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Abstract. In this paper, as a new application of fixed point theorems, we utilize some new contractions

to study the existence and uniqueness intervals of some different classes of nonlinear boundary eigenvalue
problems in integer and fractional order.

1. Introduction

Since many practical problems in applied sciences can be transformed to a problem of finding fixed points
of nonlinear mappings, fixed point theory play a key role in nonlinear analysis. One of the most basic
fixed point theorem is the Banach theorem. During the last few decades, several famous extensions of
this theorem have been proved [1-7]. It is known that many natural phenomena lead to a boundary
eigenvalue problem. For example heat equation, wave equation, Bessel’s equation, advection dispersion
equation, Heun'’s equation, Schrodinger equation can be mentioned in this regard. Therefore this makes
it clear that the boundary eigenvalue problems are of broad interest and there is a developed theory
of them in the literature of differential equations. On the other hand, regularly, these problems should
establish the eigenvalue interval for the existence of unique positive solution for the eigenvalue problem.
There are, albeit limited methods to study the eigenvalue problems, such as asymptotic methods [10].
Some authors [3, 8, 9, 11, 13-16, 24, 25] have used ug-positive operators to study the theory of boundary
eigenvalue problems. A nonlinear generalization of the Laplace operator, known as p-Laplacian operator,
is widely used in analyzing mathematical models of physical and scientific phenomena. In recent years
the research of boundary value problems with (generalized) p-Laplacian operators has become attractive
[16,18,21-23,30]. Also, p-Laplacian operators have used to investigate the existence of positive solutions of
eigenvalue problems [22, 23]. One of the limited methods to study of eigenvalue problems is using of fixed
point theorems. But it should be noted that most fixed point theorems can not be used for this purpose.
Almost all results are related to Guo-Krasnosel’skii fixed Point theorem. On the other hand there are very
few articles on the uniqueness of the solution of eigenvalue problems. In 2012 Samet et al [26] introduced
the class of a — i-contraction mappings and studied the existence of fixed points of such mappings. In
[27] we have an extension to the results of this paper. For more results in this direction we refer the reader
to [11, 16, 19-21, 27, 29-38]. In this paper we use a — 1-contraction mappings theory to the study of two
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cases of nonlinear boundary eigenvalue problems. First, we consider the following boundary eigenvalue
problem

W' (c) + Aa(c) f(w(c)) =0, c € (0,1),

1
0)=0,w(1) = do, 1
w(0) = 0, w(l) Kl:mm@ M

where0 <nn<land0 <« < % and obtain intervals of A on which a solution of (1) exists and then looking

for uniqueness intervals of A. In the next step, we generalize using of a — i-contraction mappings to the
study of existence and uniqueness eigenvalue intervals of the following boundary eigenvalue problem of
Volterra type on infinite interval and arbitrary fractional order

{ D¥w(c) + Af(c, w(c), Sw(c) =0, 3 <k <4, 2

w(0) =w'(0) =w"'(0) =0, D*lw(co) = Cl'w(u), >0,

where D* denotes the fractional derivative of order x in Riemann-Liouville definition, I' is the fractional
integral of order : with the same definition and (Sw)(c) = f(; k(c, o)w(p)do such that k(¢, 0) € C[D,R],D =

(coeRI0<p=<q).
In throughout of the paper we denote y = [0, 1].
2. Preliminaries
Definition 2.1. ([18-20]) The Riemann-Liouville fractional derivative of order « > 0 of a continuous function

f (0, +00) — Ris given by

(D5 f) 0 = _L(4Y f x(x — "L f (bt

0+ T(m—1x)\dx) J, ’
where m = [x] +1, [k] denote the integer part of number «, provided that the right side is pointwise define on (0, +00).
Definition 2.2. ([18-20]) The Riemann-Liouville fractional integral of a function

f:(0,+00) — R is given by

x 1 * o
(5 f) () = ) fo (x - D f(Hdt, x> 0.

Definition 2.3. ([26]) Suppose WV be the family of all functions 1 : [0, 00) — [0, o) with the following properties:
P1) v is nondecreasing;
Py) let Y* be the k-th iterate of v, then Y12 W¥(c) < oo, for all ¢ > 0.

A function ¢ € W is called a (c)-comparison function.

Definition 2.4. ([26]) Let ¢ : M — M be a given mapping where we supposed (M, d) is a metric space. A function
@ is called an o — -contraction, if there exist a (c)-comparison function 1 € ¥ and a function a : M XM — R such
that

a(v, )d(pv, po) < PAv,@),  ¥v,0 €M. 3)
Definition 2.5. ([26]) Let M+ @, ¢ : M — Mand a : M XM — R, we say that ¢ is a-admissible if
av,w)21=alpv,pw) 21, v, € M.

