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The m-WG Inverse in Minkowski Space
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Abstract. In this paper, we introduce the m-WG inverse in Minkowski space. Firstly, we show the existence
and the uniqueness of the m-WG inverse. Secondly, we give representations of the m-WG inverse. Thirdly,
we characterize the m-WG inverse by applying a bordered matrix. In addition, we extend the generalized
Cayley-Hamilton theorem to the m-WG inverse matrix. Finally, we apply the m-WG inverse to solve linear
equations in Minkowski space.

1. Introduction

The set of n X n complex matrices will be denoted by C,,,. We use symbols A*, R(A), and rk (A) for
the conjugate transpose, range space (or column space), and rank of A € C,,, respectively. In addition,

k = Ind(A) denotes the index of A, which is defined as the minimal positive integer k such that rk (Ak”) =
rk (Ak). Denote

C = {A A€y, tk(A?) =1k(A)}.

The classical Minkowski space is a fictitious four-dimensions space-time, which is named by the german
mathematician Hermann Minkowski. Formally, it is a four dimensional real vector space equipped with
non-degenerate, symmetric bilinear form with the signature (+, —, —, —). Then it is often denoted by R!3, in
which the metric matrix is G = Diag (1, —I3).

In order to solve Xing’s [1] study on polarization of light, Renardy needed to apply singular value
decomposition of matrix in Minkowski space. In 1996, Renardy [2] introduce singular value decomposition
in the Minkowski space M, and proposed the Minkowski adjoint of a matrix A € C,, ,, which is defined as
A~ = GA*G. The Minkowski metric matrix can be written as

1 0
G- [0 ] (L1)
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it is easily seen that G = G* and G? = I,. Let A,B € C,,,, it is obvious that (AB)” = B"A~ and (A™)~ = A.

In 2000, Meenakshi [3] studied the generalized inverse in the Minkowski space M, and got its existence
conditions.

The Minkowski inverse of a matrix A € C,, in M is defined as the unique matrix X € C,, satisfying the
followings [3]:

(1) AXA = A, (2) XAX = X,(3") (AX)™ = AX,(4™) (XA)~ = XA.

The Minkowski inverse of A is denoted by A™. It is worthy to notice that the Minkowski inverse A™ exists
if and only if

rk (A~A) = 1k (AA™) = rk(A), [3].

Furthermore, Kilicman and Al-Zhour [6, 7] studied generalized the weighed Minkowski inverse in M.
In [19], Wang, Li and Liu defined the m-core inverse in M. Let A € C;", the m-core inverse of A is defined
as the unique matrix X € C, , satisfying the followings

(1) AXA=4, (2) AX®=X, (") (AX)” = AX,

and is denoted by A®. By using the SVD and the Hartwig-Spindelbéck decomposition, Wang et al [19]
concluded that A is m-core invertible if and only if

rk(A~A) = rk(A).
Furthermore, let A € C,,,, with rk (A) = r and the Hartwig-Spindelb6ck’s decomposition [8] of A be as
(1.2)
where V € C,,, is unitary, X = Diag(o1, 02, ..., 0,) is a diagonal matrix whose diagonal elements are singular

valuesof A,01 2 --- 20, >0,and K€ C,,, L € C,,,_, satisfy KK* + LL* = I,.
Then G; is invertible if and only if rk (A~A) = r, where G; € C,, and

vov=|a @2 (1.3)
Gz Gy
And A® can be written as the form
A = V[(ZK)Olcll 8] V'G. (1.4)

Later, Wang, Wu and Liu [20] promoted related research and introduced the m-core-EP inverse. Let A € C,, ,
with Ind(A) = k. The m-core-EP inverse of A in M s defined as the unique solution satisfying the following
equations

(1)XAX = X, (2 XA = AF, (3™) (AX)™ = AX, (4") R(X) C R (Ak),
and denoted by A®. In addition, a matrix A is m-core-EP invertible if and only if

rk((AF)~ A%y = rk(Ah). (1.5)
It is easy to prove that A® and A® are equal when the index of A is less than or equal to 1. Since the SVD and

the Hartwig-Spindelbock decomposition are not suitable for studying the m-core-EP inverse, then Wang
applied the core-EP decomposition for studying the m-core-EP inverse. Furtehermore, by applying the
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core-EP decomposition, Wang et al [20] got several sufficient and necessary conditions for the existence of
the m-core-EP inverse and considered some related issues.

