannian surfaces that are conformally equivalent to the factor space ID/G,
where G is some group of linear fractional automorphisms of the unit disk that has no fixed points and acts
discontinuously in ID. Recall that each element p, of the factor space ID/G is an orbit of the point zg € D,
thatis, po = {z € D : z = g(z0), g € G}. In what follows we identify the Riemannian surface $ with its factor
representation ID/G in terms of some group G of linear fractional mappings g : ID — D.

In what follows, we use the hyperbolic metric on the unit disk ID defined by the equalities

1+t _ |z1 — 25|

h(Zl,Zz) = IOg m ’ (1)

[ -zzl’

as well as the hyperbolic area of the set S C ID and the length of the path y : [a,b] — D, which are given,
respectively, by the relations

4dm(z) 2 |dz| )
h(S) = m ,osu(y) = fm , Z=X+1Yy )
5 Y

(see [12, (2.4), (2.5)]). It is easy to verify by direct calculations that the hyperbolic metric, length, and area
are invariant under linear fractional mappings of the unit disk onto itself.

In what follows, for a point 1y € ID and a number r > 0, we define the hyperbolic disk By(yo,r) and the
hyperbolic circle Sy(yo, r) by means of equalities

Bi(yo,7) :=={y € D : h(yo,y) <1}, Su(vo,7) :={y €D : h(yo, y) = r}. 3)

We perform the metrization of the surface ID/G as follows. If p1,p> € D/G, we put
hp1,p2) = inf_h(g1(z1), 92(22)) , @)
71,92€G

wherep; = G, ={£ €D : dge G: <& =g(z)}, i =1,2. In the latter case, the set G, will be called the orbit
of the point z;, and p; and p, will be called the orbits of the points z; and z,, respectively. Note that Nisa
metric on ID/G (see Section 2 in [12]).

Everywhere below, $§ = D/G and 5. = ID/G. are two different Riemannian surfaces of a hyperbolic
type. In what follows, we do not distinguish between the original Riemannian surface $ and its factor
representation ID/G. A continuous extension of the mapping f : D — D, to a point f : D — D, pg € D, as
well as other concepts related to limit, continuity, topology, etc., are understood in the sense of the metric
spaces (ID/ G,ﬁ) and (ID/ G*,E)r where /1 and i{ are metrics defined in (4). The elements of length and area
on the surfaces § and 5. are denoted ds—h~, dh and dsht, dht, respectively.

Let D and D. be domains on Riemannian surfaces 5 and S., respectively. A mapping f : D — D.
is called discrete if the preimage f~'(y) of any point y € D, consists of isolated points only. A mapping
f : D — D, is called open if the image of any open set U C D is an open set in D.. The definition of
mappings of the Sobolev class Wlloi on a Riemannian surface can be found, for example, in [12]. In further,
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for mappings f : D — D, of a class Wll(;i in local coordinates f; = (fx + ify) /2and f, = (fx - ify) /2,2 = x+iy.
In addition, the norm and the Jacobian of the mapping of f in local coordinates are expressed, respectively,
by the equalities ||f'(2)|| = | £z +|fzl and J£(z) = | £.1* — . A dilatation of the mapping f at a point z is defined
by the relation

Ifl + 1 £
Ifl = I £

for J(z) # 0, K¢(z) = 1 for ||f'(z)|| = 0 and Kf(z) = oo otherwise. Itis easy to verify by direct calculations that
K¢(z) does not depend on local coordinates. A mapping f : D — D. is called a mapping with finite distortion, if
fe Wll(i(D) and, in addition, there is almost everywhere a finite function K(z) such that ||’ (2)|* < K(2)- J¢(2)
for almost all z € D.

Kf(Z) =

(5)

As usual, a path y on the Riemannian surface 5 is defined as a continuous mapping y : I — S, where [ is

a finite segment, an interval or a half-interval of a real axis. Let I be a family of paths in 5. A Borel function

p: 5 — [0, 0] is called admissible for the family I of paths y, if f p(p)ds:(p) > 1 for any path y € I'. The latter
'}/

is briefly written in the form: p € admTI'. A modulus of the family I' is a real-valued function

M= int [ o) dip.
S

To avoid confusion, we introduce separately the notation for the modulus of the family I' in the Euclidean
sense, namely, put

M) := inf f p*(z)dm(z),

peadm, I’
D

where p € adm, I' if and only if f p(z)|dz| > 1 for any (locally rectifiable) path y € T.
Y

Let D and D. be given domains lying in the Riemannian surfaces 5 and 5., respectively. Given a mapping
f:D — D,,asetECDandy € D,, we define a multiplicity function N(y, f, E) as the number of preimages
of the point y in E, that is

N(y,f,E) = card {pe E: f(p) =y}, N(f,E) = sup N(y, f,E). (6)
yes.

We say that the function p: 5 — [0, o] measurable with respect to the area s extensively admissible for
the family I, abbr. p € extadmT, if the inequality f pds;(p) > 1 is satisfied for all locally rectifiable paths
4

y € I'\ Iy, where M(I'y) = 0.

The next class of mappings is related to the Gehring ring definition of quasiconformality (see [14]) and
is necessary from a technical point of view. Its definition includes a distortion of the modulus of families
of paths in such a way as is necessary to solve the corresponding problems of interest to us. Let D and D.
be domains lying in the Riemannian surfaces § and 5., respectively, and Q: D — (0, o) be a measurable

function with respect to the measure /1 on $. We say that f: D — D, is a lower Q-mapping at a point py € D,

if for some €y = €o(po) > 0, €9 < do = sup h(p, po), and any ring g(po, g,)=1{peS:e<hlppo) < e} the
peD
inequality

2 —_—
e ) %

M(f(Zg)) > peex?;gmz‘ _ Q(p)

DNA(po,£,€0)



E. Sevost'yanov / Filomat 36:4 (2022), 1295-1327 1298

holds, where L, denotes the family of all intersections of circles g(po, n=[ped: Z(p, po) = r} with D,
1 € (&, &o) (see [8, Chapter 9]).

The next assertion contains a fundamental estimate for the distortion of families of paths in Sobolev
classes (see also [12, Lemma 3.1] and [15, Lemma 3.1] in this regard). Further studies related to the boundary
behavior and equicontinuity of mappings are based on estimates of such a plan (see paragraphs 4-6).

Theorem 1.1. Let D and D. be domains of Riemannian surfaces $ and $., respectively, D. is compact in
S. and py € D. Then any open discrete mapping f : D — D. of finite distortion of the class Wll(;l such that
N(f, D) < oo satisties (7) at po for Q(p) = c - N(f, D) - K¢(p), where K¢(p) is defined by the relation (5), the
function N(f, D) is given in (6), and ¢ > 0 is some constant depending only on the point py and the domain
D..

Let us now formulate the main result of the article concerning the continuous boundary extension of
mappings. Let E, F C § be arbitrary sets. In the future, everywhere by I'(E, F, D) we denote the family of
all paths y : [2,b] — D, which join E and F in D, that is, y(a) € E, y(b) € F and y(t) € D for t € (a, b). Let
us agree to say that the boundary JG of the domain G is strongly accessible at the point py € JG if for each
neighborhood U of py there is a compactum E C G, a neighborhood V' C U of the same point and a number
0 > 0 such that M(T'(E, F, G)) > 6 for any continua E and F intersecting both dU, and dV. We will also say that
a boundary dG is strongly accessible if it is strongly accessible at each of its points. Note that, for an open
closed mapping f : D — D.,, the following condition holds: N(f, D) < co (see [16, Theorem 5.5]).

A mapping f : D — C, D c C, is called quasiconformal if f is a homeomorphism and, moreover, there is
a constant K > 1 such that M.(f(I')) < K- M,(I) for any family of paths I' in D. We say that the boundary
of a domain D in S is locally quasiconformal if each point py € dD has a neighborhood U in S, which can be
mapped by a quasiconformal mapping 1 onto the unit disk ID C C so that 1(dD N U) is the intersection of ID
with the straight line x = 0, where z = x +iy € ID. The most important result of this article can be formulated
as follows.

Theorem 1.2. Let D and D. be domains on the Riemannian surfaces $ and S., respectively, let D, be a
compactum in S, let py € JD and let Q : $ — (0, c0) be a measurable function with respect to the measureﬁ,
Q()=0inS\D. Letalso f : D — D. be an open discrete closed Wlli;i -mapping with a finite distortion of D
onto D. such that K¢(p) < Q(p) for almost allp € D. Suppose that the domain D has a locally quasiconformal
boundary, and the boundary of the domain D. is strongly accessible. If the relations

€0 €0

at dr
IQIIE) ' ) oine

(8)

P

hold for some ¢y > 0 and any ¢ € (0, €y), then f has a continuous extension to py. Here

1QI) = f Q) ds-(p)

denotes Li-norm of the function Q over the circle g(po, 7).

2. Preliminaries

Let us start the section with the next most important Remark.
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Remark 2.1. Following [17, item 7.2], the hyperbolic distance h(z1,z2) in the unit disk [17, item7.2], ID can be
equivalently is defined as inf of hyperbolic lengths of all piecewise smooth paths joining the points z1, z,. Note that the
indicated inf is calculated and is exactly equal to the right-hand side in (1) (see [17, theorem 7.2.1, relation (7.2.5)]).

If we define the length I(y) of the path y : [a,b] — D by the equality

n-1

y) = sup ) hy(t), y(ts1)), 9)
T k=0
where his from (1), and m ={a =ty <t <t < ... < t, = b}, then I(y) = sy(y) for absolutely continuous paths.
The proof of this fact can be carried out similarly to [2, Theorem 1.3], and therefore goes down. Further, for the
rectifiable path y : [a,b] — ID there is a unique normal representation yq : [0,1(y)] — D such that yo(s(t)) = y(t)
for any t € [a,b], where s(t) is the length of the path y on the segment [a, t] (see, for example, [18, Sec. 7.1] or [2,
Sec. 2]). If the path is only locally rectifiable, then I(y) = oo and, accordingly, yo : [0,00) — D, yo(s(t)) = y(t) for
any t € [a,b]. Let p : D — R be a nonnegative Borel function. Then the integral from p over the (locally rectifiable)
path y can be defined by equality

I(y)

fp(x)dsh(x):fp()/o(s))ds. (10)
y 0

Observe that, the integral in (10) coincides with

b

2ldz| (" 2p(y@®) 1y’ (®)]
J}@H—Mz_j‘l—wa at

a

for absolutely continuous path y (see [19, Corollary 2.1]).

It should be noted that the normal representation of yo(s) by an arbitrary locally rectifiable path y(t) is trivial locally
absolutely continuous with respect to its natural parameter s € [0,1(y)] (s € [0,1(y)), if [(y) = o0). In particular,

I(y) I(y)

‘fmmm%=J

0

2p(yo(s)) lyy )l ’
1= lyo(s)?

In view of the above, we will not distinguish between the length of the path (integral over it) in (9)—=(10) and in (2),
respectively.

