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Bornological Spaces in the Context of Fuzzy Soft Sets
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Abstract. The aim of this study is to present the concept of an (L, M)-fuzzy (E, K)-soft bornology as a
parameterized extension of the LM-valued bornology. By this way, we describe the notions of boundedness
and the parameterized degree of boundedness for L-fuzzy soft sets. We examine several fundamental
properties of the proposed structures. In addition, we induce a (2, M)-fuzzy (E, K)-soft bornology in a given
(2, M)-fuzzy (E, K)-soft topological space with the help of the measures of compactness of a soft set.

1. Introduction

Since Molodtsov [18] introduced the soft set theory to overcome some of the difficulties involving
the parametrization process in handling uncertainties, many researchers have applied soft set theory in
different directions [3, 7, 24, 25]. In 2001, Maji et al.[17] proposed the fuzzy soft set theory which is the
combination of fuzzy set and soft set theories. Later, many researchers focused on the theory of fuzzy soft
sets and they applied this theory to their own branches such as algebra, topology, decision making and so
onl[4,5,8,9,21].

General topology, with its emphasis on neighborhoods, entourages, and proximity, primarily deals with
local phenomena. Through the years, there have been attempts to build frameworks to discuss macroscopic
phenomena and their interplay with topology. Bounded sets described in metric spaces play an important
role in some applications, but in general topological spaces, the notion of a “bounded set” makes no sense
by the absence of the distance function. Hence in order to identify bounded sets independently from the
distance function, a structure named bornology (or so called abstract boundedness), has been constructed by
Hu [15]. And hence, Hu's work opened a new perspective to discuss macroscopic phenomena in general
topological spaces. According to this definition a bornology is a collection of sets which satisfies some
certain conditions: closed for finite unions, closed hereditary and contains all singletons. The sets which
belong to a bornology are called as the bounded sets of the space. The families CL(X), F(X) and K(X) of all
nonempty closed, all nonempty finite and all nonempty compact subsets of a Hausdorff topological space
X, the family of all (totally) bounded subsets of a metric or uniform space are examples of boundedness. At
present the theory of bornological spaces is developed in various directions. Most of the research involving
bornologies is done in the context of topological linear spaces [14] and in topological algebras, that is in case
when the underlying set, in addition to topology, is endowed with a certain algebraic structure. Maio and
Ko¢inac [12] studied the notion of boundedness in a topological space and demonstrated the importance
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of this notion in selection principles theory. Caserta et al. [6] investigated some properties of the function
spaces endowed with bornologies in the view of selection principles. Abel and Sostak [1] proposed the
notion of an L-bornology which is a family of L-fuzzy sets satisfies some certain conditions. Hence they
described the concept of classical boundedness for L-fuzzy sets. Later, Sostak and Uljane [22, 23] studied the
fuzzy-crisp and fuzzy-fuzzy approaches of the bornologies named as L-valued bornology and LM-valued
bornology, respectively. Paseka et al. [19] concerned and studied some categorical properties of the Abel
and Sostak’s fuzzy bornology.

The main intention of the present paper is to handle the soft interpretation of bornological spaces and
also shed light to the way of describing boundedness in parameterized spaces. This paper is arranged in
the following manner. In section 2, we recall some basic notions and notations for fuzzy soft sets. In Section
3, we describe the notions of (E, K)-soft L-bornology and (L, M)-fuzzy (E, K)-soft bornology. We investigate
the relations between these notions and we also study fundamental features of the (L, M)-fuzzy (E, K)-soft
bornological spaces. We introduce bounded fuzzy soft mappings and construct a category of such spaces.
In Section 4, we induce a (2, M)-fuzzy (E, K)-soft bornology in a (2, M)-fuzzy (E, K)-soft topological space by
using the measures of parameterized compactness of a soft set in the corresponding space.

2. Preliminaries

In our work two lattices L and M, will play the fundamental role. The first one is a complete DeMorgan
algebra L = (L, <, A, V,'), satisfying the infinite distributivity law

an(\/g)=\/@np)vaeL i cL
iel i€l

The top and the bottom elements of L are denoted by 1, and 0, respectively. By M we denote the
complete completely distributive lattice M = (M, <, A, V) whose the bottom and the top elements are
denoted by 0y and 1y, respectively. For a complete lattice M and a, B € M, the wedge-below relation < is
defined on M as follows: f<a & if KCManda <\/ Kthendy e K, <.

As shown in [20] a lattice M is completely distributive if and only if the wedge-below relation has the
following property, « = \/{f € M | p < a}, for each @ € M.

