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Abstract. For a d-tuple of commuting operators S := (Sy,---,S;) € B[X], m € N and p € (0, o), we define

K
QU(S; u) = O;n(—nk(’:)( y d pnsr’uup).
€ N

=k

As a natural extension of the concepts of (m, p)-expansive and (1, p)-contractive for tuple of commuting
operators, we introduce and study the concepts of (1, c0)-expansive tuple and (i, c0)-contractive tuple of

commuting operators acting on a Banach space. We say that S is (1, c0)-expansive d-tuple (resp. (m, o0)-
contractive d-tuple ) of operators if Qﬁ’;)(s,- u) <0 YueXandp — o (resp. Qﬁf?(s,- u)>0 YueXand

p— ) These concepts extend the definition of (11, co)-isometric tuple of bounded linear operators acting
on Banach spaces was introduced and studied in [13].

1. Introduction

Let X be a complex normed space and H a complex Hilbert space. B[X] (with respect to B[H]) be the
set of bounded linear operator on X ( resp. on H). The authors J. Agler and M. Stankus introduced the

class of m-isometry on Hilbert space [1-3]. An operator S € B[H] is said to be m-isometric operator for
some integer m > 1 if it satisfies the operator equation

Bu(S):= Y (—1)k(’;:)5*m—ksm-k =o.

0<k<m

(1)

The class of co-isometry has been introduced by M. Cho et al. in [5]. An operator S € B[H]is an co-isometry

if
k[ " com—k am—k
E (-1 (k)S S

0<k<m

. 1
lim sup

m—oo

=0.
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In [4, 12], the authors extended the concept of m-isometry on Hilbert space to general Banach space as
follows: an operator S € B[X] is (m, p)-isometry if V u € X

Y (—1>"(’;:)||sm-’<u||*’ =0, ©)
0<k<m

for some positive integer m and a p € (0, o). For p = oo, extension of (3) has been introduced in [12]. For a
positive integer 1, an operator S € B[H] is an (m, co)-isometry if V u € X

max  |ISull=  max  [|SFull. 4)
0<k<m 0<k<m
k even k odd

A generalization of (m, p)-isometries on Banach space to (m, p)-expansive and (i, p)-contractive, operators
on a Banach space has been introduced in ([8, 16, 17]. We quote the definition given in [8]. An operator
S € B[X] is (m, p)-expansive if V u € X

Y <—1>’<(’Z)||s’<unp <0, ©)

0<k<m

and it is (m, p)-contractive if for all u € X

Y (—ﬂ"(’f)ﬂs"un" > 0. ©®)

0<k<m

A natural extension of some concepts of single operator to tuple of operators on Hilbert and Banach spaces
has attracted much attention of various authors. Several papers has been appeared on commuting tuples
of operators ( see [6,7,9, 11, 13-15]).

In ([13]) the authors introduced and studied the concept of (1, p)-isometric tuples on normed space. A
tuple of commuting linear operators S := (S1,--,Ss) € B[X]” is an (m, p)-isometric tuple if and only if for
givenm € N and p € (0, o0),

|
Z (—1)”f-k(’Z) 2 Ensyuup =0 forall ueX. 7)

0<k<m lul=k :

Ha

Where‘u:(‘ull...,ud)e]l\]g, tul:‘ull .‘ud!, |U|:U1+"'+#dands‘u:SQII"' 'Sd .

An extension of (7) to include the case p = co was introduced in [13] as the following; For a positive integer
m, a tuple of commuting operators S := (51,-- -, S4) € B[X 14 is an (m, 00)-isometric tuple if for all u € X

max lISHul| = max (ISPul. (8)
|y|€{0,,m} |‘u|€{0//m}
|ul even || odd

Very recently, the author in ([10]) has extended the concept of (i1, p)-isometric tuple of commuting operators
to the concepts of (m, p)-expansive and (m, p)-contractive tuple of operators on Banach spaces. A tuple of
commuting linear operators S = (Sy,--+,Sy) € B[X]? is an (m, p)-expansive tuple if and only if for given
m € Nand p € (0, o),

m k!
QY(S; u) = 0; (—1)k(k)( Z d m||s+‘u||r’) <0 forall ueX, 9)
<k<m ‘u c N
lul =k
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and it is an (m, p)-contractive tuple if

m k!
Qiﬁ)(s} u) ;= 0; (—1)k(k)( Z ) EIIS“uII”) >0 forall uelkX. (10)
<k<m ‘Ll c ]N
lul =k