Theorem 2.6. ([27]) Let there exists & : M X M — R such that the followings hold
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i) for o and 1 the inequality (3) holds;
ii) @ is a-admissible;
i) Avo € M with a(vg, pvo) = 1;
iv) @ is continuous or
v) for any sequence {v,},en, where v, — v, if a(vy, Vpt1) = 1, then a(vy,,v) 2 1.

Then @ has a fixed point. In addition, if for arbitrary pair (u,v) € M X M, there exists w € M such that a(u, w) > 1,
a(v,w) > 1, then the fixed point of ¢ is a unique fixed point.

We denote the set of fixed points of a mapping ¢ : M — M by Fix(¢p), that is
Fix(p) ={v:v = qv}.
We will use the following lemma, frequently.
Lemma 2.7. ([27]) Forany € ¥,
i) Y(c) <g, forc >0;

ii) P(0)=0;

iii) at ¢ = 0, Y is continuous.
We define the following set ¥, for any ¢ € ¥, as

Ly ={o€(0,00): 0y € W}

We continue with the following proposition.

Proposition 2.8. ([27]) Let (M,d) be a metric space, also ¢ : M — M an a — 1) contraction mapping where
a:MXxM — Rand ¢ € W. Suppose that there exist o € )., such that for some positive integer p, there exists a

sequernce {5,-}‘:.’:0 C M with the following properties

So=vo, & =vo, alQ"&,@ &) 207!, neN,
i=1,2,-,p-1 (4)

Then {@"vo} is a Cauchy sequence in (M, d).

Theorem 2.9. ([27]) Let ¢ : M — M be a given mapping and (M, d) be a complete metric space. Suppose @ is an
a — p—contraction for & : M XM — Rand 1p € W. Moreover (4) is satisfied. Then {¢"vo} converges to some v* € M.
In addition, if there exists a subsequence {(pe(”)vo} of {¢p"vo} such that

lim a(p?™vy,v7) =1 € (0, ).
Then v* is a fixed point of ¢.
Theorem 2.10. ([27]) Let ¢ is an a — 1 contraction mapping, moreover
i) Fix(c) # 0;
ii) let (v,w) € Fix(c) X Fix(c) be an arbitrary pair with v # w and a(v,w) < 1, then there exist n € Ly and

{Ci(v, a))};’:0 C M ( g is positive integer) such that

CO(V/ a)) =7, Cq(v/ w) =w, a((PnCi(V/ a))/ (PnCi+1(V/ a))) 2 n_ll nelN
and i=1,2,...,9-1 5)
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Then @ has a unique fixed point.
Lemma 2.11. ([17]) Let xn # 1. Then for w € C(x, R), the problem
w'(¢) +w(c) =0,c €(0,1),
W(0) =0, (1) = fo " w(o)do, ©)

has a unique solution

1
w(c) = fo Gc, om(o)do,

where G(c, 0) : x X x = Ris the Green’s function defined by

21 -0) —x(n—0*-201-xn)c-0), o< minin,c),
1 2(1 - 9) — (- 0)%, c<o<n,
21 —xn) 12(1 - 9) —2(1 = xn)(c - 0), n<e<g,
2(1-o), max{n, ¢} < o.

G(c,0) =

We define, g(p) = ﬁ(l - 0), 0 € x, then we have the following two lemmas.

1 o .
Lemma 2.12. ([17]) Let 0 <n<1land 0 < x < 7 then the Green'’s function in (7) satisfies:

0<6(c 0 <9,

foro,c € x.
Lemma 2.13. ([17]) Let 0 <n<1land 0 < x < % Then for (¢, 0) € [0,1] X x, G(c, 0) = Og(p), where

0<0=1-n<1. ®)

3. Main result
Let E = C(x, R*"), then E is a Banach space. We define a cone K by
K={w € Elw = (wy,w; ..., wy) > 0, max{ rr{lén] wi(c)} = Ollwlle},
i ce[0n
where 0 is defined in (8).

Now, we use a — Y-contraction mappings to the study of two cases of nonlinear boundary eigenvalue
problems.