The other a couple of corresponding generalized inverse is core-EP inverse. In [9], K. Manjunatha Prasad
and K.S. Mohana gave the core-EP inverse. The core-EP inverse of A is defined as

(MXM“qﬂmxuzxmmmquwmamRmm

and is denoted by A®, where Ind(A) = k.
In 2018, Wang and Chen [12] defined weak group (WG) inverse for square matrices of an arbitrary
index. The WG inverse of A € C,, is the unique matrix X € C,, satisfying

(2') AX? = X, (39) AX = A®A. (1.6)

and it denoted by A®. The WG inverse is a new kind of generalized group inverse, which is different from
the group inverse, and it is true for square matrices of an arbitrary index.

In recent years, many scholars have drawn their interest in the WG inverse. In [13], Wang and Liu
proposed the concept of the WG matrix on the basis of the WG inverse. In [14], Ferreyra, Orquera and
Thome generalize the WG inverse to rectangular matrices and gave properties of the weighted WG inverse.
In [16], Zhou et al proposed the WG inverse in proper *-rings and gave a new equivalent characterization
of the WG inverse. In [15], Xu et al gave concept and properties of generalized WG inverse. In [17],
Mosié¢ and Zhang studied the weighted WG inverse in Hilbert space. In [18], Mosi¢ and Stanimirovi¢ gave
new representations and characterizations for the WG inverse, applied SMS algorithm to compute the WG
inverse and applied the WG inverse to solve linear equations.

A commonly used tool is the core-EP decomposition [10]. Let A € C,,,, with rk (A") =rand Ind(4) = k.
Then A = A1 + A; and

T S|, .
A:uk Au, 1.7)

where A; € C, A’; = 0, and AJA; = AA; = 0. Furthermore, there exists an n X n unitary matrix U such
that

T S

0 0

A1:U|: 0 N

]LF and AZZZU{O O]LF, (1.8)

where S € C,,—;, T € C,, is invertible, N € C,_,,,—, is nilpotent, and Nk =0.
When A € C3", it is obvious that N = 0 and

T S| .
A:Uk Ju. (1.9)

In [20], we see that A € C,,, with Ind(A) = k is m-core-EP invertible if and only if G; € C,, is invertible,
where

17 |G1 G2
uGU = [Ga G4]’ (1.10)
and U is as in (1.7). Furthermore,
-1-1
A® = U[T OG1 8] uG. (1.11)

The aim of this paper is to consider the WG inverse in Minkowski space, we also investigate the m-WG
inverse for square matrices of an arbitrary index. In addition, we give the representations, properties, and
applications of the m-WG inverse.
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2. The m-WG inverse in Minkowski space

Let A € C,,, with Ind(A) = k be of the form (1.7), and T € C,, be invertible, then

L=
A = u[fJ g] w, 1)
where T = Zle TSNk,

Definition 2.1. Let A € C,,,, with Ind(A) = k, rk (A¥) = rk ((A¥)" A¥). The m-WG inverse of A in M is defined as
solution of

(2) AX2 =X, (3) AX = A®A, (2.2)
and is denoted by AV.
Theorem 2.2. Let A be as in Definition 2.1. The m-WG inverse of matrix A is unique.
Proof. Suppose that X and Y satisfy (2.2), then we obtain
X = AX? = APAX = A®A®A = APAY = AY* =Y,
therefore, the m-WG inverse of matrix A is unique. O

Theorem 2.3. The m-WG inverse of matrix A can be expressed as

-1 =2 -1
AV = U T T7%(S + G 'G2N) g 23)
0 0
where A is as in Definition 2.1, G, Gy and G, are as in (1.10).
Proof. Let
-1 -2 -1
X = u[TO T+ (()31 G2N )] u. 2.4)

By applying (1.7) and (2.4), we have

o T S| . [T T2S+GIGN)|, ., [T TS+ G'GN)], .
AX—U_O N 0 uul, 0 u
_ U'Ir TYS+G{'GN)|[T' TS+ G{'GN) 0
0 0 0 0
(-1 -2 -1
_y TO T-2(S Jrg;1 GZN)] Pex