In order to simplify research, we introduce into consideration the so-called fundamental set F. We define
it as a subset of ID, containing one and only one point of the orbit z € G, (see [17, item 9.1, Ch. 9]). A
Sfundamental domain Dy is a domain in ID with the property Dy C F C Dy such that #(dDg) = 0 (see ibid). The
existence of fundamental sets and fundamental domains is justified by the presence of their examples, the
most important of which is Dirichlet polygon,

De= () HO, (an

9€G,g#1

where H,(C) = {z € D : h(z,0) < h(z, g(C))} (see [12, relation (2.6)]). Let 7 be the natural projection of ID
onto ID/G, then m is an analytic function conformal on Dy (see also [17, Proposition 9.2.2] and comments
after (2.11) in [12]). Note, in addition, that there is a one-to-one correspondence between the points of F
and ID/G. For zy,z; € F we put

d(z1,22) := h(n(z1), T(z2)), (12)
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where &1 is defined in (4). Observe that d(z1, z2) < h(z1,22) and, moreover, for any compactum A C D there
is 6 = 6(A) > 0 such that

d(z1,22) = h(z1,22), Y z1,20 € At h(z1,22) < 0, (13)
see e.g. [19, Lemma 2.3].

Note that the metric space (F, d) is homeomorphic to (ID/ G,E). Define the elements of length and volume

on (F, d) according to the relations (2), in addition, we also define the elements ds; and dh of length and area
on the surface S, respectively as the elements ds;, and dh in their respective local coordinates. These local
coordinates can be, in particular, fundamental domains Dy in ID. Due to d(z1,z2) < h(z1,z2) and (13), the
lengths of the paths in the metrics 1 and d of the domain Dy coincide.

Here and below, B(zy, ) and S(zo, r) denote the Euclidean disk and a circle on a plane centered at the
point zg € C and of a radius r > 0, respectively. Let pp € S and zy € D be such that 7t(zg) = po, where n
is the natural projection of ID onto ID/G. Denote by D, the Dirichlet polygon centered at the point zj, and
put ¢ := 1. Note that the mapping ¢ is a homeomorphism of (S, 1) onto (F,d), where h is a metric on the
surface $, a d is the above-defined metric on the fundamental set F, Doy C F C Dy. Without loss of generality,
we may also assume that zp = 0. Indeed, otherwise consider an auxiliary mapping go(z) = (z — z0)/(1 — zZo),
having no fixed points inside the unit disk. Then, if G is a group of linear fractional maps corresponding
to the surface 5, then G’ = {gg o g, g € G}, obviously also corresponds to 5 in the sense that the surface 5 is
again conformally equivalent to the factor space ID/G’. Choose a compact neighborhood V' C ID of the point
0 € F c D, such that d(x, z) = h(x, z) for all x,z € V, which is possible due to condition (13). In addition, we
choose V so that V c B(0, rp) for some 0 < 1y < 1. Put U := 7(V). In this case, the neighborhood U is called
a normal neighborhood of the point py. Note that the ball B(pg, ) C U corresponds to the set B;(0,7) € C, more
precisely,

g(po, rnN=1{pes :Z(p,po) <rt={peS:hp(p),0) <rl=
7’_1 r_l
fpes < S0 x(plp 22).

er+1
where & is a hyperbolic metric, see (1). Similarly,

§(p0, r={pes :Z(p,po) =r}=
e -1 e =1
={peslow =5 f =n(s(0.555))- (15)
Throughout what follows, the normal neighborhood U of the point py, as well as the mapping ¢ and the

fundamental set F, we will considered selected and fixed. The following analogue of Fubini’s theorem for
Riemannian surfaces holds.

Lemma 2.2. Let U be some normal neighborhood of the point py € 5, and let Q : U — [0, co] be a function
measurable with respect to the measure h, and dy := dist (py, dU) := 1nf h(po,p) Then, for any 0 < 1y < dy

f@WWPﬁf@WWW, (16)

B(po,r0) 0 S(po,r)

where dﬁ(p) and ds; are area and length elements on 5, respectively, see (2), and the disk E(po, 10) and the
circle g(po, r) are defined in (14) and (15).

The assertion of Lemma 2.2 includes the measurability of ¢(r) := f Q(p) ds;(p) with respect to r on the

S(por)
right-hand side of the integral in (16).
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Proof. According to the definition of a normal neighborhood, the ball E(po, rp) C S corresponds to the ball
Bu(0,79) C F in the hyperbolic metric /. Taking into account the relation (14), B;(0,ry) = B (0, g,’g +%) By
definition

[ ewdig=a [ 2k anca. (17)

E(Po,f'o) B(O, e’(]—l)

041

We use the classical Fubini theorem on the plane (see, for example, [20, Theorem 2.6.2] or [21, Theo-
rem 8.1.11I]). Using polar coordinates and applying this theorem, we will have that

_ Q@) .
=1 [ [ i ar=

A 2Q(n(z)
_Zfl—rzf g |dz| dr . (18)

0 5(0,7)

20(n(z))

The last relation takes into account that the function f R

50,1
of the statement of the classical Fubini theorem). Let us make the change t = log 1* in the last integral in

accordance with [20, Theorem 3.2.6]. Since dt = 12_’1;2 , we get:

|dz| is measurable by r (which is also part

01
041

1 [ 2000) 200, _
2 [ 25 [ AR ‘f | A e -

0 507 0 s(0.553
- f f Q@) dsi(2)d f f Qp)ds-(p) dr = f ) dr. 19)
0 Sh(Or) 0 S(Po 1’)

In particular, by [20, Theorem 3.2.6] the function y/(r) is measurable by ». Now combining (17), (18) and (19),

we obtain that .
f Q) di(p) = f f Q) ds:(p) dr,

B(po,o) )

as required to prove. [

Before proceeding directly to the study of mappings on Riemannian surfaces (including mappings
with (7)), we formulate the following statement, which relates the concept of “almost all” with respect to
the modulus of families of paths and the Lebesgue sense (its proof is similar to [22, Lemma 4.1]).

Lemma 2.3. LetD be a domain of the Riemannian surface$, py € D and let U be some normal neighborhood

of the point py. If some property P holds for almost all intersections D(py, ) := g(po, r) N D of circles g(po, r)
with a domain D, lying in U, where “almost all” is understood in the sense of the modulus of families of
paths and the set

E={reR:P holds for S(po,r)N D)

is Lebesgue measurable, then P also holds for almost all D(py,r) in U with respect to the linear Lebesgue
measure by a parameter r € R. Conversely, if P holds for almost all D(py, 1) := S(po, ) N D with respect to
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the linear Lebesgue measure in r € R, then P also holds for almost all D(py, 1) := §(p0, r) N D in the sense of
a modulus.

The proof of the following statement is similar to [8, Theorem 9.2] (see also [22, Lemma 4.2]), and is
therefore omitted.

Lemma 2.4. Let D and D. be domains in § and 5., respectively, let py € D and let Q: D — (0,0) be
a measurable function. Then f: D — D, satisfies estimate (7) at the point py if and only if there is

0<dy< supﬁ(p, po) such that
peD

( dr
MW&»>fmﬁ@‘M€®&L%€@%L (20)

where, as above, L, denotes the family of all intersections of the circles §(po, r) with the domain D, r € (¢, ),

mwm:bfgwwwm

D(po,r)

is L1-norm of the function Q over the intersection D N §(p0, r)=D(po,r)={peD : E(p, po) =T1}.

3. Basic bound for distortion of the modulus of families of paths

We say that a set A C § has Lebesgue measure zero if A can be covered by at most countable the number
of normal neighborhoods Uy € §, k = 1,2,..., such that ¢x(Ux) — D, where ¢y is some homeomorphisms
related to each other conformal transformation, in this case, m(@i(Uy N A)) = 0forany k =1,2,..., mis the
Lebesgue measure in C. The following statements are true.

Lemma 3.1. Suppose that By C 5 has a Lebesgue measure zero, py € 5, U is a normal neighborhood of the
point po, U#S$and0 < ¢ < dist (po, dU). Then

H(p(Bo N S,) = 0 (21)

for almost all circles S, := g(po, r) centered at a point py, where ¢ = 7! is a homeomorphism of U into D,
corresponding to the definition of a normal neighborhood U, H! is a 1-dimensional Hausdorff measure in
C, and “almost all” should be understood with respect to the parameter v € (0, €).

Proof. Indeed, since the Lebesgue measure is regular, there is a Borel set B C U such that ¢(By) C ¢(B) and
m(qp(Bo)) = m(p(B)) = 0, where m is, as usual, the Lebesgue measure in C. Let g be the characteristic function
of the set ¢(B). According to [20, Theorem 3.2.5] for m = 1, we have that

f 9(@)ldzl = H' (p(BN YD), (22)

P)

where y : [4,b] — U is any locally rectifiable path, |y| us a locus of y in U, and |dz| is an element of the
Euclidean measure. Arguing similarly to the proof of [2, Theorem 33.1], we put

_J o, peB,
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Observe that p is a Borel function. Let I be a family of all circles S, := g(po, r) centered at the point py, for
which H(p(B N S,)) > 0. By (22), for any S, € T we obtain that

-1
f p(p) ds-(p) = f ol (1) dsi(y) = 2 f Pe_WN

1-1yP
5 $1(0,7) 5(0,221

e'+1

-1
_» f 9y)p(e (y))I dyl = oo

1-1yP
s(0.553)

Now p € admTI. Thus, M(I') < f P*(p) dﬁ(p) = 0. Let I'* be a family of all circles S, := g(pg, r) centered at
$

po for which H(p(By N S,)) > 0. Observe that I'* ¢ T, whence M(I'*) = 0. Finally, note that the function
U(r) := HY(p(BoNS,)) is Lebesgue measurable by the classical Fubini theorem, so that (21) is true for almost
allr € (0, &0) by Lemma 2.3. O

Let y : [a,b] — S be a (locally rectifiable) path on the Riemannian surface 5. Then we define the function
L,(t) as the length of the path y|j,4, 2 < t < b (where “length” is understood in the sense of a Riemannian
surface). For aset B C 5, put

L,(B) = mes; {s € [0,I(y)] : y(s) € B}, (23)

where, as usual, mes; denotes the linear Lebesgue measure in IR, and /(y) is the length of y. Similarly, we

may define the value [, (B) for the dashed line y, i.e. wheny : |J(a;,b;) — S, where a; < b; for any i € N and
i=1

(tli, b)n (Cl]', b]) = @ for any i+ ]

Lemma 3.2. Let D and D, be domains in § and 5., respectively, and let f : D — D, be a mapping of the
Sobolev class Wllo’i. Letp € D, let U be a normal neighborhood of py, U+S%and0 < ¢ < dist (po, dU), and

let By C D has a Lebesgue measure zero. Then H(f(By N g(po, 1)) = 0 for almost any r € (0, &) in local
coordinates and, in addition,

lf(g(pg,r)mD)(f(BO)) =0, "
where | is defined in (23).