3.1. Existence and uniqueness results

In this section we use @ — 1)-contraction mappings to study the boundary eigenvalue problem of the
form(1). From Lemma 2.11, it is sufficient to consider the following integral equation

1
Q) = A fo G O f 0o, cexi=12,...N, ©)

wherev = (vy,v2...,vNn) €E,a: x = RY, fi: RN — R* and G is the same defined in (7). We endow E with a
metric defined by
d(v, w) = max{|lv(c) —w(@)ll: c € x}, (v,w) € EXE.
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Obviously, (E, d) is a complete metric space. Let us define
[Vlleo = max{liv(cl : ¢ € x1, v €E.
We will endow RN with the partial order
(wr,wy, ..., wN) <g~ (21,22, ..,2N) © w; <z, i=1,2,3,...,N.
Consider the following assumptions,
i) for f: RN — R*N defined by f(a) = (fi(a), f(a), ..., fu(a)) and g € x,
I/ (v(0)) = flw(o)ll < LIv = wll,
where L > 0 is a constant;
i) v=(v1,v1,...,vN) <pv (W1, W2, ..., wN) = w implies fi(v) < fi(w);
iii) 4 a constant P > 0 such that a(p) < P;

iv) dvg € E such that

1
Yo(©) <o 4 fo 6(c, 9() fvo(@)do. (10)

Theorem 3.1. Suppose that conditions (i)-(iv) are satisfied. Let 0 < A < 2(1[; D then the integral equation (9) has a

unigque continuous solution v* € E.

Proof. First we define a mapping ¢ by

1
(<) = A fo 6(c, () f(v(o)do,

and then for the proof we consider the following steps.
Step 1. To show that (v) = (p1(v), 2(v), ..., on(v)) : K = K we write,

1
rgleip piv(c) = r?ei;?/\j(; G(c, 0)a(o) fi(v(0))do

1
> min/\fo 0g(0)a(o) fi(v(0))do, i=1,2,...,N. 11

On the other hand

1
max{min p;v(c)} < max{pv(c)} = llpvile < max{A f 9(0)a(o) fi(v(0))do}-
1 ceE, 1 0

Thus, we obtain
miax{r&ilr,l(p,-v(g)} > Ollpvl|,

which implies ¢ : K — K.
Step 2. To prove that @ is an a — \-contraction, define the function o : E X E — R by the following

_ )1 if v(c)<gvw(c), ce€x
alv, ) = {O otherwise. (12)
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Consider the function i : [0, 00) — [0, 00) by

ALP

P(c) = Z(TKT])C/ ¢>0.

It is obvious that { € V. We show that

av, )d(ev, pw) < Y, w)), v,w €E.

Note that the above inequality holds immediately if the condition v(c) <gv w(c) is not satisfied. Therefore we suppose
that v(c) <rv w(c), for all ¢ € x. In this case, for all ¢ € x, we have a(v, w)d(pv, pw) < Y(d(v, w)), then

1 1
lov(c) - po@l = IA fo 66, 9a(o) f(@)do - A fo 6(c, 910 f@(@)dol

1
A fo 6(, 0a@If((0) — F@(@)lido

<
1
< A f G(c, a(@LIVG) - w(9)lldo
0
1
< AL f G(c, 9a(@d(v, w)dg
0
1
< ALP f G(c, 0)d(v, w)dp
< /\LPf —dgde)
= /\LPE = d(v w) = 1/)(d(v,a))). (13)

Then ¢ is an o — Y-contraction.

Step 3. From (iv), we have a(vy, pvo) = 1, since f is increasing and G(c, 9),a(0) > 0, so by induction, we obtain
easily a(p"vo, " vg) =1, n € N.

Step(4). Convergence of the Picard sequence {(p™vo}. Evidently there exists a subsequence {p?™vo} of {¢p™vo} such

that

O(n)

hm a((p vp, V') =1 € (0, 00).

Using Theorems 2.8, 2.9 and from step (3), we deduce that v* is a fixed point of @, in other words v* € E is a solution
to the integral equation (9), which implies it is a solution of the desired problem.
Step 5. In order to prove uniqueness of the solution, we choose an arbitrary pair (z,q) € E X E, given by

2(¢) = (z1(¢), 22(0) - ,2n(€)),  q(C) = (q1(c), 42(S) -+, an(C)), ¢ € x-
Now foranyi=1,2,...,N, we define

mi(c) = max{zi(c),qi(c)}, ¢ € x.

Obviously, one has a(z, m) = a(q, m) = 1. Therefore, uniqueness follows immediately from Theorem 2.10. [

Example 3.2. Consider the following eigenvalue problem,

2 +1
242

w"<g>+Aa<g>Z =0, 0<c<1, (14)

1
3

W (0)=0,w(1) =2 f w(o)do,
0
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Figure 1: Domain of A for existence and uniqueness of solution of problem 14.