By applying (1.7), (1.11) and (2.4), we have

-1 -2 -1
AX:U[T S]u*u[T T2(S+G; G2N)]u*

0 N 0 0

_ u[lo, TS + (()31‘1G2N)] w,
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[—1 -1
A©A:UT Gy 8]U*GU[T S}U*

| 0 0 N
(TG ol[G1 G][T S

_ 1 *

Ul 0" o [G3 Gelo N|Y

:Ug TS +§;162N)]u

Therefore, we obtain AX = A®A. From the above, we know that X satisfies the above equations. [J
Remark 2.4. Let A € C,,, with Ind(A) = k. Then A is m-WG invertible if and only if

rk((A%)~ A%y = rk(Ah). (2.5)
Proof. By applying (2.2) and (2.3), it is easy to that if the m-core-EP inverse exists, the m-WG inverse exists.
By applying (1.7), we obtain (2.5). [

As is known to all that matrix equation and matrix decomposition are important methods to describe
generalized inverses. Next, we apply the matrix equation and the matrix decomposition to give the
equivalent characterization of the m-WG inverse.

Theorem 2.5. Let A be as in Definition 2.1. Then the following statements are equivalent:
G). AX2 =X, AX = A®A;
(). (AF)~A2X = (AF)~A, R(X) € R(AY);
(iii). XA = Ak, AX? = X, (AF)A%X = (A A.
Proof. (i) & (ii): Let A € C,,, be of the form (1.7). Suppose that X is satisfying statement (ii), and denoted
by

X=Uu [Xn X12] U

Xo1 X»

Since R(X) C R(A¥), we obtain X = A*Y. Let

Yiu Y|, .
Y=U u
[Yn Yzz]
that is,
X1 X Yi Y|, o [TY0n +TYn T+ T2,
U[le Xzz]u U[O O]UU[Yzl Yzz]u —U[ 0 0 -

Therefore, we obtain X; = 0 and Xy, = 0. By applying (A¥)~A2X = (AF)~A, we have

Gu[(Tk) O]LIGLI[T S]uu[T S]uu[x“ X“]U*

0
B (T o], . ...[T s],.
_Gu[fT; ol U'CU|y U

(7;")* ol[G: G[r sT X11 Xu
T 0 G3 G4 0 N
(TH'G1T* X1 (Tk) G1T2X12
T*G1T2X11 T G1T* X1

(Tk) 0 G G|[T s

Gz Gq||0 NI’
(Tk) GT (Tk) G1S + (Tk) G,N
T*GlT T*Gls + T*GzN ’
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Therefore, X11 = T~! and X1, = T-%(S + G;'G2N). Then, we obtain

T' TS+ G['GN) .

X=U 0 0

(2.6)

By applying (2.3) and (2.6), it is obvious that statement (i) and statement (ii) are the same solution. Since
the solution of the statement (i) is unique, then we obtain X is the unique solution satisfying the statement
(ii). Therefore, statement (i) and statement (ii) are equivalent.

(i) © (iii): The proof is similar to the above. [

From the above, we know that statements (i), (i), and (iii) are equivalent. Therefore, statements (ii) and (iii)

can also define the m-WG inverse of A.

3. Characterizations and representations of the m-WG inverse

In this section, we mainly use matrix decomposition and matrix equation to give characterization of the
m-WG inverse.

Lemma 3.1. Let A € C;™ be as given in (1.9), then

(3.1)

-1 -2
Aﬁ=u[T T S]u*.

0 0
Corollary 3.2. The following statements are true.
(@). IfA e CM, then AW = AF.
(i). If A € Cyy with Ind(A) = k, rk (A¥) = rk ((A¥)” AF), then AW € Af2).

Proof. (i)When A € C$M, we have N = 0. By applying (2.3) and (3.1), we have AW = A,
(ii) Let A € C,,, be of the form (1.7), and applying (2.3), we have

[T-1 T72(S+ G;'G,N) T S T-' T2(S+G;'GyN)

w w _ 1 2 * % 1 2 -
AVAA ‘U_o 0 uul, yluul, 0 u
U I, T7'S+T%S+G{!GN)N]|[T? T2S+G'GN) 0

0 0 0 0
_u 'T(;l T2(S + (()3;1@21\1)] U = AW,

Then, we obtain AW € A{2}. O

Next, we take an example to illustrate that the m-WG inverse is different from the core-EP inverse, the
m-core-EP inverse and the WG inverse.