An element « in M is said to be coprime if & < Vv y implies that @ <  or @ < . The set of all nonzero
coprime elements of M is denoted by c(M). We also denote M° = {a € M | @ < 11}. For more details about
the lattices, we refer [13, 20].

Throughout this work, X refers to a nonempty initial universe and E denotes an arbitrary nonempty set
viewed on the sets of parameters.

The parameterized extension of an L-fuzzy set is called an L-fuzzy soft set and it is defined as follows.

Definition 2.1. ([21]) An L-fuzzy soft set (f, E) over the universe X with the set of parameters E is defined
by the set of ordered pairs

(f,E)={(e, fo) : e € E, fo := f(e) € L¥},
where f : E — L%, is a mapping. Hence, for an L-fuzzy soft set (f, E) it is clear that f € (L*)E.

The notation FS(X, E) denotes the family of all L-fuzzy soft sets on X with the set of parameters E.

Definition 2.2. ([21]) Let (f, E) and (g, E) be two L-fuzzy soft sets on X, then

(1) we say that (f,E) is an L-fuzzy soft subset of (g, E) and write (f,E) C (g,E) if f. < g., for each e € E.
(f,E) and (, E)g are called equal if (f, E) E (g, E) and (¢, E) E (f, E).

(2) the union of (f,E) and (g, E) is an L-fuzzy soft set (i, E) = (f,E) U (g, E), where h, = f, V g,, for each
e€LE.

(3) the intersection of (f, E) and (g, E) is an L-fuzzy soft set (h, E) = (f, E) 1 (g, E), where h, = f. A g,, for
eache e E.
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(4) the complement of an L-fuzzy soft set (f,E) is denoted by (f,E) = (f’,E), where f' : E - [Xis a
mapping given by f; = (f.)’, for each e € E. Clearly (', E) = (f, E).

Definition 2.3. ([21])

(1) (Null L-fuzzy soft set) An L-fuzzy soft set (f, E) on X is called a null L-fuzzy soft set and denoted by
0,if f.(x) =0, foreache € E,x € X.

(2) (Absolute L-fuzzy soft set) An L-fuzzy soft set (f,E) on X is called an absolute L-fuzzy soft set and
denoted by 1, if f.(x) =1, foreache € E,x € X. Clearly (1)’ =0and 0’ = 1.

Proposition 2.4. ([2]) Let A be an index set and (f,E), (f;,E), (9i, E) € FS(X,E), for all i € A. Then the following
properties are satisfied.

@ (f,Byn [I_I(gi/ E)] = |_| ((f,E)n(gi,E)) and (f,E) U [ﬂ(gi, E)] = |_| ((f,E) U (g:, E)).

ieA ieA ieA ieA
@) [ﬂ(ﬁ,E)] =| | By and (|_|(ﬁ, E)] =[] B>
ieA ieA i€eA ieA

Definition 2.5. ([4, 16]) Let (f,E1) and (g, E;) be two L-fuzzy soft sets over X; and X, respectively. A
fuzzy soft mapping between FS(Xj, E1) and FS(X3, E») is a pair (¢, ¢), denoted also by simply ¢y, of crisp
mappings ¢ : X; = X, and ¢ : E; — E; such that:

(1) The image of (f, E1) under ¢y, is an L-fuzzy soft set over Xj, defined by
Py ((f, ED(y) = \/ \/ fulx),  forallk € Ey, y € Xy.

PE)=y Yla)=k
(2) The pre-image of (g, Ez) under ¢y is an L-fuzzy soft set over Xy, defined by
03 (9, E2)e(x) = gy (@(x),  foralle € Ey, x € X;.

If ¢ and 1) are both injective (or surjective), then ¢y, is said to be injective (or surjective).

Proposition 2.6. ([16]) Let (f;, E1) € FS(X1, E1) and (g;, E2) € FS(Xa, Ep) for alli € T', where T is an index set. Then
the following properties are satisfied.

1) Py (Uiel“(fir El)) = |_|ier (Pw((flr Ey)).
() @y ([Nier(fis E1)) E [Nier @u((fi, E1)), the equality holds if ¢y is injective.
3) (prl (Uier(9i, E2)) = Lier (P?((_‘]i/ Ey)) and (%1 ([ier(gi, E2)) = Nier (Plj,l((%Ez))-

3. Boundedness in the fuzzy soft universe

In this section, we describe the notions of “boundedness” and ”the parameterized degree of bounded-
ness” for L-fuzzy soft sets. In order to achieve this goal, we define the parameterized extensions of the
L-bornology and LM-valued bornology in the framework of mathematics of fuzzy sets. Besides, we observe
some elementary features of the (L, M)-fuzzy (E, K)-soft bornological spaces.