Proof. Since the mapping f is continuous, the domain f(D) can be covered by at most a countable number of
neighborhoods Vi, k =1,2,..., in such a way, that V} is conformally homeomorphic to some neighborhood
Wi c D, W, is compact in ID and, moreover, f (Vi) = Uy C D, where Uy is an open set, |J Uy = D.
k=1
We may also assume that the length and area in Vi are calculated in terms of the hyperbolic length and
hyperbolic area in Wy. By what was said above, without loss of generality, we may assume that f(D) is
conformally homeomorphic to the set W c ID, whose closure is compact in ID. Let the indicated conformal
homeomorphism be realized for using the mapping ¢ : f(D) — W, and let ¢ be a homeomorphism of U
into ID, corresponding to the definition of normal neighborhood U, and let ¢(U) C B(0, rp), where B(0, r9) is
a compact set in ID. Consider a partition of the set B(0, rp) into a countable number of pairwise disjoint ring
segments

Ap=1{z€C:z2=Re",RE (ry_1,7ml, a € Wm1,nl},meN. (25)

Let ,, be an auxiliary quasiisometry that maps A,, onto a rectangle B,, such that arcs of circles centered at
zero are mapped to line segments, see Figure 1.
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More precisely, put h,(w) = logw, w € A, and A‘;, := hy (A, 0 D). Then, for each m € N, consider the
mapping

Figure 1: To the proof of Lemma 3.2.

gni=wofoplohy!, gu:A,—C,
Observe that g,, € Wlloi (K,;,) (see [23, Section 1.1.7]), whence, in particular, g,, € ACL (see [23, Theorems 1 and
2, Section 1.1.3, §1.1, Section. I]). Set, as above, S, := g(po, 7). By Lemma 3.1 and in view of the smoothness
of the mapping h,,, we obtain that
7—{1((P(BO N Sr) N Am) = 7_[1(hm(§0(B0 ns,)nN Am)) =0

for any r € [0, &9] \ Ao, where mes;Ag = 0. Set D, := DN S,. Then also for any r € [0, g9] \ Ao

H'W(f(Bo N Dy N9~ (Aw))) = H ' (gu(m(@(Bo N Dy) N Ay))) =0, (26)
since the absolute continuity of the map g,, on a fixed interval implies the N -property with respect to the

linear Lebesgue measure (see [20, Section 2.10.13]). Observe that U C |J ¢~ 1(A,), so from (26), in view of
m=1
the countable semi-additivity of the Hausdorff measure,

H'Y(f(BoN D)) =0, rel0,e]\A. (27)

Let y; be an arbitrary arc of the dashed line i(f(D,)). Then we parametrize y; : [0,1(y;)] = D, y;i = yi(s),
where s is a natural parameter on y; in the sense of the Euclidean length. Setting m = 1in [20, Theorem 3.2.5],
by (27) we obtain that the set B := {s € [0,1(y;)] : i(s) € Y¥(f(Bo))} has a linear measure zero. Let xy(fs,)(2)
be a characteristic function of the set i(f(By)). Taking into account the Remark 2.1, we obtain that

I(yi)
f Xyrep i) ds
0

o)

L Snmnpy (f (Bo)) = Z 2

i=

L= yi(s)P
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for almost any r € (0, £9), which was required to be established. [J

Lemma 3.3. Let D and D. be domains in Riemannian surfaces S and S., respectively, and let f : D — D,
be an open discrete Wll(i-mapping with a finite distortion. Let py € D, let U be a normal neighborhood of
the point py, let 0 < ¢y < dist (po, dU), and let B. C D be the set of such points of D, in which the mapping f
is differentiable (in local coordinates), however, [¢(p) = 0. Then

! Gponn) f(B:) =0 N
for almost all r € (0, &), where the function | is defined in (23).

Proof. Observe that f is differentiable almost everywhere in D in local coordinates (see the remarks made in
the introduction in [12]). In particular, the set U can be split into a countable number sets By, k =0,1,2,...,
such that fp, is a bilipschitz homeomorphism fork = 1,2, ..., and By has a measure zero (see [20, items 3.2.2,
3.1.4 and 3.1.8]). Let, as before, S, := S(py, r) and D, := S, N D. By Lemma 3.2 H(f(By N D,)) = 0 for almost

of any r € (0, o) in local coordinates, therefore, a 1-dimensional change of variables holds for almost all
r € (0, &), (see [20, Theorem 3.2.5 ).

Repeating the reasoning given in the proof of Lemma 3.2 and using the notation of this proposition, we
conclude that the mapping &, maps @(S,)NA,, to some part of the segment I(m,R) = {z € C : z = log R+it,t €
(Ym-1,Pm), R = (¢" = 1)/(e" + 1)}. Since f has a finite distortion, g,,(logR + it) = 0 for all t € (-1, P) such
that ¢ ~1(h,,!(log R + it)) € B.. Then, by virtue of [20, Theorem 3.2.5] and in view of the above remarks

HW(f(B. N Dy N~ (An)) = H ' (gu(u(@(B. N Dy) N Ap))) <

< f N(Y, g, h(@(B. N D,) N Ay)) dH 'y =
Gl (@(B.ND;)NA))
U
= f Xi(pB.)nA,) (l0g R + it)lg,,(log R +it)|dt =0,
V-1

where Xy, (p(8.)n4,,) 1S a characteristic function of the set /,,(¢(B.) N A;;,). Semiadditivity with respect to m of
the one-dimensional Hausdorff measure in the last chain of equalities gives us H(¢(f(B. N D,))) = 0 for
almost all € (0, €p). Let y; be an arbitrary dashed arc line 1(f(D;,)). Parametrize y; as y; : [0,1(y;)] — D,
yi = vi(s), where s € [0,1(y;)] is a natural parameter. Setting m = 1 in [20, Theorem 3.2.5], we obtain that
the set B; := {s € [0,1(y;)] : yi(s) € P(f(B.))} has a linear measure zero. Let xyf(s.)(z) be the characteristic
function of the set ¢(f(B.)). Taking into account the Remark 2.1, we obtain that

I(y:)

- Xo(re. (Vi(s)) ds
oy FB) = )2 f E01—|yi(s)|2 3
0

i=1
for almost any r € (0, £9), which was required to be established. [J

Proof of Theorem 1.1. Since f is open, the mapping f is differentiable almost everywhere in D local
coordinates (see the remarks made in the introduction to [12]; see also [24, Theorem II1.3.1]). Let B be the
Borel set of all points p € D, where f has a total differential f’(p) and J¢(p) # 0 in local coordinates. Note
that B may be represented as at most countable unions of Borel sets B;, I = 1,2,..., such that f; = f|g, are
bilipschitz homeomorphisms (see [20, Sections 3.2.2, 3.1.4 and 3.1.8]). See Figure 2 for illustrations.
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Figure 2: To the proof of Theorem 1.1

Without loss of generality, we may assume that the sets B; are pairwise disjoint. We also denote by B.
the set of all points p € D, where f has a total differential and f’(p) = 0.
Since f has a finite distortion, f’(p) = 0 for almost all points p, where J(p) = 0. Thus, by construction, the

set By := D\ (B B.) has h-measure zero. Let U be a normal neighborhood of the point pg and ¢ : U — D
be a mapping corresponding to this normal neighborhood. We may assume that ¢(U) C B(0, ), 0 <19 < 1.
Since D. is compact in 5., we can cover D, by a finite number of neighborhoods Vi, k = 1,2, ...,m, such that
Yr : Vi = B(0,Rk), 0 < R < 1, and i are conformal mappings. Let Ry := max Ry. Since the mapping f is

1<k<sm

continuous, the sets U, := f (VN D.) N U are open in U and the mapping

fe=yrofop™
is a mapping from ¢(U;) < B(0, ro) into (Vi) € B(0, Ro).

SetUy = U/, U =U;\U/, Uz =U; \(U;uUy),..., U, = Uy, \ (U UU,...U ). Observe that, by the
definition, U,, c U, form > 1 and U; N Uy = @ for s # k. Let I be a family D, := D N S, of all intersections

of circles S, = g(po, 1), r € (g,19), with D. We fix an admissible function p. € adm f(I'), p. = 0 outside f(D),
and put p = 0 outside U and on By, and

pp): = p(fIIf (@Il forp € Ui\ Bo,

where the matrix norm of the derivative [|g’(z)|| of a given function g : D — C, ID C C, as usual, is defined
as |lg’ @)l = |gz| + 1921, 9. = (9x —19y)/2, 9z = (9« + ig,)/2, z = x + iy € C. Observe that

D,=Dns,=|| ] D U(Osmukn& U(Os,muknBo
k=1

1<ksm k=1
1<l<e0

7
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where D}, = S, N Uy N B;. By Lemmas 3.2 and 3.3 Ip,)(f(Ux N Bo)) = 0 and l¢p,)(f(Ux N B.)) = 0 for any
1 <k < mand almost any r € (0, rp). Thus,

m -1
fp(p)ds p<) Y [ HEPeres

k=1 I=1y, (f(p)

» (i (2)dH ' (2) (29)
STogr

=1L g i)

for almost any r € (0, 7¢), where ! denotes 1-dimensional Hausdorff measure. On the other hand, arguing
at each set D/, separately and using [20, item 1.7.6, theorem 2.10.43 and theorem 3.2.6], we obtain that

P RO
f o =2 [ Yf(fy)ff"(y) iyl >

o(Dy)

> [ w2 [ pwteare. (30)
oD}) Yr(f(D))

Summing (30) over all 1 < k < mand 1 < I < oo, and considering (29) and Lemma 2.3, we conclude
that p/(1 - R2) € extadmT.

Using the change of variables on each B;, [ = 1,2,... (see, e.g. [20, Theorem 3.2.5]), countable additivity
of the Lebesgue integral, and also taking into account (2), we obtain the estimate

1 fP(P)dE()

1-R)?>J Kulp)
D
4 vy p2((f o ™ HIIf, @I
= d <
=Ry ’; ;w(umB,) (1= 2P)*Ku(p~'(2)) e <

Z Z fp* Wy YW)N, fr, (U N By) dm(y) <

< 72)2 2)2
(1- )(1 RY)? = =

4 m ) o
s (1-72)2(1 - R2)? kZ:; !p* W (WIN(Y, fr, p(Uy)) dm(y) <

P ONGE 01
* Zf BT

3 1 m ) _
C (1-7)X(1-R3)? I;, JP* (pIN(p-, f, Ux) dh(p.) <

N(f, D)
(11— R

f P2(p.) d(p.) .

To complete the proof, one should put c : W ]
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4. Boundary extension of mappings with lower modulus distortion

So, we have established the main modulus inequality for the Sobolev classes, with which we will work
further. Now let us talk on the boundary extension of the Sobolev classes, for which we consider an
auxiliary class of mappings with the condition (7).

We recall the following definitions. A mapping f : D — D., f(D) = D., is called boundary preserving, if
C(f,dD) c dD., where, as usual,

C(f,dD) ={p.€S.:Apc e D,p € ID : px = p, f(px) = p+, k — oo}.