0 4 _1
3
Example 3.3. Let A = —% 1 —% with Ind(A) = 2. There exists a unitary matrix
2
-3 -5 0
2 1 2
O A R
B B
3 3 73



H. Wu et al. / Filomat 36:4 (2022), 1125-1141 1131

such that
1 11
A=U|0 0 1|u.
0 00

By calculating, we obtain A® and A® are

L r 42
A®=|5 § -5\ and A®=|-2 1 -2|.
_‘61 _% % 4 -2 4
Besides, A® and AW are
2 1w _2 b 2 2
a=| b2 N gaav=|1 -1 1
e T T o 2 2
5 "9 3 3 3

In [12], we see that A® = Ag, where A; is of the form (1.8). In the following, by applying the m-core-EP
decomposition of A, we can obtain similar results.

Lemma 3.4 ([20]). Let A be as in Definition 2.1. Then the m-core-EP Decomposition of A can be expressed as
A = A + Ay, where

————

@@). :4\1 € CSM with rk (;l;) =rk (Al Al),'

—k
(). Ay =0;
(iii). A1 Ap = AA1 =0.

Furthermore, Z and 1/4; have the forms

- T S+G;'GN - 0 -G;'GoN
— 1 * — 1 *
A = u[o 5 ]u and A, = u[o N (3.2)

Theorem 3.5. Let A € C,,,, with Ind(A) = k, rk (Ak) =rk ((Ak)~ Ak). Then

AV = (3.3)
where A € C,,, be of the form (1.8).
Proof. Let A1 be as in (3.2), by applying Theorem 2.3 and Lemma 3.1, we derive (3.3). O
Theorem 3.6. Let A be as in Definition 2.1. Then

AW = (AAPA) = (A% A = (A%) A. (G.4)
Proof. Let A € C,,, be of the form (1.7), and A® be as in (1.11). Then

T s|[riG? ol[é G|[T s T $+G]'GN
@ —_ 1 * 1 *
AAA‘U[O NH 0 OHG3 Gilo N[¥ =H]o o |4

It follows from Lemma 3.1 that,

_ ! - _
T S+G'GN T T2(S+G'GN)
1 1 = 1 *
0 ) ]u)_u[o 0 u.

(AAPAY = (u[
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And
T2G' 0

TG0 0][Gi G|[T'G o
0 0

®)2 _ 1
(A)‘U[ Gy G| 0 0

0 0 ]UG=U[ ]UG,

ne ([T Ts+sN| \° o [T2Gt o],
(A)—(U[O | =ul ot oluG

therefore,

(A®PA = (APA u[T_ZGfl 0] [Gl Gz] [T S]u*

0 0[|Gs Gu||0 N
_ U[Tol T2(S + é;llczw)] i

By applying (2.3), we obtain (3.4). [
Lemma 3.7 ([20]). Let A € C,,,, with Ind(A) = k, rk(A¥) = rk((A¥)"A¥) = tk(A1A47) = 1. Then

A® = AbA AT (3.5)
Corollary 3.8. Let A € C,,,, with Ind(A) = k, rk (A¥) = 1k ((A¥)” A¥) = rk (A1A7) = r. Then

AW = ARATA.
Proof. By applying (3.4)and (3.5), wecanobtain A" = A* A, AT A A, AT A = APA AT AL AT AT A = APA AP AT A =
AfArA. O
Lemma 3.9 ([20]). Let A € C,, with Ind(A) = k, rk (A¥) = rk ((A¥)" A¥). Then (A%)® can be written as the form

ky-12-1

(AMe = U [(T ) . = 8] UG, (3.6)
where A be as in (1.7).
Theorem 3.10. Let A be as in Definition 2.1. Then

AV = AK(A2)" A = (A%P)” A, (3.7)
Proof. Let A € C,,, be of the form (1.7). By applying (2.1) and (3.6), we have

koakizve | TE T[T-®2G7 0][Gi Go|[T S],.
A )A_u[o oH 0 0[|Gs Gu4]|0 N|Y

_u [T—l T72(S + G{'G2N)