Definition 3.1. A parameterized family B = {Bi}iex of mappings By : FS(X,E) — 2 is called an (E, K)-soft
L-bornology if it satisfies the following conditions.

(B1) LI(f,E) € FS(X,E) | (f,E) € Bi} = 1.
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(B2) If (f,E) € Brand (g, E) E (f,E), then (g, E) € Bx.

(B3) If (f1,E), (f2, E) € B, then (f1,E) U (f2, E) € Bx.

Then the pair (X, B) is said to be an (E, K)-soft L-bornological space. If (f, E) € By, then the L-fuzzy soft set
(f, E) is called a bounded L-fuzzy soft set with respect to the parameter k € K.

Definition 3.2. A mapping 8 : K — M is called an (L, M)-fuzzy (E, K)-soft bornology on X if it satisfies
the following conditions.

(SB1) Ya € M°,Vk € K,3U C FS(X,E) s.t. | |U =1 and Bi((f, E)) > a,Y(f,E) € U.
(SB2) If (f,E) E (g, E), then Bi((f, E)) = Bx((g,E)), for all k € K.
(SB3) Bi((f, E)U (g,E)) = Bi((f, E)) A Bi((g, E)), for all (f, E), (g, E) € FS(X,E), k € K.

Then the pair (X, 8) is called an (L, M)-fuzzy (E, K)-soft bornological space and the value Bi((f, E)) is
interpreted as the parameterized degree of boundedness of an L-fuzzy soft set (f, E) in this space.
One can prefer to consider the following stronger version of the first axiom:

(SB1") | |I(f,E) € FS(X,E) | Be(f, E) = Im} =1, Vk € K.

The mapping B : K - MF®E which satisfies the axioms (SB1*), (SB2) and (SB3) is said to be a strong
(L, M)-fuzzy (E, K)-soft bornology on X.

Remark 3.3. (1) In case when both parameter sets are one-point, then we come to the definition of an
LM-valued bornology [23].

(2) If the parameter sets are both singletons and if besides M = 2, then we return to the definition of an
L-bornology [1].

(3) If the parameter sets are both singletons and if besides L = 2, then we return to the definition of an
M-valued bornology [22].

(4) If the parameter sets are both singletons and if besides L = M = 2, then we return to the original
definition of a bornology [15].

(5) If the parameter set K is singleton, then we get the crisp bornologies for the soft and the fuzzy soft
sets.

(6) If the parameter set E is singleton, then we get the soft bornologies for the crisp and L-fuzzy sets [11].

In the light of the above discussion, one may conclude that (L, M)-fuzzy (E, K)-soft bornology definition

is the general case of all proposed boundedness types given not only for the crisp but also for the fuzzy
universes.

Remark 3.4. It is noted that if B = {Bi}iex is an (E, K)-soft L-bornology on X, then the mapping 8 : K —
2FSXE) defined by B(k) := By = xs, is an (L, 2)-fuzzy (E, K)-soft bornology on X, where

1, if (h,E)€By,
hE)) =
(B =00 ik E) ¢ By,

Example 3.5. LetK = {ki, k2, k3}, E be anon-empty set and define a family of mappings B = {By}iex as follows:
B ((f,E)) = 1,Y(f,E) € SS(X,E), B, = {(f,E) € SS(X,E) | I(f,E)| = sup,; |f(e)| < n, for some n € IN} and
B, ={(f,E) € SS(X,E) | I(F,E)| < 8o}, where SS(X,E) ={(f,E)| f : E — 2X} denotes the set of all soft sets over
X with the set of parameters E. Since the parameterized family B = {By}xex of mappings By : SS(X, E) — 2 s
an (E, K)-soft 2-bornology on X, then B = x3, is an (2, 2)-fuzzy (E, K)-soft bornology on X.
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Example 3.6. Let L = {(0,0),(1,1)} U {(a,0),(0,b),(a,a) | a,b € (0,1)} and let the relation ” < ” on the set L be
defined by (m,b) < (n,d)ifand only if m <nand b <d.

Define an order reversing involution’ : L — L as follows:

For each x,y € (0,1), (x,0) = 1 -x,0),0,v) = (0,1 —y),(x,x)) = (1-x1-x) and (1,1) = (0,0).
Then (L, <) is a complete DeMorgan algebra. Let X = {x,y},E = (0,0.5],L = M and f.(x) = f.(y) = (¢,0),
ge(x) = 9.(y) = (0,¢) for each e € E.
Define a mapping B : E — MFSXE) as follows:
(e,0), if(hE)=(fE)
8e((h/ E)) = (Or e)/ if (hr E) = (g' E) .
(1,1), otherwise
Then the mapping 8 is an (L, M)-fuzzy (E, E)-soft bornology on X.