Our aim in this paper is to study the concepts of (i, p)-expansive and (1, p)-contractive tuples of operators
when p — oo. The new classes of operators will be called (1, oo)-expansive and (1, oo)-contractive tuples
of commutative operators on Banach space. We will discuss the most interesting results concerning these
classes of tuples of operators which will be obtained form the idea of generalizing some results of recently
published works on single operators.

2. (m, oo)-expansive and (m, co)-contractive tuples of operators

LetS = (S1,-++,S4) € B[X]? be a commuting tuple of operators on X. S is (m, p)-expansive tuple if and only
if Q¥)(S; u) <0 ¥ u € X. Then

Q¥\(S; u) <0

— }:c4fcj( y %mwwdso

0<k<m s Nd
ul =k
m k! i) < m k! SiylP
= Yl X gesar)s Y0 X s
0<k<m |#| =k 0<ksm |‘u| =k
(k even) (k odd)
k! 7 k! ;
~ (0§ (L) T e
0<k<m lul = k ’ 0<k<m lul = k ’
(k even) (k odd)

S is a (m, p)-contractive tuple if and only if Qfﬁ)(S; u) >0 YueX. Then

QP(s; u) <0

m Kl ; m k! ’

=Zstulr) > ( ) —|S*ullP ) .

= (O;m(k) “JlZ:k o u ) >(0;5m k Ilulz;‘k ! u )
(k even) (k odd)

By taking the limit as p — oo, we make the following definition of (1, co)-expansive tuple and a (1, o0)-
contractive tuple of commuting operators.

Definition 2.1. Let S = (Sy,---,Sy) € B[X]? bea commuting d-tuple. S is said to be
(i) (m, co)-expansive tuple if for all u € X

max [ISHul] < max [|SHu]|
|‘U.|€{0,,ﬂ’l} |y|€{0,,m}
|ul even |ul odd
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(if) (m, oo)-contractive tuple if for all u € X

max [ISHul| > max [IS*u]|.
|I~l|€{0/;m} |‘U|€{0,,m}
|ul even |ul odd

(iii) (m, oo)-hyperexpansive tuple if for all u € X

max ISHu|| < max [|SHul|
|H|€{O//l} |‘U|€{0,,l}
|ul even |ul odd

forl=0,1,---,m.

(iv) (m, c0)-hypercontractive tuple if for all u € X

max [|SHu|| > max [|SHu||
“’lle{olll} |[J|€{0,,l}
|| even |l odd

for/=0,1,---,m.

Definition 2.2. Let S = (S1,---,S4) € B[X]". S is said to be

1116

(i) completely co-hyperexpansive tuple of operators if and only if S is a (k, c0)-expansive tuple for all k € IN,

(if) completely co-hypercontractive tuple of operators if and only if S is a (k, oo)-contractive tuple for all

ke N.
Example 2.3. Every (m, co)-isometric tuple is a (m, oo)-expansive and a (m, oo)-contractive tuple.
Remark 2.4. For d = 1, the statements of Definition 2.1 coincides with

(a) S is (m, oo)-expansive if for all u € X

max  ||Sfull< max  ||SFull.
0<k<m 0<k<m
k even k odd

(b) S is (m, oo)-contractive if for all u € X

max  [ISfull>  max  ||Skull.
0<k<m 0<k<m
k even k odd

(c) S is (m, o0)-hyperexpansive if S is (k, o0)-expansive fork =1,--- ,m.

(d) S is (m, c0)-hypercontractive if S is (k, oo)-contractive fork =1,--- ,m.