The following statement is established in [4, Theorem 3.3] for the case of the space R". In our case, its
validity directly follows from [25, Proposition 2.1].

Proposition 4.1. Let D and D. be domains in Riemannian surfaces 5 and 5., respectively. Let f : D — D,
be open discrete and closed mapping in D. Then f is boundary preserving.

A Borel function p : ID — [0, o] is called admissible for the family I' of paths y in the sense of hyperbolic

length, write p € adm,, T, if f p(z)dsy(z) > 1 for any path y € I', where dsy(z) is an element of length
)/
corresponding to (2). The modulus of the family I' in the sense of a hyperbolic measure is the quantity
M;,(T) = igf - f p*(z) dh(z), where dh(z) is an element of the hyperbolic area. The following result holds,
peadmy, T'H

see [25, Remark 5.2].
Proposition 4.2. LetT be a family of paths in ID. Now
M;y(T) = M,(I).

An analogue of the following statement is established for the space IR" in Véiséld’s monograph [2, Theo-
rem 7.5].

Proposition 4.3. Let$ be a Riemannian surface and py € 5. Let U be a neighborhood of the point py such
that h(p, po) = h(e(p), p(po)), where ¢ = m~! and 7t is the natural projection of the fundamental Dirichlet
polygon Dy with center at the point ¢(pg) on §. Let 0 < ry < rp < dist(po,dU), Si = S(po, 1), i = 1,2,

Alpo,11,12) ={p €5 : 11 <h(po,p) < r2}). If T =T(S1, 52, A) is family of paths joining Sy and S, in A, then

271

MO = T )

where L(r1,12) = (E) : (e”‘l).

e2+1 e+1

Proof. By the definition of the mapping ¢ and the neighborhood U, M(TI') = M;,(I"*), where
I'* = T(Su(e(po), 1), Su(p(po), 12), An), An :=1{z € D : r1 < h(z, p(po)) < r2}. By Proposition 4.2 M(I') = M,(I'").
The required conclusion now follows from [26, Corollary 5.18]. O

Let Q) be a domain in C, or a domain in 5. According to [27, item 3], the connected set E C Q is called
cut if E is closed in Q, ENoQ # @ and Q \ E consists of two components, the boundary of each of which
intersects dQ. A sequence of cuts Ej, Ey, ..., Eg, ... is called a chain if Ey separates Ey_; from Ejq in Q, that
is, Ex-1 and Ey4; belong to different components of Q \ E;. It follows from the above definitions that one of
the subdomains ) \ E; contains all E,, for m > k. This subdomain will be denoted by di. Two chains of cuts
{om} and {0/} are called equivalent if for each m = 1,2,... the domain d,, contains all domains d, except for
a finite number, and for each k = 1,2, ..., the domain d,; also contains all domains d,, for excluding a finite
number.

The following statement contains some information on important properties of domains with locally
quasiconformal boundaries.
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Lemma 4.4. Suppose that a domain D in $ has a locally quasiconformal boundary, py € dD and r,,, > 0 is
an arbitrary sequence such thatr,, — 0 asm — oo. Let U be a neighborhood of the point py, for which there
is a quasiconformal mapping ¢ : U —» D, p(@DNU)=DNI1:=(-1,1)={z€D:y =0,z = x +iy}. Then:

1) there is a sequence of neighborhoods Uy, k = 1,2, ..., of the point py, contracting to this point, such
that Y(Uyx) = B(0,1/2%), ¢(Uy N D) = {z = x + iy € B(0,1/2%) : x > 0};

2) the sets oy := dU; N D are cuts of the domain D, in this case, E(ok) — 0ask — o, E(ok) = sup Z(x, Y),

X,Y€0k
and the corresponding domain dy is Uy N D;

3) there is a subsequence r,,, — 0, — o0, and the corresponding sequence of arcs y; C §(p0, tm) N D,
I=1,2,..., forming a chain of cuts equivalent tooy, k=1,2,... .

Proof. Arguing similarly to the proof of Theorem 17.10 in [2], we show that the neighborhood U in the
definition of a locally quasiconformal boundary can be chosen arbitrarily small. Indeed, by definition,
the point py € dD has a neighborhood U, which can be mapped by a quasiconformal mapping ¢ onto
the unit disk ID € C so that (dD NU) = I, where I := (-1,1) = {z e D : x = 0,z = x + iy}. Since ¢ is a
homeomorphism, then either (U N D) = D, or y(UND) = D\D,, where D, :={zeD:x>0,z=x+ iy}.
Thus, without loss of generality, we may assume that ¢(U N D) = ID,. Choose a neighborhood V C U
containing the point py. If r < 1 — [{(po)|, then, by the triangle inequality, the ball B(y(po), 7) lies strictly
inside ID. Since 1 is a homeomorphism in U, then, in particular, 1) ~! is a continuous mapping. In this case,
there is ¥ < 1 — [i(po)| with the following property: the condition |[¢(p) — P(po)| < ¥ implies that p € V. In
addition, if ¥(p) € D, U T and [iP(p) — Y (po)l < 1, then p € V N D. Setting U, := 1 " (B((po), 1)), we note that
U; ¢ V and U; is a neighborhood of the point py. In this case, U; N D= ¢‘1(B(z,b(p0), r) N (D, U I)). Setting
H(p) = (Y(p) — ¢ (po))/r, we obtain the mapping H of the neighborhood U; on ID such that H(U; ND) =D, Ul
and H(pg) = 0. Since H is a homeomorphism, it follows that H(U; NdD) = I. Itis also clear that if the original
mapping 1 is quasiconformal, then the same is the mapping H. Thus, the neighborhood U; satisfies all the
same conditions as the original neighborhood U. In what follows, we use the notation 1 instead of H, and
we assume that 1(pg) = 0.

From the above reasoning it follows that there is a decreasing sequence of neighborhoods Uy of the point
po, for which py = ﬂ U, ND, Y(Uy) = B(0,1/25), ¥(dU, N D) = 5(0,1/2%) N D, By direct calculations it is
easy to see that that the sequence oy := dU N D forms a chain of cuts of the domain D. From the equality
ﬂ UyND = po it follows that h(ak) < h(llk N D) — 0ask — oo, where we use the notation h(A) = sup h(x, Y).
k=1 X,yEA
Items 1) and 2) of Lemma 4.4 are established. It remains to establish item 3). Consider the segment S(t) = it,
t € (0,1), in D,. Put a(t) := ¥ "(B(t)). Then a is a path in U N D with origin at the point po. Let m; € N be
that ry,, < h(po,ol) By [28, Theorem 1.1.5, §46] S(po, 7’m1) Na # @. Let 1 be an arc of the set S(po, rm) N D,
such that a(f;) € y1, where ; := min{t € (0,1) : a(t) € S(po, m,)} (see Figure 3).

By construction, the ends of the path y; lie on JD, therefore 1(y1) is a path whose ends lie on the
segment I C ID. Obviously, (1) splits D, into two domains. Therefore, y; divides the domain D into two
domains, as well. Let d] be the component of D \ )1, containing the path a; := a|¢). Note that there is
ki € N such that Uy, N D C d;. Indeed, by construction Uy, < B(po, 1'm,) for sufficiently large k; € N and the
point a1(f) belongs to U, N D for sufficiently small ¢, since U, is a neighborhood of the point py. Hence,

l,I_k1 N D belongs to some component of D \ y; containing a, that is, U_kl ND c d]. Note that oy, C d], because
Ok, = 8Uk1 NDcC dll.

Observe also that d; C D \ 01. This follows from the fact that d is bounded by )1 and some part of the
boundary of the domain U N D, and o1 lies in the domain bounded by y; and another part of the boundary
U N D. Thus, y; separates 01 from Uy, N D in D; in particular, y; separates o1 from oy, in D.
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Figure 3: On the proof of Lemma 4.4

Let m, € IN, my > my, be such that r,, < h(po, ox,). By [28, Theorem 1.1.5, §46] S(po, tm,) N @ # @. Let
y2 be an arc of the set S(po, 7,) N D such that a(ty) € y2, where t, := min{t € (0,1) : a(t) € S(po, 7m,)}- By
construction, the ends of the path y; lie on dD, therefore (y») is a path whose ends lie on the segment I ¢ D.
Obviously, ¢(y2) splits D, into two domains, therefore, y, divides the domain D into two domains. Let d;

be a component of D \ )2, containing a path @, := | ,). Observe that there is k, € N such that Uy, N\D C d;.
Indeed, by construction U_k2 C E(po, 7m,) for large enough k; € IN and a»(t) belongs to Uy, N D for sufficiently
small t, since Uy, is a neighborhood of the point po. Hence, Uy, N D belongs to some component of D \ 72,
containing «ay, that is, U_kz N D c d,. Observe that oy, = dUy, "D C d;.

Observe also that, d; D \ oy,. Thus y, separates o, from Uy, N D in D; in particular, ), separates oy,
from oy, in D.

For the same reason, y1 C D \ d,. Indeed, d, is one of the components of D \ y1, not the same as d], in
particular, dj C D \ 1. Thus, y; also separates y; from Uy, N D in D; in particular, y, separates y; from oy,
in D.

Etc. As aresult of the endless process, we will have that some sequence of arcs y; C g(po, tw), 1=1,2,...,
separating oy, from oy, , in D, in this case,

@ U,NDc dl’ and, in addition,
(2) y; separates y;_1 from oy, in D,
@) oy, €4d/;

@ y1 c Uy ND.

Let us show that y; separates y;,1 from y;_; for any I € IN, more precisely, show that y;.1 C dl’ and
yi-1 € D\ d]. Indeed, step by step (1) and (4) y1.1 € Uy, N D C dl’. Since as proved, y; separates y;_1 from oy,
in D and oy, C dl’ by (3), by [28, Theorem 1.1.5, §46] y;_; € D \ d/, as required to establish.

It follows from the above that the sequence of cuts y;, [ = 1,2, ..., forms a chain. Note that the sequences
of cuts y; and oy are equivalent. Indeed, given I € N, by the property (1) Uy, N D C d/, therefore also
Uy N D c d] for k > k. Conversely, fix k € IN and consider the corresponding number / = I(k) € IN such
that k; > k, where k;, | = 1,2,... is the subsequence constructed above. Notice, that dl’+1 belongs to exactly

one of the components of D \ i, namely, either d/,, c U, N D, or d1/+ 1 € D\ Uy. On the other hand, by

the condition (3) oy, C d/,,, in addition, o, C U,,-1 N D C Uy, N D, because oy, k = 1,2,... is a chain of

cuts. Moreover, ki,1 — 1 > k;. In this case, dll+1 belongs to the component of D \ oy, containing oy,,,, that is,
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dl’ C Uy, ND c UxN D. Then also d,’ C Ux N D for any [ > I(k). Equivalence of chains y; and oy is established.
Lemma 4.4 is completely proved. [

The following lemma is technically necessary to establish the main result on the boundary behavior
of mappings. We have specially highlighted it into a separate statement, emphasizing that it refers to
mappings satisfying rather general topological conditions.