Example 3.7. Let L = {0,4,b,1} be a diamond-type lattice with the order reversing involution " : L — L
defined by 0’ = 1,1’ = 0,4’ =aand b’ = b. Then (L,<,”) is a completely distributive DeMorgan algebra.
Let K = {ki, ko), X = {x,y},E = {1,2} and (f, E), (g, E) be two L-fuzzy soft sets defined by follows: fi(x) =
fy) =a, fo(x) = fo(y) = band g1(x) = g1(y) = b, g2(x) = g2(y) = a. Define a mapping B : {k;, k} — LFFXE) as
follows:

a, if(h E)=(f,E)or(h E)E (f,E)
b, if(h,E)=(g,E)or(hE)E (g,E)
0, if(h E)3(f,E)or(hE)3(gE)
1, otherwise

Then the mapping 8 is an (L, L)-fuzzy (E, K)-soft bornology on X.

B, ((h,E)) = and B, ((h,E)) = 1, for all (h, E) € FS(X, E).

Definition 3.8. Let Lbe asubsetof FS(X, E) that is closed under finite unions, then the mapping O : K —» M~
is said to be an (L, M)-fuzzy (E, K)-soft bornology base if the followings are satisfied.

(1) Ya € M°,Vk € K,3U C Lst. | |U = 1and D(f,E)) = o, Y(f,E) € U.
(2) Di((f,E)u (g, E)) = Dk((f,E)) A Di((g, E)), for each (f, E),(g,E) € L and for each k € K.

Proposition 3.9. Let D : K — MZ% be an (L, M)-fuzzy (E, K)-soft bornology base on X. Then the mapping (D) :
K — MFSXED defined by (D) ((f,E)) = V{Dk((9,E)) | (9,E) € L,(f,E) T (9,E)} is an (L, M)-fuzzy (E, K)-soft
bornology on X.

Proof. (SB1) Ir is evident.
(SB2) Let (f,E), (9,E) € FS(X, E) and k € K be chosen. Then it is evident that

(D)((f, E)) = VIDx((h, E)) | (f, E) E (h, E)} = V{D((h, E)) | (9, E) E (h, E)} = (D)((9, E))-
(SB3) (D) ((f1, E) U (f2, E)) = VIDk((9,E)) | ((f1i, E) U (f2,E)) C (g,E)}
\/{Dk((glrE) U (92/ E) | (fl/ E) c (gi/ E)/l = 11 2)}
VADi((91, E)) A Dil(92,E)) | (fi, E) E (93, E), i = 1,2}
VADk((91,E)) | (f1, E) E (91, E)} A VADk((92,E)) | (f2,E) E (92, E)}
(D)((f1, E)) AN{D)((f2,E)), foreachk e K. O

v iIv

Definition 3.10. Let (X3, 8') and (X, B?) be an (L, M)-fuzzy (E1, K)-soft and an (L, M)-fuzzy (E,, K»)-soft
bornological spaces, respectively. Then the fuzzy soft mapping @y, : (X1, 8') — (X, 8?) is said to be
bounded if Bi((f,El)) < Bf](k)((plp((f, Ey))) for all (f, E1) € FS(X1, E1) and for all k € K;.

Here ¢ : X1 = Xp, ¢ : Ey = E; and 1 : K; — K; are crisp functions.

Proposition 3.11. Composition of two bounded fuzzy soft mappings is bounded, too.

Proof. The proof is evident. [J
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Example 3.12. Let B! be the discrete (L, M)-fuzzy (E, K)-soft bornology on X, that is B;(( f,E)) = 1, for all
(f,E) € FS(X,E) and for all k € K. Let us consider the identity fuzzy soft mapping (idx) s,z : (X, B') —
(X, B?), where 82 is the (L, M)-fuzzy (E, K)-soft bornology given in Example 3.6. Since B!((f,E)) = (1,1) £
(e,0) = BX(¢y((f, E))), for some e € E, the mapping (idx) (i, i) : (X, B') — (X, B?) is not bounded as different
from (idx) i, iag) : (X, B*) — (X, B) that is a bounded fuzzy soft mapping.

It is also easily seen that the identity fuzzy soft mapping (idx) i) : (X, B) — (X, B) is bounded, where
(X, B) is any (L, M)-fuzzy (E, K)-soft bornology. Hence (L, M)-fuzzy (E, K)—soft bornological spaces and
bounded fuzzy soft mappings between them form a category which is denoted by SBOR(L, M, E, K).