Example 2.5. Let Sy € B[X] be an (m, co)-expansive single operator, then S = (So, -+ ,So) € B[X]? is an (m, 0)-

expansive tuple of commuting operators.
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In fact, we have

max I1SHu| max 110 ul|
|‘u|€{0,,m} “’llE{O//m}
|| even |l even

< max 1S |-
|‘U| € {0/ /m}
|ul odd

= max [ISHu]|.
“’ll € {0/ rm}
|ul odd

Similarly, we have the following example.

Example 2.6. Let Sg € B[X] be an (m, oo)-contractive single operator, then S = (So,---,So) € B[X]? is an
(m, oo)-contractive tuple of commuting operators.

Remark 2.7. We note the following:

(1) Ifd =2 and S = (S1,S2) € BIX]* be a pair of commutative operators, then
S is (2, o0)-expansive tuple if

mave {2l 1S3l 1SSzl < ma {S1ul, Szl
(2)Ifd =2and S = (S1, S2) € BIX]? is a pair of commutative operators, then S is (2, 00)-contractive tuple if
mave{ 2l 1S3l 1SSzl > ma {S1ul, 520
(3)IfS =(S1, -+ ,Sa) € BIX]? be a commutative tuple of operators, then S is (1, co)-expansive tuple if for all u € X,
I < max {8l := max ISyl j=1,--- ,d}
and it is (1, 00)- contractive tuple if for all u € X,
) > max {87l := max ISyl j=1,--- ,d}
(4)IfS = (S1,--+, Sa) € BIX]? be a commutative tuple of operators, then S is (2, co)-expansive tuple if for all u € X
max {158l 152, 1<, j<d | < max (ISl j=1,df
and it is (2, oo)-contractive tuple if for all u € X
max{||u||,||S,-Sju||, IS2ull, 1<i,j< d} > max{||Sju||,' i=1,- ,d}.
(5)IfS = (51, ,Sa) € BIX]? be a commutative tuple of operators, then S is (3, oo)-expansive tuple if for all u € X
max{IIuII,IISI-S]-uII,IIS%MII, 1<i, j<d } < max{||sju||,||sisjsku||, IS2S;ull; i k=1, ,d}
and it is (3, oo)-contractive tuple if for all u € X

max{nuu,nsis]-un, IS2ull, 1<i,j<d } > max{nsjuu, 155, Seull, 12S;ull; ; j=1,--- ,d}
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Proposition 2.8. Let S = (S, ,S4) € BIX]? be a commutative tuple of operators. The following statements hold.
(i) If S is (2, c0)-expansive tuple, then S is (1, c0)-expansive tuple.

(if) S is (2, o0)-expansive tuple if and only if S is (2, o0)-hyperexpansive tuple.

(iii) If S is (m, co)-expansive tuple, then N(S) := ﬂ N(S;) = {0}.

1<j<d

Proof. (i) Since S is (2, 0)-expansive tuple, it follows that

max{||u||,||SiSju||, IS2ull, 1<, j<d } < max{||5]-u||; j=1, ,d}, VieX.

Hence, ||u|| < max {IlSjull; j=1,-- ,d}, ¥ u € X. Therefore S is (1, o0)-expansive tuple.
(ii) Follows from the statement (i).

(iif) Let u € N(S), then S#u = 0 for all u = (u1,--- , pa) € ]N‘é such that |u| € {1,---,m}. The joint (m, co)-
expansivity of S implies that

[lull = max [|S*u|| < max [|S*u|| = 0.
|1u|6{0//m} |[u|€{01/m}
|ul even |ul odd

Consequently, u = 0. This completes the proof. [

Proposition 2.9. Let S = (Sq,---,S4) € B[X]? be a commutative tuple of operators. Then S is (m, oo)-expansive
tuple if and only if for all | € N and for allu € X,

max (IS ull} < max {Iis ull). (11)
(|y|€{l,,m+l}) (|[J|€{l//m+l})
|p| even || odd
Proof. Assume that S is (m, o0)-expansive tuple and ! € N is an even integer. Then we have
max [|S*u||
( |,u| € {l/ rm+l} )
|u| even
= max IS*S”ul|}
|[J| € {0/ /m}
yl=1
|l + |yl even
= max( max IIS“S)’L!II)
yI=1 ( |H| elo,--,m)
|u| even
< max( max IIS“S?’uII)
lyl=l ( |H| elo,--,m)
|l odd
= max IS*S”ul|
|[J| € {0/ /m}
yl=1
lul + 1yl odd
= max [1S%u|.