* w
0 0 }U_A’

I 0
PAk — Ak (Ak)+ — u[ I'k(()Ak) ] u*’

2 (0]
(Aszk)®A:(u|€ 8]u) u[g I‘f]]u

_ T‘ZGl‘l 011G1 Go||T S .
_u[ 0 ol Glo N|Y

_y[T TS+ GIGN)
0 0

where G, G; and G; are as in (1.10). Hence, we obtain (3.7). O

}u*:AW,
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Corollary 3.11. Let A be as in Definition 2.1. Then, R(AV) = R(AF).

Proof. Let A € C,,, be of the form (1.7), by applying (3.7), we obtian R(A") C R(A).
Next, we just need to verify R(A¥) € R(AY). Let any x = AFy € R(AF), since

. =
AkZU[T T]U*

0 0
[T TS+ GUGN) ] [T TT
- [o 0 e IV
_ vy T TT]

0 0

Therefore, we obtain

-
x=A"y = U[I(; g] Uy

-1 -2 -1 k+1 o

_ U[TO TS + 8;1 GZN)] U*U[TO T;)T] uy

Tk+1 TT
=AW *

LI[ 0 0 } Uy
Let
I e o
z= ll[ 0 0 ] Uy.

We have x = A"z and then x € R(A"), from which we have R(A¥) € R(A™). Then, R(A¥) = R(AY). O

4. The m-WG inverse included in certain bordered matrix

As is known to all that if A is an invertible matrix, then X = A1 is the unique matrix statisfy following
rank equality

ot o

In this section, we investigate the m-WG inverse A" of A and give an analogous result of the m-WG
inverse A" of A. Firstly, we give the following lemma.

Lemma 4.1 ([21]). Let A an n X n matrix and let M be a 2n X 2n matrix partitioned as M = [;‘4 [g] Then

k(M) = rk(A) + k(B — SAT).

Theorem 4.2. Let A € C,,, with Ind(A) = k, tk (Ak) =rk ((Ak)N Ak) = 1. Then there exist a unique matrix X such
that

(AMA2X =0, XAk =0, X2 =X, tk(X)=n -7, 4.1)
a unique matrix Y such that

(ANAY =0, YA* =0, Y2 =Y, rk(Y)=n -7, (4.2)
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and a unique matrix Z such that

rk([l f‘X I _ZY]) = rk(A). (4.3)

The matrix Z is the m-WG inverse AW of A. Furthermore, we have
X=1-A"A, Y=1-AA".
Proof. Let us assume that A has the form (1.7), and A" is as in (2.3). It is easy to verify that the block matrix

0 -T'S-T2(S+G'GNN| .

0 L =1-A"A (4.4)

x-ul

satisfies the condition (4.1). Next, we prove the uniqueness of X. Firstly, we assume that both X and X;
satisfy (4.1). Let X; = UXoU", and X can be partitioned as the following form

X = [11;; IZ] ) (4.5)

where E is an r X r matrix. On the basis of X;A* = 0, by applying (4.5) and (2.1), we obtain

E F|[m T|_,
K Hf[o o| —
As aresult, E = 0 and K = 0. Furthermore, after observing X% = Xj and rk(X;) = n —r, it is easily obtain

that H?> = H, F = FH and rk(H) = n — r. Therefore, H is nonsingular and H = I,,—,.
On the other hand, by applying (4.1), we can obtain

o~ a2y — g [T 0] T ST [T S [0 F
(A)Axl—Gu|T* oluculy yluuly yluuly ;o u

0 (T%'GiT2F + (T*)*G1(TS + SN) + (T*)*G,N?

=cou [o TG T?F + T*G1(TS + SN) + T*G,N?

]U*=0.