Proposition 3.13. Let B : K — MFSXE) (where, By := B(k) : FS(X,E) — M are mappings for all k € K) be an
(L, M)-fuzzy (E, K)-soft bornology on X and a € M, then the family B* = (B} ek of mappings B} : FS(X,E) — 2
which are defined by, B; = {(f, E) € FS(X,E) | Bk((f, E)) > a} is an (E, K)-soft L-bornology on X, for each k € K.

Proof. The proof can be easily verified by the construction of the level bornologies and by the axioms of
Definition 3.2. In addition the collection of a-levels {B* | a € c¢(M)} of an (L, M)-fuzzy (E, K)-soft bornology
is lower semi-continuous in the following sense:

B2 =N{B | p<a, peM), foreacha € c(M)and forall k € K,

where BgM = FS(X, E) as the intersection of the empty-set. Hence each (L, M)-fuzzy (E, K)-soft bornology
8B can be characterized by the lower semi-continuous decomposition into the level soft bornologies by for

eachk € K; {8 = Voo Bl la €c(M)}. O
Now, let us consider the converse as follows.

Proposition 3.14. Let (D" | a € c(M)} be an indexed family of (E, K)-soft L-bornologies on X, such that o <
implies Z)f C DY, for each k € K. Then the mapping B : K — MFSXE) defined by

Bi((f,E)) = Via € c(M) | (f,E) € D¢}, for all f € FS(X,E) and k € K,
is an (L, M)-fuzzy (E, K)-soft bornology on X.

Proof. Since each D% = {Z)? ek satisfies the axioms of Definition 3.1, then | | D=1 for any k € K. Hence
the axiom (SB1) is ensured by the construction.

(SB2) Let (f, E), (g, E) € FS(X, E) be given such that (f, E) C (g,E), and k € K be fixed. Then we have
B((f,E)) = V{a € c(M) | (f,E) € D¢} = V{a € c(M) | (g,E) € Dy} = Bi((g, E)).

(SB3) Let (f,E),(g,E) € FS(X,E) and k € K be given. Let a := Bi((f,E)) A Bx((g, E)). We need to show that
Bi((f, E)U(g,E)) = Bforall B<a.Since a < Bi((f, E)) and o < Bi((g, E)), for each f<iar, there exists 1, y2 € c(M)
such that < y1 A y2 and (f,E) € D", (9,E) € Z);:Z. By the hypothesis, we get (f,E), (g,E) € 9’ and hence

(f,Eyu(g,E) € Z)ﬁ This witnesses the following inequality B,((f, E) U (g, E)) = Bk((f, E)) A Bk((g,E)). O

Proposition 3.15. B{ = ﬂ{Z)IZ | B €c(M),p<al}, foreacha € M and k € K.

Proof. Let k € K be a fixed parameter and (f, E) € FS(X, E) be given such that (f, E) ¢ B;. Then there exists
B € c(M) with 8 < a such that (f, E) € Dk(B), and hence (f,E) ¢ ﬂ{i)f | B € c(M),p < a}. This proves that
By C ﬂ{.Z)ig | B € c(M),B < a} and hence also the equality 8 = ﬂ{@f | B € c(M),B < a} since the converse
inequality is clear from the construction of the (L, M)-fuzzy (E, K)-soft bornology 5.

a given indexed collection of (E, K)-soft L-bornologies {D* | a € c¢(M)} (where D% = {D} : FS(X,E) —
2hek) on X, let the mapping B : K — MPXD be the (L, M)-fuzzy (E, K)-soft bornology described as
above. Let us define a new indexed collection of (E, K)-soft L-bornologies D" | aeM by describing
D, = ﬂ{Z)fi | B<a,B € c(M)}, for any k € K. Let the mapping B : K — MFSXB) be the (L, M)-fuzzy (E, K)-soft
bornology which is defined by follows:
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Ek((f, E))=V{aeM]|(f,E) € 5:}, forall (f,E) € FS(X,E) and k € K.
Then for each @« € M and k € K, we have

R _ ; _ _ Y _
8= () D= [) ﬂ@ﬁ]_ (| D=8
B<a,peM Y<B,yec(M) \ f<a y<a,yec(M)

As aresult, we havethat B=8. O

Definition 3.16. Let B(L, M, E, K, X) be the family of all (L, M)-fuzzy (E, K)-soft bornologies on X. Define a
partial order ” < ” by setting for 8!, 8% € B(L, M, E, K, X) :

B' < B :o BI((f,E)) = Bi((f,E)) for all k € K and (f, E) € FS(X, E).
In this case, we say that B is coarser (or stronger) than 82, or 8 is said to be finer than 8.