Lemma 4.5. LetD and D. be domains on Riemannian surfaces$ andS., respectively, let D be a compactum

inS., letpy € dD and let Q : D — (0, ) be a given function measurable with respect to measure h. Let also
f : D = D. be an open discrete closed mapping of the domain D onto the domain f(D) = D.. Suppose
the domain D has a locally quasiconformal boundary , and the boundary of the domain D, is strongly
accessible.

Suppose that py € dD, and that there are at least two sequences p;, p/ €D,i=1,2,..., such that p; — py,
p; = poasi— oo, f(pi)) >y, f(p/) >y asi > ccandy’ # y.

Then there are 0 < 6§ and Iy > 0 such that the inequality

(f(Spo,HNND) > 1y, ¥ re(0,0), (31)
where | denotes the length of the path (dashed line) on the Riemannian surface S..

Proof. By the definition of a strongly accessible boundary at the point y € dD., for the neighborhood U of
the point y, not containing the point y’, there is a compact set C;j C D., a neighborhood V of the point y,
V c U, and a number 6 > 0 such that

MIT(C;,ED.)>06>0 (32)

for an any continuum F, intersecting dU and dV. By Lemma 4.4, there is a sequence of neighborhoods U;,
i=1,2,...,0f py, such that the set d; := U; N D is connected. Without loss of generality, we may assume that
pi and p; belong to d;. In this case, join the points p; and p; by the path a;, lying in d;. Since f(p;) € V and
f(p/) € D\ U for sufficiently large i € N, there is a number iy € IN, such that by (32)

M(T(Cy, f(lail), D)) > 6> 0 (33)

for any i > iy € IN (see Figure 4). Let us prove Lemma 4.5 by contradiction. Suppose that (31) does not hold.
Then for any k € N there is r = ¢ > 0 such that l(f(g(po,rk) ND))<1/k, . — 0,k — oo.

By Lemma 4.4, there is a subsequence 7y, of the sequence r; and some sequence of arcs y; C g(po, 1y,) such
that d; C d/ and d! is the corresponding component of the set D \ [y, i = 1,2,.... Let (;,i = 1,2,..., is an
arbitrary sequence of points from f(|yil). Since D, is a compactum in $,, we may assume that {; — (o as
i — 00,y € D,.Observe that (; = fx), xi € g(po, 1r,) N D, so Cy € dD. by the closeness of the mapping f and
Proposition 4.1.

Note that, since the mapping f is closed, there is a number iy € IN such that
CoCD.\ f@d)). (34)

for i > iy. Indeed, if we assume that the inclusion (34) fails, then there is a sequence i,, > 0, m =1,2,...,
i, = coasm — oo, and Y, € f(Ti’m)ﬂ C{- Since Cj is a compactum in f(D), we may assume that y,, — yo € C§
as m — oo. Since Y, € f(Tl’m) N C{, for any m € IN there is a sequence Y, € f(Tz’m) such that y, — ym as
k — oco. Observe that Yiy = f(Gim), Gkm € di:n.
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Figure 4: To the proof of Lemma 4.5

Due to the convergence of y to y;, for the number 1/2, there is a number k; such that I;:(yl, Yig1) <
1/2. Similarly, due to the convergence of yi to y», for the number 1/4 there is a number k; such that

E(yz, Yk,2) < 1/4. Generally, since yi,, converges to y,,, for the number 1/2™ there is a number k,, such that
h(Ym, Yk, m) < 1/2™. But then, since by the construction of y,, — yo as m — oo, for any fixed € > 0 we have
that

}Z(]/O/ ]/kmm) < }Z(]/O/ ]/m) + I’Z(]/m/ ]/k,,,m) <e+1/2"

for any m > M = M(¢), and thus yi,» — Yo as m — oo. But, on the other hand hand, yi,m = f(qk,m),
Gr,m € d. , therefore yo € C(f, po), which contradicts the closeness of the mapping f. Indeed, by Lemma 4.4

there exists a sequence t; > 0, t; — 0 as i — oo, such that d C E(po, t;). Then yo € C(f,dD) c ID. (see
Proposition 4.1). At the same time, yo € Cj, that is, yo is an inner point of the domain D.. The resulting
contradiction indicates the validity of the inclusion (34).

Let us now show that

af(d) N f(D) < f(lyil) (35)

for any i € IN.

Indeed, let yo € df(d/) N f(D), then there is a sequence y,, € f(d/) N f(D) such that y,, € f(d/) N f(D),
Ym — Yo as m — oo, where y,, = f(&n), Em € d]. Without loss of generality, we may assume that &, — &o
as m — oo. Note that the case &y € dD is impossible, since in this case yy € C(f,dD), which contradicts the
closeness of the mapping f. Then & € D. Two situations are possible: 1) & € d/ and 2) &y € |yil. Note that
case 1) is impossible, since, in this case, f(&o) = yo and yp is an inner point of the set f(d/) by the openness
of the mapping f, which contradicts the choice of yy. Thus, the inclusion (35) is established.

By the assumption I(f (§(p0, 1) N D)) < 1/k, rx — 0 as k — oo, we obtain that

I(f(lyil) = 0



E. Sevost'yanov / Filomat 36:4 (2022), 1295-1327 1313

asi — oo, E(f(lyil)) = sup E(p*,q*). Then, for any s € N there is a number i; € IN such that f(Jy;|) C
pug-€f(lyi)
B(Co, 1/s). Since C{ is a compactum in D., there is 5o > 1 such that C] N B(Co, 1/s0) = @.

Now, note that T'(f(ly:.1), C!, D.) > F(g(Co, 1/s0), E(Co, 1/s),D.) for any s > sg (see [28, Theorem 1.1.5, § 46]).
Hence, by the minorization of the modulus of families of paths and by Proposition 4.3

M(T(f(1y3), Cg, D)) < M(T(S(Co, 1/50), S(Co, 1/5), D)) = 0 (36)

as s — 0. On the other hand, recall that |o;,| C d;, C di'. Now, by (34)

BN fd]) # 2 #IBIN(D.\ fd),
for any path € T'(f(lai,l), C;, D). Thus, by [28, Theorem 1.1.5, §46] and by (35),

r(f(laisl)/ C,/ D*) > r(f('ylbl)/ C’/ D*)

From this and by (36), we obtain M(I'(f(la;|), Cj, D.)) — 0 as s — oo, which contradicts relation (33). The
resulting contradiction indicates the validity of the inequality (31). O

Theorem 4.6. Let D and D, be domains on Riemannian surfaces $ and S., respectively, let D, be a
compactum in S., let py € dD and let Q : D — (0, ) be a given function measurable with respect to
the measure h. Let also f : D — D. be an open discrete closed mapping of D onto f(D) = D. with the
condition (7) at the point py. Suppose that the domain D has a locally quasiconformal boundary, and the
boundary of the domain D. is strongly accessible. If the relations

&0 €0
dt dt
— < 00,

1QlIt) 0 onn - (37)

¢

hold for some 0 < ¢y and any ¢ € (0, €g), where ||Q||(r) := f Q(p) ds;(p), then f has a continuous extension

S(po,r)
to po.

Proof. Suppose the opposite. Then, since D, is compact in S,, there are at least two sequences p;, p/ €D,
i=1,2,...,such that p; = po, p; = poasi — oo, f(p;) >y, f(p)) >y’ asi > coand y’ # y. LetI'? be a

family of all dished lines f (g(po, N D), r € (27,5). By Lemmas 2.4 and 2.2, there is 0 < dy < supﬁ(p, Po)
peD
such that

0o
dr
MT>®) > | —— VieN,
N> | o

2-i

(38)

for any 0 < 89 < do, where ||Q||(r) = f Q(p) ds;(p) denotes Li-norm of the function Q under the circle
Di(po,r
D(po, ) := S(po, ) N D. By (38) and (37)(3;; obtain that
MI™) -0, i-oo. (39)
On the other hand, by Lemma 4.5 there are 0 < 6 < dp and [y > 0 such that

(fS(po,H DY) =1y, Y 7e(0,8)),
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where [ denotes the length of the dished line in 5.. In particular, the function

_ 1/10, pED,,,
p(p)_{ O, pgD*

. . 5! - . ~ s
is admissible for I'.’, 0 < 6] < do. Since D. is a compactum in 5., the h.-area of D. is finite. Therefore,

M) < 1/B - h(D.) < co.

The last condition contradicts the relation (39) for &y := 6], which refutes the assumption that the mapping
f has no limit at the point pg. O

Proof of Theorem 1.2 follows immediately from Theorems 1.1 and 4.6. O

Let po € S and let ¢ : 5 — R be a function integrable in some neighborhood U of the point py with

respect to h. Following [29, Section 2] (see also [8, Section 6.1, Ch. 6]), we say that a function ¢ : 5 — R has
a finite mean oscillation at the point py € D, we write ¢ € FMO(py), if

lim sup =——— lp(p) — @, dh(P) <00,
(B(PO/ €))_ f

=0
B( (po, €)

f op )dh(p) In what follows, we will talk about results related to the function of the
B(po,€)
finite mean oscillation, therefore it is extremely important for us to use the following two most important
facts related to these functions.
Let D be a domainin S, and let ¢ : 5 — R be a nonnegative function with a finite mean oscillation at the
pointpy € D € $, p(x) = 0 for x ¢ D. By [17, Theorem 7.2.2], the surface § is locally Ahlfors 2-regular, so that
by [9, Lemma 3]

where &, = 75

f o(p) dh(p)

1
— — =0 (log log Z) 40
e<h(p,po)<eo (h(p’ po) IOg I(p,po)

as ¢ — 0 for some 0 < &g < dist(py, JU) and some normal neighborhood U of the point pg. The following
statement may be proved similarly to [8, Lemma 7.4, Ch. 7], cf. [30, Lemma 3.7] or [10, Lemma 4.2].

Proposition 4.7. Letpy € 5, let U be some normal neighborhood of py, 0 < 11 < < dist (po, dU), and let
Q :5 — [0, 0] be an integrable function in U with respect to the measure 1. Set A = A(po, r,n)={pes:

2

r < h(PIPO) <12}, 1Qll(r) = f Q(P ) ds;; (P) no(r) := ]||Q||(r)’ where | = J(po, 11,12) = ”Q“(y Then
S(po.r) n

f Q(p) - 3(h(p, po)) dh(p) <

Alpo,r,r2)

f Q) - 2 (p, po)) di(p) (41)

Alpo,ri,12)

for any Lebesgue measurable function 1 : (r1,12) — [0, oo] such thatfn(r) dr=1.

n
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We now state and prove the following statement.

Theorem 4.8. The conclusion of Theorem 1.2 holds, if instead of conditions (§) we require that Q € FMO(py).