Since T and G; are nonsingular, it follows that (T¥)*GT?F + (T¥)*G1(TS + SN) + (T%)*G,N? = 0 and further
F=-T*(TS + SN + G;'G2N?).
Thus, X; = X. By using a similar way, we can also prove property (4.2), which Y is given by

~T(S + G{'GoN)

0

] u =1-AAY. (4.6)

The matrices X =1 - AVAand Y =1 - AAW satisfy

A I-Y] [ A AaY
I-x z |T|a%a z

By applying Lemma 4.1 and (4.3), then
Z=AVAAY = AV,
The above proof is completed. [

In the following, by applying X = [ - A" A and Y = [ - AA", we give another characterization of the m-WG
inverse.
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Theorem 4.3. Let A € C,,,, with Ind(A) = k, rk (Ak) =rk ((Ak)~ Ak) =r. Then
AV=(A-X)11-V)=A+X)(1-Y), 4.7)

where X =1 - AVAand Y =1- AAV.
Proof. Let A be of the form (1.7), by applying (4.4) and (4.6), we obtain

R = 0 -T7'S-T2S+G{'GN)NJ, .
A—X_U[O N]U—U[O I u
_y|T s+ TS+ TS + G{'GoN)N 0
0 N - In—r

Since T and N — I,,_, are nonsingular, then

-1 _7-1 -1 -2 -1 _ =]
(A-X) = u|T TS+ T7'S + T3S + G;'GoN)NI(N — L) ] o,

0 (N=1I,_,)™*
and

-1 _p-1 -1 -2 -1 _ -1 — —
(A=X)(I-Y) = U[T TS TS T 4G GoNNIN-T-r) ]u*u[z, T 1(5+G11(32N)] U
0 (N=In—r) 0 0

_y|Tt TES+GIGN)
0 0

] u =A"
By applying the similar method, we can also obtain the property A" = (A + X)"}(I - Y). Thus,
AV=(A-X)1-V)=A+X)I-Y),

which confirms the representations (4.7). O

In the following, we give an example to verify the results of Theorem 4.2.

-21[13 3 3
210 0 3
~1][0 0 of|-2

3
satisfying rk(A) = 2 and rk(A%) = rk(A3) = 1. Therefore, we know that k = Ind(A) = 2. The m-WG inverse of A is
given by

AW - U[T—l T-2(S + Gl‘leN)]

Example 4.4. Let

0 4 -1
-1 3 -1f=

-2 -2 0

1=WIN
|
wIN

A=

WIN

WINWINW =
(o5}
WINWINW =

@I=

*

)

0 0
2 1 21k 1 _qqr2 1 _2 2 _2 2
112 2150 olll 2 2|2 1
32 % 31 32 % 31 32 29 92
-5 3 —3/10 0 0f|-5 5 —3] =3 § -3
The block matrix
0 4 -1 2 —% %
-1 3 -1 1 -1 1
B_[A I—Y]_[A AAW]_—Z -2 0 -2 3 -
-x oz |Tlava av]TIE w4 r g
iz 31 1 i
9 9 9 3 9 9
2 14 & 2 2 2
9 9 9 3 9 9
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satisfies rk(B) = rk(A) = 2. Furthermore, the matrix

n _14 4

9 9 9
=J-AVA=|1 2 2
X=1-a"A=|5 3 ¢
2B

9 9 9

satisfies(4.1). In addition, one can verify that

-1 2 2
3 3
Y=1-AA"=|-1 3% —%]
2 5
2 -3 3
satisfies(4.2).

5. Generalized Cayley-Hamilton theorem for the m-WG inverse matrix

In this section, generalized Cayley-Hamilton theorem will be extended to the m-WG inverse matrix. By
assumption, matrix A is singular, i.e. det(A) = 0.

Lemma 5.1 (Cayley-Hamilton theorem, [23]). Let A € C,,,, the characteristic polynomial of A be

pa(s) = det(sl, — A) =s" + A1 U+ L+ ags + ag.
Then

pa(A) = A" + 2,1 A" + L+ A + agl,,
if A is singular, then ag = 0.
Theorem 5.2. Let A € C,,, with Ind(A) = k, rk (Ak) =rk ((Ak)~ Ak), the characteristic polynomial of A be

pa(s) = det(sl, — A) =s" + Ay 18" ¥ o+ ags.
Then

AV +a, ((AV? + .+ a AV = 0. (5.1)
Proof. Since A € C,, is singular, by applying Cayley-Hamilton theorem, we have

A"+ a2, A+ L+ mA=0. (5.2)
Postmultiplying both sides of (5.2) with (A"Y)"*!, one has