Proposition 3.17. The partially ordered set (B(L, M, E, K, X), <) is a complete lattice.

Proof. The mapping 8+ : K — M"XE) which is described as B ((f, E)) = 1y for each (f, E) € FS(X, E) and
k € K, is an (L, M)-fuzzy (E, K)-soft bornology on X. Besides it is obvious that 8+ is the coarsest element of
B(L, M, E, K, X). Now let us identify the finest element of the B(L, M, E, K, X). Let S C Xand a : E — ¢(L) be
given, where (L) denotes the set of all coprimes of L. Define Pt(S, B) = {\/,esx? | x € S}, for all B € ¢(L) and
define a fuzzy soft set P : E — FS(X, E); P(e) € PH(S, a(e)). Here xf denotes a fuzzy point which is defined by

=
xP(y) = {g’b ;f ]‘1; B J;, for some g € c(L).
Then the mapping B : K — MFSX*E) defined by

BT((f,E)) = 1y, if3ASC X,|S| < 8o, AP : E — PH(S, ) for some B € c(L) such that (f, E) C (P,E),
KXV72 T 0y, otherwise

is the finest (L, M)-fuzzy (E, K)-soft bornology in B(L, M, E, K, X). Further for a given family of {8’ :
K — MFXE) | i € T} of (L, M)-fuzzy (E, K)-soft bornologies on X, define a mapping 8* : K — MFX5 by
setting B,((f, E)) = Aier B,((f, E)) for all (f, E) € FS(X, E) and k € K. Then the mapping 8" is an (L, M)-fuzzy
(E, K)-soft bornology on X. Since the first two axioms of Definition 3.2 are easy to verify, we only check the
third axiom:

(SB3) Let (f,E), (9,E) € FS(X, E) and k € K be given. Then we have

B((fEU@E) = \ B(fE U@ E) = N\BULE) ABUEEN) = (/\ BUEN A\ Billg, E)) =
i€l i€l i€l i€l

B ((f, E)) A Bi((g, E))- ,

By the construction we see that the mapping 8 = V8’ is the least upper bound of the family
{B: K - MPSXE) | i eT}in B(L, M, E, K, X). Hence it is a complete join semi-lattice. Now let us build the
greatest lower bound of the family {8’ : K — MFS®B) | i € T} in B(L, M, E, K, X) by follows:

KB’ = Vil B € B(LME K X) | B < [\ B, Vke K} O

iel
Theorem 3.18. Let ¢y, : (X1,8') — (Xo, B%) be a fuzzy soft mapping, where the (L, M)-fuzzy (E1,K1)-soft

bornology B is an induced fuzzy soft bornology from an (L, M)-fuzzy (E1, K1)-soft bornology base D on X. Then
the mapping @y, , is bounded if and only if Di((f, E1)) < Bf](k)((pl/,((f, E1))) for all k € Ky and (f, E1) € FS(X3, E1).

Proof. Let @y, : (X1, B') = (X,, B%) be a bounded fuzzy soft mapping. Then B,l(((f, Eq1)) < Bi(k) (py((f, E1))),
for all k € K; and (f,E1) € FS(Xjy,E1). Then from Proposition 3.9, it is easy to see that Di((g,E1)) <
Bfl(k)((plp((g, Ey))) for all k € K; and (g, E1) € L € FS(Xy, E;). For the converse implication, take k € K; and
(f, E1) € FS(X4, E1), then we have
BU((f,E1)) = VID((9,E1)) | (9, E1) € L,(f, E1) E (9, E)

< \/{B,Zl(k)(w((g,&))) | (9, E1) € L, py((f, E1)) E @y((g, E1)}

< \/{Bﬁ(k)((h/ E2)) | (h, Ez) € L C FS(X3,Ez), py(f, E1) E (h, E2)} = Bfl(k)((ﬁw((f/ Eqy)). O
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Theorem 3.19. Let ¢y, : (X1, E1, K1) — (X2, E2, Ko, B bea fuzzy soft mapping, where (Xo, B isan (L, M)-fuzzy
(E2, Ky)-soft bornology and n : Ky — Kj is a surjective crisp function. Let L := {(f, E1) = @;l((g, E») | (g, E2) €
FS(X5,E»)}. Then the mapping O : K3 — ML which is defined by Dy ((f, E1)) = Bf](k)((g, Ey)), is an (L, M)-fuzzy
(E1, Ky)-soft bornology base on Xi. In addition, the induced (L, M)-fuzzy (E1, K1)-soft bornology B! = (D) is the
coarsest (L, M)-fuzzy (E1, Ky)-soft bornology on Xy for which ¢y, , : (X1, 8Y) = (Xy, B?) is bounded.

