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A New Characterization of the Closure of Dirichlet Type Spaces D; in
Bloch Spaces and Interpolating Blaschke Product
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Abstract. In this paper, motivated by Qian, et al [20, 22], we give a new characterization for the closure

of the space D; in the Bloch space. Moreover, a new characterization for interpolating Blaschke product in
Cg(D; N B) is also investigated.

1. Introduction

As usual, let ID be the open unit disk in the complex plane C, D, = C \ D, H(ID) be the class of all
functions analytic in ID and H* denote the space of all bounded analytic function. A Blaschke product B
with sequence of zeros {a,};°

o1 € Dis called interpolating if there exists a positive constant 6 such that
a; — ag
=20 k=12
P RO

Suppose that 0 < p < co, H” denotes the Hardy space, which consists of all functions f € H(ID) for which
(see [14])

27

Il = sup

[f(re)PdO < oco.
O<r<1 27 0 f

Let 0 < s < co. The Dirichlet type space D; consists of those functions f € H(ID) such that

1/2
Ifllo, = 1f(0) + (f]D If'@P(1 - IZIZ)SdA(Z)) < 0.

The space D; has been studied extensively. In particular, if s = 0, this gives the classical Dirichlet space D.
If s = 1, then D; is the Hardy space H>. When s > 1, it gives the Bergman space A? ,. Stegenga [25] and
Taylor [26] studied the multipliers of the space D; respectively. Rochberg and Wu [23] studied small hankel
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operator acting on the space 9;. Pau and Pérez [18] investigated composition operator acting on the space
D;. For more information relate to the space D, we refer to [18, 23, 25, 26] and the paper referinthere.
The Bloch space 8 ([28]) is the class of all f € H(ID) for which

Iflls = 1f(O)] + sup(1 ~ |2P)| f'(2)| < 0.

zeD

Recently, the problem of characterizing the closure Cg(H N B) of H N B in the Bloch norms for certain
spaces H of analytic functions in ID has attracted the interest of many scholars. In 1974, Anderson, Clunie
and Pommerenke in [1] raised the problem of characterizing the closure of H* in the Bloch norm? (The
problem is still unsolved.) Zhao in [27] studied the closures of some Mobius invariant spaces in the Bloch
space. Lou and Chen [15] generalized [27] to a more general analytic function spaces. Monreal Galdn
and Nicolau in [16] characterized the closure in the Bloch norm of the space H” N B, i.e.,, Cg(H" N B).
Galanopoulos, Monreal Galdn and Pau [12] have extended this result to the whole range 0 < p < co. Bao
and Gogis in [2] studied the closure of Dirichlet type spaces D; in the Bloch space. Galanopoulos and
Girela [13] generalized the results in [2] to a more general class of Dirichlet type spaces 2. Qian, Li and
Zhu in [21, 22] studied the closure of Dirichlet type spaces D, in the Bloch space.

Motivated by Qian and Zhu in [22], we study the closure of the Dirichlet type spaces D; in the Bloch
space via pseudoanalytic extension. Pseudoanalytic extension was introduced by Dyn’kin in [11]. There
are many papers related to pseudoanalytic extension, we refer to [3, 6, 8, 9, 11]. Moreover, motivated by
Qian and Shi in [20], a new characterization for interpolating Blaschke product in Cg(D; N B) is also given.

In this paper, let f € H(ID) and F be the primitive function of f with F(0) = 0, that is,

F(z) = f fw)dw, zeD.
0
We say that A < B if there exists a constant C such that A < CB. The symbol A = B means that A < B < A.

2. Closure of Dirichlet type spaces in Bloch spaces

Before we go into proofs, we need some lemmas.

Lemma 1. [28] Suppose s > 0 and t > —1. Then there exists a positive constant C such that
(1 - [Py C
— 2 dA < _
f]D i —zwpr = TRy

Lemma 2. [24] Let 0 < s < 1 and let n be a positive integer. Then

forallz e D.

geD, o f PP — 220D — 2P dA() < oo,
D

Using the same strategy as [3], we have the following result.
Lemma 3. Let n > 2 be an integer and let f be a Bloch function. Let F be the primitive of f with F(0) = 0. Then the
following statements are equivalent.
(1) f € D;
(2) There exists a function G € C'(C \ D) satisfying
lim G(re'®) = F(¢'®) a.e. and in L2[0,27], (a)

r—1*
G(z) =0(Z"), as z — oo, (b
9G(z) = O(z"2), as z — oo, (c)
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and
0GP |,
—1)°dA(z) < d

I, o e -y < o @
where

5—i—1 i+ii zZ=x+1

oz 2\ax Tlay) T
Proof. (1) = (2) Letz € D, and
D —2)'F(z, z* —%

Ga)=) -
i=0 ’

fo (w)dw. Since f € Dy C H?, then F has a continuous extension to the closed

where f € D, and F(z*) =
unit disk. By the facts on Hardy spaces (see [4]), it follows that, fori = 1,2
o K ©)

My(r, F') = o((1 = 1)), Moo(r,F) = o((1 —7)27"), as r — 1

Using (e), we deduce that ‘ '
lir?+ G(re'?) = F(e') a.e.and in L?,
and
G(z) = 0(Z"), as z — oo.
Note that
(- )n+1 . 1 (N2 (n+1) (o
9G(z) = (" —2)" (") F" ().
We have, _
dG(z) = O(z"2), as z — .