AYAMYH g, ATTHAMY ¢ L+ AAYY = 0. (5.3)
By applying (1.7) and (2.3), we have A" = A(AY)?. Therefore, A(A")"*1 = A(AV)2(AV)"~1 = AW(AW)1 =

(AY)". By applying similar ways, we obtain A2(AW)"+1 = (AW)1=1, ., A1 (AW = (AW)2, An(AW)y+L = AW,
Substituting above equality into (5.3), we obtain (5.1). [

Next, we give an example to verify Theorem 5.2.
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o % -1
Example 5.3. Let A = I—% 1 —g with Ind(A) = 2. By calculating, we obtain
2
-£ -5 0
3 73
2 -2 2
w 11
AV =11 — %2].
-2 5 -5
Then
s o4
det(sl; — A) = % s—1 3|=¢-¢
505 s

2 -2 2 2 -2 2
mWf—mWP=[1 -1 %}— 1] §]=0

o 2 2 | 2 2

3 3 3 3

In the following, we extend generalized Cayley-Hamilton theorem to the m-WG inverse. Let A € C,,, with
Ind(A) = k, rk (Ak) =rk ((Ak) Ak), by applying Lemma 5.1 and Theorem 5.2, we have

-1 ) 1
det(sI, — A") = det(sI, — U[To T=%(S + 8;1 GZN)] )
= Sn—rk(Ak)det(SIrk(Ak) _ T_l). (54)

Let the characteristic polynomial of T~! be

P (S) = det(slyk(Ak) - Tﬁl)

= g% A L p, @1 4y by 215 + by rian)- (5.5)
By applying (5.4) and (5.5), we obtain the following Theorem 5.4.
Theorem 5.4. Let A € C,,,, with Ind(A) = k, tk (Ak) =rk ((Ak)w Ak), the characteristic polynomial of A" be
paw(s) = det(sl, — AV) = s" + b,_18" 1 + ... + bn_rk(Ak)s”_rk(Ak).
Then
pawawy = (A" + by (A + L+ bn—rk(Ak>(AW)nfyk(Ak) =0,
where by—1, ..., by_yxax) be as in (5.5).

In the following, we give an example to verify Theorem 5.4.
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2V48-3 V48+3 V4843 4V2-1
348 348 3Vas Va8
VA8-6V2+3  2V48+62-3 \f8+6\f 3 2V2+1
= 348 348 348 V48 i - ; ;
Example 5.5. Let A Visreiies  Aieedia 2 \@8_6 I with Ind(A) = 2. There exists a unitary
3\4@8 348 3V48 V48
3 _3 _3 3
, Va8 Vas Va8
matrix
4 i _1 1
V2 Ve vi2 2
4 1 1 _1
U=|"2 Vo o V12 2
0 2 L _1f
V6 xgz 12
0 0 o 2
such that
1 010
01 0 1f,,.
A=U 000 1 u-.
00 00
By calculating, we obtain
0 L -1 L
V3 V6 V2
1 ~2 __1 L
wcu={ % 3 v
V6 Y8 6 12
1 A . _1
V2 V6 V2 2
7 % G 10 10 01
where Gy = | 1 _"2] 2—[_f f]'Tz[o 1]'52[0 1]’N=[O 0]'
V3 3 Vis Ve

Thus, we obtain

AV = U[Tl T2(S+G; 1G2N)]

0
2-3 1+ \f 2-V2
\64—% V2-6  2V2 4+3 V246 _ V2 4—3 V2-6 2—6«5
= 3v24 3v24 3v24 V24 |
V24-3V2+6 _ \24-3V2+6  V24+3V2-6  2-\2
324 324 324 V24
0 0 0 0

Then

pr-1(s) = 2 —25+1, paw(s) = §2(s* —2s+1) =s* —25% + 2.