Proof. (1) Let @ € M° and k € K; be given. Then since B is a fuzzy soft bornology on X5, then there exists a
family V = {(g4, E2) | A € A} C (L*2)F2 such that | |, (g1, E2) = 1 and szy(k)((gA’EZ)) > a, for each A € A. Let
U ={(fr,E1) | (fr, E1) = (pl‘Pl((gA,Ez)), (g1, E2) € V). Then D ((fa, E1)) = a for each A € A and also it is easily

seen that | yea(f1, E1) = Lliea 95 (90 E2)) = 93 (Unea92, E2)) = ' (D) = 1.

(2) Let (f1,E1) = (p@l((gl, E2)), (f2, E1) = (py‘bl((gz, E»)) and k € K; be chosen. Then we have

Di((f1,E1) A Di((f2, Er)) = Bé(k)((ghEz)) A Bﬁ(k)((gzl Ep)) < B%](k)((gl,Ez) U (g2, Ep)) = Dk((prl((!]l,Ez) u
(92.E2)) = Di((fi, E1) U (f2, Ev)) is satisfied by the equality of ¢ '((g1,E2) U (92,E2)) = ¢'((91,E2)) U
@;1((92,&))-

From the above theorem and by the construction of Bl the fuzzy soft mapping Py (X1, 8' = (D)) —»
(X,, B?) isbounded. O

Theorem 3.20. Let @y, : (X1,E1, Ky, B') — (Xo, Ea, K3) be a surjective fuzzy soft mapping, where (X1, B') is
an (L, M)-fuzzy (Ey1,Ky)-soft bornological space. Then the mapping B : Ky — MFPX2E) which is defined by
By ((g,E2)) = B,l((p;bl((g, Ey))) is an (L, M)-fuzzy (E,, Ka)-soft bornology on X5. Besides B is the finest (L,M)-fuzzy
(E2, K3)-soft bornology on X, for which ¢y, , is bounded.

Proof. (SB1) Let @ € M° and k* € K; be given. Since 1 is surjective there exists k € K; such that k* = (k).

Since B' is a fuzzy soft bornology on X, then there exists a family U/ C FS(X, Ey) such that B((f, E1)) > «

for every (f,E1) € U and I_I(f/El)Eﬂ(f, Eq) = 1. For each (f,E1) € U, let (g7, E2) = @y((f,E1)) and let V =

{(97,E2) | (f, Ex) € U). Then o
L@y, E2) | (f,E1) € U} = Uloy((f, ED) | (f,E1) € U} = yp(UL(f,E1) | (f,E1) € UY) = @yp(1) = 1.

So, by the definition of B, for each (g, E;) € V, it is provided that B,y (g, E2)) = Bi((p;l((g, Ey))) =

By (py((f, ED)) = B (f. 1)) 2 .

(SB2) It is easy to verify by the definition of the mapping 8.

(SB3) Let (g1, E2), (92, E2) € (L*2)E2 and k* € K; such that k* = n(k), for some k € K;. Then we have

By (91, E2)U(g2, E2)) = B,l((P:bl(((!h,Ez)'—'(gz, Ex))) = B;%((P;((!]l,EZ))'—'(P?((QZ/EZ))) > B;(¢;1((91,Ez)))A
Bi((@l((gz, Ez))) = By (91, E2)) A By (92, E2)).

From the construction of the mapping 8, it is easy to verify that 8 is the finest (L, M)-fuzzy (E,, K;)-soft
bornology on X; for which the fuzzy soft mapping ¢y, : (X1, 8') = (X3, B) is bounded. [

4. Relations between parameterized degree of compactness and boundedness

In this section, we build a (2, M)-fuzzy (E, K)-soft bornology in a given (2, M)-fuzzy (E, K)-soft topological
space by using the concept of the measures of compactness.

Definition 4.1. ([10]) Let 7 : K — MP®B be a map and (g, E) € FS(X, E). Define such a map com, : K —
MFSXE) as follows.

come(k, (7, EN = [\ [ <@ EE\/ U< \/ lgEE\/ VI
UCFS(X,E) Vet
If (X, 7) is an (L, M)-fuzzy (E, K)-soft topological space, then the value com(k, (g, E)) is called the com-
pactness degree of (g, E) with respect to the parameter k. So (g, E) is said to be compact L-fuzzy soft set
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with respect to k if com,(k, (g, E)) = 1. In this manner, the compactness degree of (g, E) in the whole space
(X, 1) is computed by the value com.((g,E)) = Arex com=(k, (g, E)). So the L-fuzzy soft set (g, E) is said to be
compact in the fuzzy soft space (X, 7) if con((g, E)) = 1m.
Here, the inclusion [ C | : FS(X, E) x FS(X, E) — L is described by [(f, E)E(g, E)] = /\ /\(fe’(x) V ge(x))
xeX eeE

Theorem 4.2. ([10]) Let (X, t) be an (L, M)-fuzzy (E, K)-soft topological space and (g, E), (h, E) € FS(X,E). Then
the following inequality is satisfied for each k € K,

com(k, (g, E) U (h, E)) = com(k, (g, E)) A com(k, (h, E)).