= w" and combining with Lemma 2, we have

Making a change of variable withz = 2 =
9G@P (o 4y 1 [ =P
I (2R - 1) dAGz) = A
fD, -1 =1) 440 = G5 S G Kt

< [ 1A popre (1 - |w|2)s dA@) < IfIB,
(2) = (1). Using the Cauchy-Green’s formula and (a), we obtain
1 F(&) 1 G(cf) 1 f 9IG(&)
F = = - dA y
@) 27t fm:l -z 27t Jig=r € — as = T J1<g<r € — 2 ©)

Combine with (b) and (c), we have that
G(&)
————d& —> 0, as R > oo,
fa g (& —2)"*?

and
5

Using these facts and differentiating n + 1 times in (f), we get

(n+1)! IG(&)
dA(E).
f]D X (€)

F(n+l)(z) == - & —z)m+2

(f)

_9GE)

T A@ <.
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Using Holder’s inequality, we deduce that

1 0G(&)P
(n+1) 2
PR s [ A | maae

Making the change of variables & = % =w" (w € D) and combining with Lemma 1, we have

1 1 1
fn EopA@ s fD =A@ S Ty

_
F DR < s | e A
N

(1-1zP)? Jp, lw

Hence,

Using Lemma 1 and (d), we obtain
f FD @R~ [PV~ 2P dAG)
D
- f F*D @R = [PV (2P — 1Y dAG)
D

<f G dA w1 - P21 - EPFAR)

| |2n

f |8G(w )? |2”’4dA(w)(1 _ |Z|2)2(n72)(1 _ |Z|2)SdA(Z)

o |2n

]D
f f (1 |Z|2)2(n B ARG PP A

7 |2n

s fD W@G(w*nﬂwﬁﬂ-%mw)

19GE)PR (1
b, (" =1y

which implies that f € D, by Lemma 2. The proof is complete. [

- 1)5 dA(E) < oo,

We also need the following lemma.
Lemma 4. [3] Let n > 2 be an integer and let f € H(D). Let F € H? be the primitive of f with F(0) = 0. Then the
following statements are equivalent.

(1) fesB

(2) There exists a function G € C1(C \ D) satisfying

lir{l G(re'?) = F(e"®) a.e. and in L*[0,27], (9)
G(z) = 0(Z"), as z — oo, (h)
9G(z) = O(z"2), as z — oo, @)
and _ , ,
PGP (,_ 1 . .
i‘é}é’ fD (27— 17 (l |(Pa(Z)|2) AAR) <o ?

where 1 <p <2and @,(z) = {=.
Theorem 1. Let f € B, n > 2 O<s<land1< p < 2. For any € > 0, the following are equivalent.
(1f € Ca(Ds N B).
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(2) .
fmf) (1 = [wp)>r adw) < oo
where
Qc(f) = {w e D: (1 - [wP)"|f" )| 2 €} .
(3) )
———dA o0,
.[A‘E(G) (1 = [wl?)?=r w) <
where

_ [ 19G@P 1y 2
Ae(G)‘{weD e (1 ) #4002,

where G is the function in Lemma 3.
Proof. (1) & (2). See [2].

(1) = (3). Suppose that f € Cg(D; N B) € B. For any h € B, from the proof of Lemma 4 (Theorem 2.1 in
[3]), there exists a constant C > 0, such that

10G(z) — IG1(2)[? 1V 12
(D (2l = 1)2 (1_I(pw(z)|2) dA<Z>] < CIIf - lls,

where G, G; are its pseudoanalytic extension of f and #, respectively. Since f € Cg(D; N B) C B, for any
€ > 0, there exists a function g € D; N B, such that

If = glls < 5=,
where C is the constant stated as above. Thus,
2 p 1/2
10G( z)2 8G22(z)| ( 1 2) iAe)| < €
(IzI* = 1) lpa(2)] 2’

Here G, is its pseudoanalyhc extension of g. Note that

9GP ( 1 )p
fn -2\ lpatar) @
|éc(z>—5cz(z)|2( 1 )” |§c2<z>|2( 1 )P
@ [ a1 ) 02 [ e () 4o

Hence A¢(G) € A¢(Gz). Then

1
fAE(G) (1 = lwl)>s Aw)

1
< iAW)
fm(cz) (1 = [w]?)>s

4 |acz(z)|2( 1 )PdA T
f <cz>f 12\ ) O @)

1y _ 1 19G@)P
Mcz)(l |<pw<z>|2) =" |, @ -1p

1 190G (z)P
f f ( I(pw(z)|2) (1 — [wP)zs dA(w) " -1 dA(z).