Proof. Set Y(t) = m. Observe that I(¢, g) := fw(t) dt > log llsggi. Set n(t) := P(t)/I(¢, £9). Then, by the
relation (40), there is a constant C > 0 such that )
- = 1 Q(p) dh(p)
[ oo e e = 5o | L R
_ I (81 80) _ ,.I:; 1 1
A(po,e,€0) e<h(p,po)<eon (p’ pO) og Z(P,Po)
log 1"
< C-|log T -0 (42)
log -

as ¢ — 0. Then by (41), taking into account (42), conditions (8) follow, in view of which the required
conclusion follows directly from Theorem 1.2. [

5. Equicontinuity of families homeomorphisms

Our immediate goal is to prove the equicontinuity of the classes of mappings consisting of Sobolev
homeomorphisms of finite distortion. First of all, let us clarify the question on the equicontinuity of these
families at the inner points of the domain. Let us recall some definitions. Let (X,d) and (X’,d’) be metric
spaces with distances d and d’, respectively. A family & of mappings f : X — X"’ is called equicontinuous at
the point xg € X, if for any ¢ > 0 there is 6 > 0 such that d’(f(x), f(xo)) < ¢ for all x € X such that d(x, xp) < 6
and for all f € §. A family & is equicontinuous if § is equicontinuous at every point xg € X. Everywhere
below, unless otherwise stated, (X, d) = (§,h) and (X’,d”) = (S., h.) are Riemannian surfaces with metrics h
and h., respectively.

Let Q : 5§ — [0, 0] be a function measurable with respect to the measure n function, Q(x) = 0 for
x ¢ D CS. Wesay that f : D — S, is a ring Q-mapping at py € D, if the relation

M(f(T(Ey, Ez, D)) < f Q) - 1P, po)) di(p) 3)
A

holds for some rg = r(py) > 0, any ring A= g(po, r,r)={pes:n <E(p, po) <12}, 0 <11 <1 <1y, and any

continua E; C g(po, r)ND,E, C (S \ E(po, rz)) N D, where 7 : (r1,12) — [0, 0] may be arbitrary nonnegative
Lebesgue measurable function such that
2

fn(r) dr>1. (44)

n

The next definition can be found, e.g., in [31]. A domain D C $ is called a uniform if for every r > 0 there
is 0 > 0 such that M(I'(F, F*, D)) > 6 for any continua F and F* in D, satisfying the conditions E(F) > rand
E(P *) 2 r. Domains D;, i € I, are called equi-uniform if for each r > 0 the above the inequality holds for every
D; with the same number 6.

For a given 6 > 0, D C 5 and a measurable function Q : D — [0, oo] with respect to the measure E, we
denote by R 5(D) the family of all homeomorphisms f : D — 5. \ Gy of class Wllc;i with finite a distortion,

such that K¢(p) < Q(p) for almost all p € D, where Gy is some continuum in 5, and ‘}L(G f) = sup T (x,y) = 0.
x,y€Gy
The following statement holds.
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Lemma 5.1. The family R s(D) is equicontinuous in D, if 5. is a uniform domain, Q € LllOC and, for any
po € D, one of the following conditions is satisfied: either (8), or Q € FMO(py).

Proof. Since 5 is a manifold, $ is locally compact and locally path connected. Besides that, f(D) is a domain
by Brower’s theorem, see [32, Theorem VI 9 and Corollary].
Observe that the condition

f Q) - ¥2((p, po)) di(p) = o(P(e, €0)) (45)

£<h(p Po)<&o

holds as ¢ — 0 for some nonnegative measurable function ¢ : (0, c0) — (0, ) such that I(¢, &¢) := f Y(Hdt <

oo for some €y > 0 and any ¢ € (0, &).
Indeed, if the relations (8) hold, then (45) holds by Proposition 4.7 by selecting a function (¢, &) :=
€0

IIQII(Y)

are satisfied, and therefore, by what was proved above, (45) holds.
Finally, by [12, Lemma 3.1], the mapping f € R (D) satisfies (43) in D, therefore the desired conclusion
follows from [25, Lemma 5.1]. O

If Q € FMO(py) atany pg € D, then, by the reasoning given in the proof of Theorem 4.8, conditions (8)

Let us turn to the question on the equicontinuity of mappings in the closure of a domain. For this
purpose, consider the following class mappings. Given 6 > 0, D C 5, a continuum A C D and a measurable
function Q : D — [0, oo] we denote Fg .4 (D) the family of all Sobolev homeomorphisms f : D — 5.\ Gf with
a finite distortion such that Gy C §. is some continuum satisfying the condition h.(G¢) = sup h.(x,y) > o,

x,y€Gy
moreover, h.(f(A)) > 6. An analogue of the following theorem was obtained in [31, Theorem 3.1] for
quasiconformal of mappings of the Euclidean space.

Lemma 5.2. Let D be a domain in 5 and Q : $§ — (0, o) is a function locally integrable in D, Q(x) = 0 for

x € 5\ D. Assume that, for any point py € D there are &y = €y(po) > 0 and a function ¢ : (0, o) — (0, o0) such
that

I(g, &9) := ft/}(t) dt <oo VY e€(0,¢) (46)
and, in addition,
[ 0w g pon i) = o o), € 0. @)
e<ﬁ(p,pg)<eo

Let D¢ = f(D). Assume also that D is locally connected on dD, D_f is a compact in S, for any f € §qs4(D),
besides that, domains Dy and S. are equi-uniform over f € Fg;4(D). Thenany f € Fg,,4(D) has a continuous

extension f : D — D_f and, besides that, the family &g 4(D) consisting of all extended mappingsj_f :D— D_f
is equicontinuous in D.

Proof. Observe that dDs = df(D) is strongly accessible for any f € - 5054(D). Indeed, let xg € dDys and let U
be an arbltrary neighborhood of xy. Choose ¢; > 0 such that V := B(xo, 61) VcUlLetdU + @and dV # .
Now & := h.(dU, dV) > 0. Observe that, the inequalities . (F) > ex and . (G) > & hold for any F and G in



E. Sevost'yanov / Filomat 36:4 (2022), 1295-1327 1317

Dy satisfying the conditions FNJdU # @ # FNJdV and G N JU # @ # G N JV. Now, by the uniformity of Dy
there is 6 > 0 depending only on ¢; such that

M(T(E,G,Dy)) > 6.

Thus, dDy is strongly accessible. Now, by [12, Lemma 6.1] any f € §g54(D) has a continuous extension
f:D— D_f

Observe that Fo54(D) C R s(D). Besides that, by (46)—-(47) we obtain that the divergence conditions (8)
hold. Indeed, in (41) we set 1(t) = Y(t)/I(¢, €9) and let us use Proposition 4.7. Then the desired conclusion

immediately follows from (41). In this case, the equicontinuity of the family Fg 54 (D) in the inner points of
the domain D follows directly from Lemma 5.1.

It remains to prove the equicontinuity of the family Fgs4(D) on dD. Suppose the opposite. Then there
is py € dD and a number a > 0 such that, for each m = 1,2, ... there is a point p,, € D and an element f, of

the family ‘&Q,&A(E) such that ﬁ(po,pm) < 1/m and E(fm(pm), ?m(po)) > a. Since f, == ]_‘mlp has a continuous
extension to the point pg, we may assume that p,, € D. In view of the same considerations, there is a sequence

S = ?mle,;, €D, p;, — po as m — oo such thatﬁ*(fm(p;),?m(po)) < 1/m. Thus

I (fu(pm), fupl)) > a/2 ¥ meN. (48)

Since D is locally connected at the point py € dD C S, and S is a smooth manifold, D is also locally path-
connected at pg (see [8, Proposition 13.1]). In other words, for any neighborhood U of the point py there is
a neighborhood V C U of the same point such that V N D is a path-connected set. Then there is a sequence

neighborhoods V,, of the point py with Z(Vm) — 0 as m — oo, such that the sets D N V,,, are domains and

DNV, c B(po,27™). Without loss of generality, passing to a subsequence, if necessary, we may assume that
po € dD C'S, pw,p,, € DN V. Join the points p,, and p,, of the path y,, : [0,1] — S such that y,,(0) = py,
Ym(1) = p;, and y,(t) € V,, N D for t € (0,1). Denote by C,, the image of the path y,,(f) under the mapping
fm- It follows from the relation (48) that

n(Cp)>a/2 VYmeN, (49)
where E(Cm) the diameter of the set C,, in the metrics /. (see Figure 5).

i’

,\
a JAT, /

D =

7

S,

D

Figure 5: To the proof of Lemma 5.2
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Without loss of generality, we may assume that the continuum A from the definition of the family
Fa,64(D) is such that B(py, €0)NA = @ and B(pg,2 ") NA=@,m=1,2,...,. LetT',, be family of paths joining
[yl and A in D. By [12, Lemma 3.1] the mapping f € R (D) satisfies the relation (43) in D, so that

M(f,(T)) < f Q) - 12 (p, po)) di(p) (50)

Alpo, 27" 20)

&
for any Lebesgue measurable function 1 : (27,&9) — [0, o] such that f n(r)dr > 1. Observe that, the
2*"1

function
0= { N
= 0, teR\ Q™ z),

I(g, &9) := Tgb(t)dt, satisfies the condition (44) for r1 := 27", 1, = ¢y, therefore by (46)-(47) and (50) we
obtain that ’

M(fn(Tm)) < 27") =0 (51)

as m — oo, where a(¢) is some nonnegative function converging to zero as ¢ — 0, which exists by (46)-(47).

On the other hand, observe that f,,(I'z) = I'(C, fu(A), Dy,), moreover, ﬁ( fm(A)) = 6 for any m € N by
the definition of the class g s,4(D). Taking into account the relation (49) and the definition of an equally
uniform family of domains, we conclude that there exists ¢ > 0 such that

M(fu(Tm)) = M(I(Cy, fu(A),Dy,)) 20 ¥ meN,

which contradicts the condition (51). The resulting contradiction proves the lemma. [

By Lemma 5.2 and Proposition 4.7 and also the reasoning used in the proof of Theorem 4.8, we obtain
the following statement.

Theorem 5.3. LetD beadomainin$ and letQ : 5 — (0, o) be a function locally integrable in D, Q(x) = 0 for
x € 5\ D. Assume that, for any py € D, one of the following conditions is satisfied: either (8), or Q € FMO(py).
Let also D be locally path-connected on dD, D_f = f(D) be a compactum in S, for any f € §g;54(D). Assume
that the domains D¢ and S. are equi-uniform over f € Fg;sa(D).

Then any f € §os.4(D) has a continuous extension f : D — D_f and, in addition, the family §os4(D),
consisting of all extended maps ? :D — D_f, is equicontinuous in D.

6. Equicontinuity of Sobolev Classes with Branching

The question of the local and global behavior of mappings with a branching looks much more com-
plicated, since for mappings of Riemannian surface estimates of the form (43) have not been established.
Instead, we may only use the estimates (7) or (20), which are obtained in this paper. As in the previous
section, let us start by investigation of mappings at interior points. Let us prove, first of all, the following
auxiliary statement.