Theorem 4.3. ([10]) Let @y, : (X1,7') — (X2, 72) be a continuous fuzzy soft mapping between (L, M)-fuzzy
(E1, K1)-soft and (L, M)-fuzzy (E,, Ky)-soft topological spaces. Then for each k € Ky and (g, E1) € FS(X1, E1), we have
Comq (k/ (9/ El)) < COM 2 (T](k)/ (Pyb((g/ El)))

Theorem 4.4. Let (X, 7) be a (2, M)-fuzzy (E, K)-soft topological space. Then the mapping B* : K — M>*%B which
is defined by follows:

B, ((f,E)) = Vicom(k,(g,E)) | (f,E) E (9,E), (g,E) € SS(X, E)}
satisfies the following properties.

(1) BL(P7) = 1, for all P; € SP(X) and for all k € K.
(2) If (f,E) E (g,E), then B(((f, E)) = B{((9,E)), for all (f,E), (g, E) € SS(X, E) and for all k € K.
(3) BL((f,E)U(g,E)) = B((f,E)) A B((9,E)), for all (f,E), (g, E) € SS(X, E) and for all k € K.

Here SS(X,E) = {(f,E) | f : E — 2%} denotes the set of all soft sets over X with the set of parameters E and
SP(X) = {P¥ : E — 2X | PX(e)(x) = {x} and otherwise PX(.)(.) = 0,Ye € E,x € X} denotes the set of all soft points
over X.

Proof. (1) By Definition 4.1, for a fixed parameter k € K, the compactness degree com.(k, PY) = 1p; for any
soft point P; € SP(X). So, it is obvious that B;(P}) > com-(k, P;) = 1y for any P; € SP(X) and for any k € K.
(2) It is obvious by the construction.
(3) It is easily obtained by Theorem 4.2 and the construction of the mapping 5°.

In the light of the above theorem, we may conclude that the mapping 8° : K —» M>*F defined as a
way of above, is a (2, M)-fuzzy (E, K)-soft bornology on X. [J

Proposition 4.5. If oy, : (X1,7") — (X, T%) is a continuous fuzzy soft mapping between (2, M)-fuzzy (E1, K1)-soft
and (2, M)-fuzzy (Ez, Kz)-soft topological spaces, then @y, , : (X1, B™) — (X, B%) is fuzzy soft bounded.

Proof. Letk € K; and (f, E) € S5(X3, E1) be given arbitrary. Then by Theorem 4.3, we have
BE (f,En) = Vcoma(k, (g, E1)) | (f, E1) E (9, E1), (g, E1) € SS(X1, Ex))

< V{coma(n(k), 9y ((9,E1))) | (f, E1) C (g, E1), (g, E1) € SS(X1, E1)}

< Vlcome(n(k), (h, E2)) | 9y ((f, E1)) E (1, E2), (h, E2) € S5(Xa, E2)}

= B2 (9u((£,E1).
This witnesses the boundedness of the fuzzy soft mapping ¢y,,. O

Hence we get a functor § : STOP(2,M, E,K) — SBOR(2, M, E,K) from the category of (2, M)-fuzzy
(E, K)-soft topological spaces to (2, M)-fuzzy (E, K)-soft bornological spaces by defining (X, 7) = (X, 87)
and §(@y,n) = Qy,n-
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5. Conclusion

General bornological spaces play a key role in recent research of convergence structures on hyperspaces,
in optimization theory and in the study of topologies on function spaces. On the other hand, most of the
fundamental classical structures are extended now to the soft and the fuzzy soft universes by using the
parametrization tool. In order to make a contribution to these investigations, we intended to develop
counterparts of the theory of bornologies in the framework of soft and fuzzy soft sets. To achieve this
goal, we provided the concept of an (L, M)-fuzzy (E, K)-soft bornology and by this way, we described the
"parameterized degree of boundedness” for L-fuzzy soft sets. Furthermore, we studied some elementary
properties of the proposed concept.

In conclude, we hope that the results presented in this research will open a new perspective for applied
sciences. For further research, we plan to apply the notion of soft boundedness to the selection principles
theory.
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