4

dA(z)
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Making a change of variable with z = 1 and using Lemma 1, we obtain

f (1— L )p L dA(w)
D lpu(@)?) (1~ lw?)>=s

C(A-lop(R-1p 1
- fD P Q=A@
[ A—lpa-pRy 1
- fD 1-vwP (1 [wP)?s 4Aw)

S =Py < (2P - 1),

By Lemma 3, we have

1 0GP (0 v X
fw = fopr= A fD Gy (2 =1) 4@ < g,

(3) = (2). From the proof of Lemma 4 (see [3]), for any z € D, we have

() (0 N2 1 2\21=2 (1 2\P |§G(w)|2(
[ 1w (- lp. ) daw < [ s

Using sub-mean inequality of |f™|>, we have

FORR < (1 - )2 f @) RdA),

D(z,r)

where D(z,7) = {w € D : |py(z)| < r}. Hence,

(1 = R OGP <(1 - )2 f £ ) PdA(w)

D(z,r)

S fD @) — 022 (1 - () ) dA(ew)

[9G(w)P ( o1 )”
an (o - 12 ' ipne) A

Thus there exists a constant C > 1 such that

pa(w)P

(1 _ |Z|2)2n|f(n)(z)|2 <C |8G(w)|2 (1 1

b, (@' =12 " Jp.(w)P

Thus,
Qu(f) € A (C)

and

1 1
B P S T
fszem (1 = [wl)> @) A+ (© (1 = w])2-s @)
C

The proof is complete. [

1334
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3. Inner function in Cg(D,; N B)

In this section, we will give some equivalent characterizations of inner function in Cg(D; N B). An
analytic function in the unit disc ID is called an inner function if it is bounded and modulus equals 1 almost
everywhere on the boundary JD. Let us recall the following notion [10].

Let X and Y be two classes of analytic functions on ID, and X C Y. Suppose that 0 is an inner function, 6 is
said to be (X, Y)-improving, if every function f € X satisfying f6 € Y must actually satisfy f0 € X.
Theorem 2. Let 0 < s < 1and 6 be an interpolating Blaschke product with zeros {ac};? . Then

(1) 6 €Cg(DsNB).
(2) Lty (1 = laPy < oo.
(3) 6 €D,
(4) 0is (Cg(Ds N B) N BMOA, BMOA)-improving.
Proof. (1) © (2). See [2].
(2) © (3). See [19].
(3) = (4). Supposed that 0 € D, f € Cg(D; N B) N BMOA, f0 € BMOA, we only need to prove
f0 € Cg(Ds N B). That is, for any € > 0,

1
L dAR) <,
fAe(fe) (1 - IzP?)?>

Ac(fO) ={z €D : (1 - 2P)I(fO) (2)] = €.
Since f € Cg(Ds N B) N BMOA < Cg(D;s N B), for any € > 0, there exists g € D, N B, such that

where

If - gils < 5.
Since
— 2P)I(f0) @) =1 - 2P)If' (2)0(2) + f(2)6' ()|

<(1 - PIf (20| + (1 - 12P)f ()0 @)

<(1-EPIf @)1+ 1 - 12P)f ()0 @)

<1 -EP)f'@ -7 @I+ A -1zPlg @)+ 1 - 2P)If(2)0 ),
we see that .

Ac(f0) CTrg0 ={z€D: (1-zP)g @)+ (1 - zP)If ()0’ ()| > 5}-

Then

1 1
—dA() < f ———dA(z
.Lﬁma—mwﬂ N ST =

4 , ’ 2
s 5 rW((1—|z|2)|g @)+ 1 - EP)If@0' @) WW\(Z)
< A1+ Ay,
where
. N2 N2
A= | O @ )
and 1
AyZJ;JTﬂﬁVV@HQQWafaﬁﬁmﬂn
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It is obvious that A1 < “9”%5‘ We only need to prove that A, < co. Since f0 € BMOA, by [5, Theorem 1], we
have
sup(1 - 0@2)P)|f(2)P < oo,

zeD

and hence

4o < f DRI @R (1 - k) dA)

< sup f f )|2 OB (1~ 1epY daco

aeD | |2)
a —|e<z>|2> " )
<sup [ B219OD (4 ey aac) < o,
up | e (L EF) dAG) s eI,

where the last inequality due to [7].
(4) = (1). Since 1 € Cg(Ds N B)NBMOA and 1 - 0 € H® € BMOA. Then 0 € Cg(D; N B). The proof is
complete. [
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