Proposition 6.1. Let (X,d) be an arbitrary metric space with metricd and F;, j = 1,2,..., be a sequence
of continua in X such that d(F;) = sup d(x,y) > 6 Vj=1,2,.... Letxo € X and B(xp,6/4) = {x € X :
x,y€F;
d(x,x0) < 6/4}. Then there is ¢ > 0 and a sequence of continua C; such that C; C F; \ B(xo,6/4) and
d(Cj) = sup d(x,y) >6/4, j=12,....
x,y€C;
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Proof. Fix j € N.If F; N B(xo, 6/4) = @, there is nothing to prove. Let F; N B(xo, 6/4) # @.

Since F; is a continuum in X, there are x;,y; € F; such that d(F;) = d(x;,y;). Since d(F;) > 6, at least
one of the points x; or y; does not belong to B(x,6/4), because, otherwise, by the triangle inequality
d(xj,y;) < d(xj,x0) +d(xo0, yj) < 6/2. Let, for definiteness, x; € D\ B(xo, 5/4). Then two situations are possible:

1) yj € B(xo,6/4). Let C; be xj-component of F; \ B(xo, 6/4). Since F; is connected and F; N B(xo, 6/4) # @,
we obtain that C; N F; \ C; # @ (see, e.g., [28, Section 1.5.46]). Observe that

Fj\ Cj = (F; N B(xo, 5/4)) U UKQ, (52)
acA

where A is some set of indices @ and |J K, is a union of all components of F; \ B(xo, 6/4), except C;. By [28,
acA

Theorem 1.1I1.46.5], K, and C; are closed disjoint sets in F; \ B(xo,6/4), a € A. Then, by (52) the relation
CiNF;\ C; # @ is possible if and only if C; N B(xo, 6/4) # @. Then there is z; € C; N S(xo, /4). By the triangle
inequality

0 < d(x]‘, ]/]) < d(x]‘,Zj) + d(Zj, y]) < d(C]) +6/2,

whence it follows that d(C;) > 6/2, as required. Consider the second situation:

2) yj € D\ B(xo,6/4). Let, as before, C; be x;-component of F; \ B(xo,6/4), and let D; be-y;-; \ B(xo, 6/4).
Reasoning similar to the above, we conclude that there are z; € C; N S(xo, /4) and z],’ € DjNS(xo,6/4). Then,
by the triangle inequality

6 <d(xj,y;) <d(xj,zj) + d(Zj,Z]{) + d(Z]-/, yj)) <d(C;)+d(Dj) +06/2,
whence it follows that either d(C;) > 6/4, or d(D;) > 6/4. The proposition is proved. [J
The next statement concerns the situation in which the images of two points under mappings are

separated by a fixed nonzero number. It will be shown below that in this case the length of the images of
circles centered at one of the points under these mappings is separated from zero from below.

Lemma 6.2. Let D, be a uniform domain in$, such that D, is a compactum. Let fy : D — D, \Gy, k=1,2,...

be a family of mappings open in D such that 1n.(Gy) = sup h.(x,y) > 6, where G, C D, is some continuum
x,y€Gy
and the number 6 does not depend on k.
Suppose thatpy € D, pr € D,k =1,2,..., and 6y > 0 such that py — po as k — oo and

B fipi), filpo) > 00 k=1,2,.... (53)
Then there are ly > 0, rg > 0 and kg > 1 such that
(feS(po, M) = 1o, Y v € (hlpo,pi),r0), ¥ k>ko, (54)

where | denotes the length of the path on the Riemannian surface S..
Proof. Suppose the opposite. Then for each i € IN there are k; > i and ﬁ(po, pr;) < 1i < 1/isuch that

I (S(po, ) < 1/i,  i=1,2,..., 1 —0 (55)

as i — oo. Without loss of generality, we may assume that the sequence numbers k;, i = 1,2, ... is increasing.
Let C;, i = 1,2,..., be an arbitrary sequence of points from f, (S(po, ;). Since D, is a compactum in S., we

may assume that (; — (o asi — o0, (o € D... Note that C; = fi.(p/), p/ € S(po, i), and that

Gi, € Do\ fi(B(po, 7)), (56)
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because by the condition Gx C D, \ f¢(D) for any k € IN. Since f;, is open for any i € IN, we obtain that

2£i.(B(po, 1)) € fi(S(po, 1)) - (57)

The assumption (55) implies that
he(fi,(S(po, 7)) = 0O

asi— oo, E( f, (§(p0, 1)) = sup R(p*, g.)- Now, for any s € IN there exists a number i; € N such that
po€fe,(S(po:)

foSpo, ) € B, 1f), iz s, (58)
By Proposition 6.1, there is sy € IN and a sequence Ej, of continua such that
Ei, C Gy \B(Co,1/50), h(Ex)>0/4, i=12,.... (59)

We fix s > 59 and consider the family I'(f;, (g(po, 1)), Ex,, D.) for i > i, see Figure 6.

S

£S5, 1)

Jioul)

Figure 6: To the proof of Lemma 6.2

Let y € T(fi(S(po, 1)), Ex, Ds), ie., y = y(®), t € (0,1), ¥(0) € fi(S(po, i), ¥(1) € Ei, and y(t) € D, for
t €(0,1). By (568) and (59) [y|NB(Co, 1/s) # @ # [y|N(D.\B(Co, 1/5)), therefore by [28, Theorem 1.1.5, § 46] there
is t; € (0,1) such that y(t1) € g(C(), 1/s). Without loss of generality we may assume that y(t) € D. \ E(Co, 1/s)
for t > t. Set y1 = Y|y, 13- Again, by (58) and (59) |y1| N B(Co, 1/s0) # @ # |y1] N (D. \ B(Co, 1/50)), therefore
by [28, Theorem 1.1.5, §46] there is t, € (t1,1) : yi(t2) € §(C0,1 /s0). Without loss of generality we may
assume that y1(t) € B(Co, 1/s0) for t € (t1,£2). Set y2 == il 11, 2 € T(S(Co, 1/5), S(Co, 1/50), A(Co, 1/5,1/50)),
A(Co,1/5,1/50)) = {p. € 5. : 1/s < h.(p., Co) < 1/50}). From the above it follows that

T(fi(S(po, 7)), Ex,, D.) > T(S(Co, 1/5), S(Co, 1/50), A(Co, 1/5,1/50)), i > i,
and, therefore, in view of [33, Theorem 1(c)] and by Proposition 4.3

M(T(fi.(S(po, 1)), Ex,, D.)) <
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< M(T(S(o, 1/5), S(Co, 1/50), A(Co, 1/5,1/50))) = 0 (60)
as s — oo for i > i;. Let us fix ¢ > 0 and find for it a number S = S(¢) such that
M(T(S(Co, 1/5), S(Co, 1/50), A(Co, 1/5,1/50))) < &, 5> S(e).

Set Iy = Ip(¢) := is(). Now, it follows from (60) that
M (i (S(po, 7)), Ex, D)) < &, i >Io=Iy(e). (61)

Since $ is a smooth manifold, we may consider that the balls E(po, r;) are path connected for any 7 € IN. Let
a; be a path joining px, and po in B(po, ;). By (53) h.(fi,(lail)) = 00. Now, by the definition of a uniform domain
M (fi,(lail), Ex,, D)) > €1, Yi€eN. (62)

On the other hand, by (56) and (57)

T(fi(lail), Ex, D2) > T(fi(S(po, 72)), Exy D.)
whence by [33, Theorem 1(c)] and also by (62)

e1 < M(T(fi, (1)), Ex,, D.)) < M(T(fi(S(po, 1), Ex,, D.)) - (63)

The inequalities (63) and (61) contradict each other, which proves 54). 0O

Let D ¢ 5 and D. C 5. be fixed domains. Given 6 > 0 and a measurable function Q : 5 — (0, %) with
a respect to the measure i, Q(x) = 0 for x € 5\ D, we demote by 6 5(D) the family of all open mappings

f : D — D. \ Gy satisfying the relation (7) in D such that h.(G¢) = sup h.(x, y) > 6, where G¢ C D, is some
x,y€Gy
continuum.

Lemma 6.3. Assume that Q satisfies (8) in D, or Q € FMO(py) at any point py € D. If D, is uniform and D.
is a compactum in 5., then the family G (D) is equicontinuous in D.

Proof. In view of the reasoning used in the proof of Theorem 4.8, it suffices to establish Lemma 6.3 in the
case when Q satisfies relations (8) in D.

Suppose that the conclusion of the lemma does not hold. Then there are pyp € D, pr € D,k =1,2,...,
fr € Ggs(D) and 6 such that py — pg as k — co and

(fipo), filpo)) = 8o - (64)

By Lemma 6.2, there are Iy > 0 and rp > 0 such that

I(fe(S(po, ) > Io (65)

for all r € (h(po, px), 7o), for any k > ky and some kg > 1. Without loss of generality, we may assume that
1o < &0, where &g is a number from (8) that exists by the condition of the lemma. In this case, the function

1/ly, €D.,
p(P)={ /8, ppeD*

is admissible for Flrf, consisting of the union of the paths fk(g(po, r)) over all r € (ﬁ(po, P, o), k=1,2,....In
this case, by the definition of the modulus of families of paths,

M) < (1/B) - (D) < o0, (66)
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because D, is a compactum in S,. On the other hand, by Lemma 2.4 and also by (8) we obtain that

1o

"o —dr — 00
MTy) > f 010 (67)

T(po.pi)

as k — oo. The relations (66) and (67) contradict each other, which refutes the assumption made in (64). O

As usual, we formulate the main results of this section for Sobolev classes. For this purpose, consider
the following definition of the family of mappings. Given numbers 6 > 0, N € N, a domain D C S and a

function Q : $ — (0, o) that is measurable with respect to the measure E, Q(x) =0forx € 5\ D, denote by
Sqsn(D) a family of all open discrete mappings f : D — D, \ G of the class Wlléi(D) with a finite distortion

such that K¢(p) < Q(p) for almost all p € D, N(f,D) < N and E(Gf) = sup h.(x,y) > 6, where G C D, is
x,y€Gy¢
some continuum. The following theorem holds.

Theorem 6.4. Suppose that the function Q satisfies the relations (8) in D, or Q € FMO(py) at any pointpy € D.

If the domain D, is uniform and D. is a compactum in S, then the family S sn(D) is equicontinuous at
any pointpg € D.

Proof immediately follows from Lemma 6.3 and Theorem 1.1. O

Let us turn to the study of equicontinuity at the points of the boundary. First of all, similarly to
Lemma 6.2, we prove the following statement.

Lemma 6.5. Let D and D, be domains in $ and 5., respectively, po € dD, pr € D, k = 1,2,..., px — po as
k — oo, and let a domain D has a locally quasiconformal boundary. Let f; : D — D, k = 1,2,... be a family
of mappings such that fi|p is open and closed in D. Suppose that

1) the domains Dy := fi(D) and D. are equi-uniformly over k € IN, in addition, D.isa compactum in S.;

2) there is a number 6 > 0 with the following property: for any k € IN there is a continuum Ay C fi(D),
such that h.(Ay) > 6 > 0, moreover, h(f ' (Ay),dD) > 6 > 0;

3) there is 09 > 0 such that

(o), flpo) =80 Vk=1,2,.... (68)

Then there arely > 0, ry > 0 and kg > 1 such that
(fiS(po,) N D) > o, ¥ r e (hlpo,phre), ¥ k>, (69)
where | denotes the length of the dashed line g(po, ) N D on the Riemannian surface 5..