( |‘l’l|€{lrrm+l} )
4l odd
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If I is an odd integer, we can repeat quite similar arguments as those above to prove that

max [IS*u|| = max [1SHu]|.
(IHIE{l,'-',mH}) (IMIE{L“-,mH})
|ul even |ul odd

This implies that (11) holds forall/ e N. O

Proposition 2.10. Let S = (Sy,- - ,S;) € BIX]? be a commutative tuple of operators. Then S is (m, o0)-contractive
tuple if and only if for all | € N and for all x € X

max {IS*ull} > max {lISHull}. (12)
(Iyle{l,~--,m+l}) (Iyle{l,-~~,m+l})
|| even |p| odd

Proof. By the statement (ii) of Definition 2.1and similar proof as of Proposition 2.9 the result follows. [

Theorem 2.11. Let S = (Sy,---,Sy) € BIX]? be a commuting tuple of operators such that SiS; is an isometry for
k,je(l,---,m}. Then the following statements are equivalent.
(1) S is (m, oo)-expansive tuple,

(2) Sis (1, o) -expansive tuple,
(3) S is (1, oo)-isometric tuple,
(4) S is (1, o0)-contractive tuple,

(5) S is (m, oo)-contractive tuple.

Proof. As 5;S; is an isometry, it follows that

max {IS*ull} = lull YuelX
( |‘L1| € {0/ /m}
|u| even
and
max {IS*ull} = max{[ISjull j=1,---,d} YuelX
( |H| € {Or rm}
|l odd

and this shows (1) &= (2) and (4) <= (5). The equivalence of (2), (3) and (4) follows on replacing u by Sxu
fork=1,---,d. O

In the remaining part of this section, we discuss several properties of (m, co)-expansivity and (m, co)-
contractivity for single operator.
Proposition 2.12. Let S € B[X]. Then S is an (2, co)-expansive if and only if S is an (2, co)-isometric operator.

Proof. Assume that S is an (2, o0)-expansive operator. It follows that for all u € X
ISull > max {[1S%ull, llul}.

It holds
ISull = 1S%ull and ||Sul| = ||ull, ¥ u € X.

This immediately yields

ISull = 11S%ull = llull ¥ u € X.

Hence we conclude that S is an (2, c0)-isometric operator. The converse is obvious. [
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Corollary 2.13. Every (2, oo)-expansive mapping is an completely oco-hyperexpansive.

Proof. Let S be an (2, oo)-expansive operator. Then, we have S is a (1, o0)-expansive and a (2, o0)-isometry.
Consequently, S is an (k, c0)-expansive operator for allk € N. [

Corollary 2.14. A power of an (2, co)-expansive operator is again an (2, oo)-expansive operatot.
Proof. The proof is an immediate consequence of Proposition 2.12 [J

Proposition 2.15. Let S € B[X] such that S* = S. Then the following statement hold.
(i) S is an (m, co)-expansive if and only if S is an (1, o0)-expansive.
(if) S is an (m, o0)-contractive if and only if S is an (1, co)-contractive.

Proof. From that assumption that 5% = § it follows immediately that for all u € X

max  [IS*ull = max{llull, ISull } and max  [|S*ull = [ISull.
0<k<m 0<k<m
k even k odd
Consequently,
((max IswWlsmax fstull) e (el < sl
0<k<m 0<k<m
k even k odd
and

( max ||Sku||)2( max ||Sku||)<:>(||u||2||5u||).
0<k<m 0<k<m
k even k odd

Hence, the statements (i) and (ii) hold. O
Theorem 2.16. Let S € B(X) be invertible. The following statements hold.

(i) If S is an (m, co)-expansive, then S7! is an (m, oo)-expansive for m even and an (m, o)-contractive for m
odd.

(ii) If S is an (m, o0)-contractive, then S~ is an (1, o0)-contractive for m even and an (m, o)-expansive for m
odd.