And
2-V3 1+V3 1+V3 2-V2 2-3 1+V3 1+V3 2-V2 3
3 3 6 3 3 6
V24-3V2-6 2V24+3V2+6 _ V24-3V2-6 2-12 V24-3V2-6 2V24+3V2+6 _ V24-3V2-6 2-1\2
3vV24 3V24 3V24 V24 — 324 324 324 V24
V24-3V2+6 _ V24-3V2+6  \2443V2-6 2-V2 V24-3V2+6 _ N24-3V2+6  V24+3V2-6 2-V2
324 3v24 3V24 V24 3V24 3V24 3v24 V24
0 0 0 0 0 0 0 0
2-V3 1+V3 1+V3 2-V2 2
3 3 3 6
V24-3V2-6 2V2443V2+6 _ \24-3V2-6 2-V2
+ 3V24 324 324 V24 =0.
V24-3V2+6 _ V24-3V2+6  V24+43V2-6 2-12
3v24 3V24 3V24 V24
0 0 0 0

Therefore, (A™)* — 2(AY)? + (AW)2 =0
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6. Applications of the m-WG inverse

In [18], Mosi¢ and Stanimirovi¢ applied the WG inverse to solve linear equations. The following matrix
equation

(AF2y A2y = (AX2)'Ab, b e C, g,
is consistent and its general soluytion is

x =A%+ (I-A%A)y,
where A € C,,, with Ind(A) = k, for arbitrary y € C,, ;.

In the following, by using the m-WG inverse, we give the general solutions of the following matrix

equation in Minkowski space

(A*)y"A%x = (A")"Ab, b e Cy1,
where A € Cy,, with Ind(A) = k, rk (A¥) = rk ((4%)” A¥).
Theorem 6.1. Let A be as in Definition 2.1. Then the equation

(A" A%x = (A)"Ab, b€ C, 1, (6.1)
is consistent and its general solutions is

x=A"b+ (1- AVA)y, (6.2)
for arbitrary y € Cp 1.

Proof. Let A € C,,, with Ind(A) = k be of the form (1.7), A" and U*GU be of the form (2.3) and (1.10),
respectively. Since rk (Ak) =rk ((Ak) Ak), G1 and T are invertible. Denote

o=, o= || and awp = u|T 0+ TS + G GaND 6.3)
X2 ! bz 0 ! ’
where x1, by and T~'by + T72(S + G'GoN)b, € C,1. By applying (1.7) and (1.10), we obtain
(A~ A%x — (AF)~Ab
_ [T 0], L [T TS+SN], ., Ty 0], ey [T ST,
_GU_T* oluculy N2 |Ux-GU'=D lUGU |, U
_cul@r 06 Go|([T* TS+SN|[x| _[T S][bx
T T 0f|Gs Ga]\| 0 N2 ||x]| |0 N{|b
(TY'G1T?x1 + ((T*)'G1TS + (T*)*G1SN + (T%)*GaN?)x,»
_cu N —(T*)'G1 Ty = ((T*)'G1S + (T¥)'GaN)b 64)
- T*G1T2x1 + (T*GlTS + T*G1SN + T*GzNz)Xz ’
—T*GlTbl - (T*Gls + T*GzN)bz

On account of G; and T are nonsingular, then we have

x1 =Ty + T3S + G{'GoN)by = T(TS + SN + G;'GoN?)x,
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such that
(TFY* G1T?x1 + (TF)*Gi TS + (TF)*G1SN + (TF)' GoN?)x,
—(T*Y'G1Tby — (TF)*G1S + (T¥)* GoN)b, = 0

and
T*G1T?x1 + (T°G1TS + T'G1SN + T*GoN?)xy — T°G1Thy — (T*G1S + T*GoN)b, = 0,

that is, there exists x such that (A¥)~A2x = (A¥)~Ab. Hence, we obtain the equation (6.1) is consistent.
By applying (6.3) and (6.4), then we have

-u [T‘lbl +T2(S+ Gl‘leN)bzx— T~%(TS + SN + G;'GoN?)x, , 6.5)
2
for arbitrary x; € C,_,1. By applying (1.7) and (2.3), we can easily get
_T-2 -1, N2
[-AYA = u[g TS + SIN TG @N )] u. (6.6)

Therefore, applying (6.3), (6.5), (6.6) and a simple computation shows
el [T‘1b1 + T-2(50+ G;lczN)bz] U [—T‘Z(TS + SN + G1GN?)x,
X2

=AYb+ (1-AYA)y,

where x; € C,—,1 and y € C,,; are arbitrary. Therefore, we get the general solutions (6.2). [
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