Proof. Suppose the opposite. Then for each i € IN there are k; > i and E(po,pki) < r; < 1/i, for which

I(gi(S(po, i) N D)) < 1/i, i=1,2,..., ri— 0, (70)

asi — o, g; := fi,. Without loss of generality, we may assume that the sequence numbers k;, i = 1,2,... is
increasing. We also denote py, := g;.

Since D is a domain with a locally quasiconformal boundary, by Lemma 4.4 there is a sequence of
neighborhoods U, of the point pg, m = 1,2,..., contracting to py such that U, N D is connected and,

moreover, foreachm =1,2,..., there is a cut y,, of D such that U,, "D C D\ |[y,l, lyml C g(po, t;,) for some
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subsequence 1;, of the sequence r;, i =1,2,.... Since f; is continuous in D, there is a sequence p; € D such
that h.(f(po), fe(p))) < 1/k. Put q/ := p/ . Then it follows from (68) that

1(9:(q:), 9:q7)) = S0/2 (71)

fori > ip € IN. For any m € N, we may find j,, € N, j,, > io, such thatg;,, q] € U,,. Now, by (71) we obtain
that

h.(9;,@j.) 95,@; ) 2 60/2 Ym=1,2,.... (72)
Let us show that
Aj, €D\ g;,(Uy,ND) Y m>mg. (73)

Indeed, if y; € A g G (U, 05) for arbitrarily large! = 1,2, ... and some increasing sequence m;, [ = 1,2, ...,
then y; = i, (x1), x1 € Uy, N D and, at the same time, x; € g].‘l (Afmz)' Since U, contracts to py € JD, then
ml

X; — po as | = oo, which contradicts the condition Z( f1(Ax),dD) > 6 >0, i, = i, - Thus, (73) holds.

Now let d,, be the component of D \ |y,,|, containing U, N D. Let us show that

99;,(dn) N g, (D) € gj, (1yml) (74)

foranym=1,2,....

We fix m € IN and consider y,, € dg;,(dx) N g;,(D). Then there is y,ux € g}, (dn), Ymk — Ym as k — oo.
Since f; are open, g;,(D) is a domain, so we may assume that y,x € g;,(dw) N g;,(D). Since yux € g, (dm),
then v, = gj,,(Mmk), Nk € di. By lemma 4.4 d,, C U, for all n > n(M), therefore d,, also contract to the point
po as m — co. Thus, we may assume that d,, is a compactum in 8, and that 1,4 — 1o as k — co. Observe
that the case 1 € dD is impossible, because now vy, € C(g,,dD) C dg;,(D) by the closeness of the mapping
9jn = f;,» which contradicts the choice of y,,. Then 19 € D. Two situations are possible: 1) 1o € d,, and 2)
1o € lyml. Observe that the case 1) is impossible, because now g, (10) = ¥, and y,, is an inner point of the set
9j,.(dx) by the openness of the mapping g;,, which also contradicts the choice of y,,. Thus, the inclusion (74)
is proved.

The further course of reasoning largely repeats the scheme of the proof of Lemma 6.2. Let&,,,m =1,2,...,
be an arbitrary sequence of points from [y,,|. Since D. is a compactum in 5., without loss of generality, we
may assume that C;, := g;,,(En) = Coasm — o0, ( € D.. It follows from (70) that

1(g;, (lyml) = 0

as m — oo, E(gjm(lyml)) = sup E(p*, g.). Now, for any s € IN there is a number m; € IN such that
P EGjm (Ym)

giu(ynl) € BQCo, 1/s),  m>ms. 75)
By Proposition 6.1 there is sy € IN and a sequence of continua E;, such that
Ej, CAj, \ B(Co, 1/50), E(Ejm) >0/4, i=12,.... (76)

We fix s > sp and consider the family I'(g;,(lyul), E;,, g;,(D)) for m > ms. Let y € T(g;,(lyul)., Ej,, 9;.,(D)),
ie., Y = y@®), t € 0,1), y(0) € f (!ij(|7/m|) y(1) € E;, and y(t) € g,,(D) for t € (0,1). By (75) and (76)
vl N B(Co,l/s) # @ # lyln(g;,(D)\ B(Co,l/s)) therefore, according to [28, Theorem 1.1.5,§46] there is
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9,

Po

Figure 7: To the proof of Lemma 6.5

t; € (0,1) such that y(t;) € S(Co, 1/s). Without loss of generality, we may assume that y(t) € g;,(D) \ B(Co, 1/s)
for t > 1. Put y1 := Y|, 11- Again, by (75) and (76) [y11N B(Co, 1/s0) # @ # ly110(g;,(D) \ B(Co, 1/s0)), therefore
by [28, Theorem 1.1.5,§ 46] there is ¢, € (t1,1) such that y1(f;) € §(C0, 1/sp). Without loss of generality, we may
assume that y1(f) € E(Co, 1/s9) for t € (t1,t2). Put v = vilis .01, V2 € F(§(CO, 1/s),§(C0, 1/s0), Z(CO, 1/s,1/s0)),

A(Co,1/5,1/50)) = [p. €S. : 1/s < hu(p., Co) < 1/s0), see Figure 7.
Hence it follows that

T(g;, (Vml), Ejy. 95, (D)) > T(S(Co, 1/5), S(Co, 1/50), A(Co, 1/5,1/50))
for m > m;. Thus, by [33, Theorem 1(c)] and by Proposition 4.3
MT'(gj,(yml), Ej,, 9, (D)) <

< M(T(S(Co, 1/5), S(Co, 1/50), ACo, 1/5,1/50))) , (77)
M(T(S(Co, 1/5), S(Co, 1/50), A(Co, 1/5,1/50))) = O
as s — oo. Given ¢ > 0 we may find a number S = S(¢) such that
M(T(5(Co, 1/5), S(Co, 1/50), Ao, 1/5,1/50)) < €, s> S(e).
Set My = My(¢) := mg). It follows from (77) that

M (g, ([yml), Ej,, 9, (D)) < &, m>Mo=Mo(e). (78)

Now let us join the points ¢, and q; by the path a;;, C Uy;. By assumption (71)E(gj,,l(|am|)) > 0p/2. Then by
the definition of a uniform domain, there exists ¢; > 0 such that

MX(gj,(lanl), Ej,, 9,(D))) > €1,  meN. (79)
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On the other hand, by (73) and (74)

I—‘(g]m (laml)r Ejmr 9]’,,, (D)) > F(gjnx (b/ml)r Ej,,,r gj,,, (D)) ’
whence by [33, Theorem1(c)] and also by (79) we obtain that

&1 < M(T(g;, (lem), Ej,., 9;,(D))) < M(T(g;, (1ym), Ej,. 97,(D))) (80)

form =1,2,.... The inequalities (80) and (78) contradict each other, which proves (69). [

LetD and D. be domains in § and 5., respectively. Given 6 > 0 and a measurable function Q : $ — (0, o)

with respect the measure E Q(x) = 0 for x € 5\ D, denote by £44(D) the family of all open discrete
mappings f : D — D. with (7) for which: 1) there is a continuum G; C D, such that f : D — D, \ Gy and

. (Gy) := sup . (x,y) > 6;2) there exists a continuum Ay C f(D) such that 1, (Af) > 6and h( A 7),9D) >
x,y€Gy
The following theorem holds.

Theorem 6.6. Assume that the following conditions are satisfied:
1) Q is locally integrable in D and either Q satisties (8), or Q € FMO(py) at any point py € D;
2) domains Dy = f(D) and D. are equi-uniform over f € g 5(D);
3) a domain D has a locally quasiconformal boundary;
4) the set D, is a compactum in S,.

Then any mappmg f € Los(D) has a continuous extension f D —» D, and a family 2o, 5(D) of all
extended mappings f is equicontinuous in D.

Proof. Arguing similarly to the beginning of the proof of Lemma 5.2, we conclude that the domain D¢ = f(D),
fe LQ 5(D), has a strongly accessible boundary. In this case, the possibility of continuous extension

f:D — D, follows from Theorem 4.6, and the equicontinuity of 20,5(D) in D is from Lemma 6.3, since
L0,5(D) € Bg (D). It remains to show the equicontinuity of the family QQIO(D) in dD.

Suppose the opposite. Then there are py € dD, pi € D,k=1,2,..., fx € QQ/@(B) and 6g such that py — po
ask — oo and

1P, filpo)) = 6o .- (81)

By Theorem 4.6 we may assume that p; € D, besides that, by Lemma 6.2 there are [y > 0 and ro > 0 such
that for some ky > 1

I(f(S(po, 1) = 1o, ¥ 7€ (po,p),ro), Yk>ko, (82)

where | denotes the length of a path on the Riemannian surface 5.. Without loss of generality, we may
assume that ry < €9, where ¢ is a number from (8), existing by the conditions of the lemma. In this case,

the function
_ 1/10, pED,‘,
p(P)—{ O, piD)e

isadmissible for F;O, consisting from the union of all dished lines f; (g(po, r),k=1,2,...,overr € (ﬁ(po, Pr), 10)-
In this case, by the definition of the modulus of families of paths, we obtain that

M) < (1/B) - (D) < o0, (83)
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because D, is a compactum in S.. On the other hand, by Lemma 2.4 and by the conditions (8) we have that

i ( L—)oo
M(Ty) > f 010 (84)

T(po.pi)

as k — oo. The relations (83) and (84) contradict each other,, which refutes the assumption made in (81). O

Let D and D. be domains in $ and 5., respectively. Given 6 > 0, a natural number N > 1 and a function
Q:5— (0,00), Q(x) = 0 for x € 5\ D, measurable with respect to the measure h, denote by Mg s n(D) the
family of all open discrete and closed mappings f : D — D, of the class Wllc;l(D) with a finite distortion for

which: 1) there is a continuum G C D, such that f : D — D. \ Gy and h.(Gy) := sup R(x, y) = 0; 2) there
x,y€Gy

is a continuum A¢ C f(D) such that E(Af) > 6 and E(f‘l(Af), dD) > 6; 3) K¢(p) < Q(p) for any p € D; 4)
N(f,D) < N.

The following theorem holds.

Theorem 6.7. Assume that the following conditions are satisfied:
1) Q is locally integrable in D and either Q satisties (8), or Q € FMO(py) at any point py € D;
2) domains Dy = f(D) and D. are equi-uniform over f € Mg ;sn(D);
3) a domain D has a locally quasiconformal boundary;
4) the set D, is a compactum in S..

Then any mapping f € Mg s~n(D) has a continuous extension f:D — D. and the family Mo,sn(D) of all
extended mappings f is equicontinuous in D.

Proof of Theorem 6.7 immediately follows from Theorems 6.6 and 1.1. O
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