Proof. (i) Assume that S is a invertible an (m, o0)-expansive operator. It follows that for all x € X

max  [|Sfull<  max  [|SFu|. (13)
0<k<m 0<k<m
k even k odd

Replacing u by 57u in (13), we get for all u € X,

max  [[(S7H" Ry < max ISy, (14)
0<k<m 0<k<m
k even k odd

We obtain the following conclusions:
If m is even then, by equation (14) we have for all u € X
max [(SYull<  max  [I(S7)ul

0<j<m 0<j<m
j even j od
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and so that S7! is an (m, o)-expansive operator.

If m is odd we have forall u € X

max  (STYull>  max (ST ull
0<j<m 0<j<m
j even j odd

and so that S~! is an (m, o)-contractive operator.

(ii) This statement is proved in the same way as in the statement (i). [J

Corollary 2.17. Let S € B[X] be an invertible. The following statements hold.

(i) If S is an (2, c0)-expansive operator, then S is an (1, c0)-isometry.

(if) If S is an (2, o0)-contractive operator, then S is an (1, o0)-isometry.

Proof. Assume the S is an (2, o0)-expansive. Then it follows that |[|Su|| > ||u|| for all x € X. On the other hand,
by the fact that S is invertible (2, co)-expansive, we have by Theorem 2.16 that S~! is a (2, )-expansive and

hence ||S~1u|| > ||lu]| for all u € X. This means that ||u|| > ||Su|| for all u € X. Consequently, |Su|| = |lu|| for all
u € X, which shows that S is an (1, c0)-isometry as required.

(ii) This statement is proved in the same way as in the statement (i). [

Theorem 2.18. For i = 1,2,---,n, let (X;,|| - |l}) be a Banach space and let S; € B[X;], m; > 1. Denote by

X = Xy x Xz X ... X X, the product space endowed with the product distance ||(u1, X2, -+, uy)|| = {naxlluill. Let
<i<n
S:=81x 8 x... xS, € B[ [ | Xil defined by
1<i<n

SQu, -, up) := (S1ut, Satta, - -+, Suln).

The following statements hold.

(i) If each S; is an (m;, 00)-hyperexpansive fori = 1,2,--- ,n, then S is an (m, co)-expansive, where
m = min(myq,--- ,my).

(ii) If each S; is an (m;, o0)-hypercontractive fori = 1,2,--- ,n, then S is an (m, p)-contractive,where
m = min(myq,--- , my).

(iii) If each S; is an completely co-hyperexpansive fori=1,2,--- ,n, then so that S.

(iv) If each S; is completely co-hypercontractive fori=1,2,---,n, then so thatS.

Proof. (i) Let m = min(my, my, -+ ,m,) and consider for all u € X

max  [ISfull = max (max {||S;‘u,-||i})
0<k<m 0<k<m \lsisn
k even k even

- max( max {||s§<u,-||i})
Isisnd 0<k<m
k even
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Since S; is an (m;, 00)-hyperexpansive for i = 1,2,--- ,n, it follows that S; is an (m, o0)-expansive for i =
1,2,--- ,n and hence

max  [IS‘ull < max( max {llS?uilli})
0<k<m Isisn\ 0<k<m
k even k odd
= max (max{lleuilli)}).
0<k<m \lsisn
k odd
Thus, we have
max  [ISfull < max  [IS*ull.
0<k<m 0<k<m
k even k odd

Consequently, S is an (m, co)-expansive operator.
(if) This statement follows from the statement in (i) by reversing the inequality above.

(iif) Suppose that each S; is an completely co-hyperexpansive for each i = 1,2,---,n, and hence each S; is
an (k, oo)-expansive for any k € IN. As a consequence of this observation , one can deduce the following
inequality for all u € X

max  ||S/u| max (maxllS{uilli)
0<j<k 0<j<k \lsi=n
j even j even

max(max [1S]ul)
1<i<n 0 < ] < k
j even
max ||Su|| ¥ keN.
0<j<k
j odd

IA

From which the statement in (iii) follows.

(iv) This statement is proved in the same way as in the statement (iii). O
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