2
1007

2 )
where k = 2, 17 = 1 ,a(c) = 1 , fw) = @ ; f then f is a Lipschitz function with Lipschitz

constant L = Accordzng to the notatzons of the Theorem 3.1, one has P = & and therefore for 0 < A < 14.493,
the problem ( 14) has a positive solution. On the other hand for uniqueness of solution, by (10) we should choose v(c)
such that:

2
() < 2 f 6, (Q) e (15)

Without loss of generality, we suppose that, v is constant and therefore from (10), for uniqueness of the solution we
should solve the following system of inequalities

31 v+1
< —
Vo= 10 v%+2,

0 < A < 14.493. (16)

From Fig.1. it is obvious that approximately for 0 < A < 1.88, we have the uniqueness of solution.

3.2. Existence and uniqueness of solution of fractional Volterra type eigenvalue problems
In this section, we consider the following fractional Volterra type problem on infinite interval

(17)

D*w(c) + Af(c,w(c), Sw(c)) =0, 3<x<4,
w(0) =w (0) =w’(0) =0, D*'w(eo) = Cl'w(u), >0,

where ¢ € | = [0,00), f € C[[ x RXxR,R*], C € R, y € ], D* denotes the fractional derivative of order
x in Riemann-Liouville definition, I' is the fractional integral of order i, with the same definition and

(Sw)(c) = f(f k(c, o)w(p)do such that k(c, g) € C[D,R*],D = {(c, 0) € R*0 < g < ¢}. Define the space

E={weC(R):su pge,ll ©1 - < +oo),
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equipped with the norm
lwo(S)
1+t

llwllE = supces

It is obvious that E is a Banach space.
First, Let us consider the following lemma.

Lemma 3.3. (128]) Let h € C(J,]) such that [\ h(g)do < oo. If
T(k + 1) # Cu*~1, then the following boundary value problem of fractional order with integral condition

D*w(c) + h(c) =0, (18)
w(0) =w'(0) =w"(0) =0, D*lw(co) = Cl'w(y), ¢>0,
has a unique solution
+00
we)= [ 6t omods
0
where
[F(K + L) _ C(H _ Q)K-H—l] gK—l
—[r6e+ 0 - Q] (e - 0! o<co<p
Gc,0=% [TOc + 1) = Cu = gyt o< 0<c<o<up.
F(K + l) [CK—l _ (C _ Q)K—l] + C[JK_H_l(C _ Q)K—l 0 < ‘u < 0 < c
Tk + e 0>c0>u
and
A =T(x) [T + 1) - Cu].
Remark 3.4. ([28]) For (g,¢) € ] X ], suppose that T(x + 1) > Cu***~1, (C > 0,) holds, then one has
G(c,0) T + 1)
0< < = 19
T 1+t T T (x + 1) = Curt1] 19)
Let E be a Banach space. Consider the following cone;
K = {w € Elw > 0,infw(c) > Tl (20)
cel F
where m = inf_¢; G(¢, 0).
In this section we study the following integral equation of Volterra type
v =1 [ 6o, @
0

with the following assumption
D) 1f(e,v(0), Sv(0)) = f(o,w(0), Sw(O)| < FFrpyd(v, w);

ii) forallc € J,v,w € R%,v < w = f(v) < f(w);
R?

iii) there exist vg € M such that

no(Q)<h fo 66, 0)f(0,v0(0), Svo(a))do. (22)
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Theorem 3.5. Suppose that conditions (i) — (iii) are satisfied. Let0 < A < ==
type (21) has a unique continuous solution v* € C(J,R).

7=, then the integral equation of Volterra

Proof. First, let us introduce the associated mapping ¢, by the following

ov(c) = 1 fo 6(c, 0)f (e, v(0), Sv(O)de,

then for the proof we consider the following steps.
Step 1. First we show ¢ : K — K, we have

infv(c) = inf1 [ 6(c,0)f(0.1(0) S0
N 0
on the other hand

™ vl = supa fo m G0 ¢ (o), Sv(0)o

cex Fl+cet

0 1 +QK 1 g(gl
< sup fo e T @0, SENe

_2 fo mf (o, v(0), Sv(g))do

<infA f 6(c, 0)f(0,v(0), S¥(o)do
< 0
= infpv(c).
Which implies ¢ : K — K.

Step 2. To prove that ¢ is an @ — ¢ contraction, let us define the function
a: M XM — Rby the following

{1 if (o)<w(c),
alv,w) =

0 otherwise.

Also we consider the function i : | — ] define by

Y(c) = AFLmg, ¢ >0.
Now we show that i) € W. Suppose, v(c) < w(c), for all ¢ € J. In this case, we have

av, )d(ev, pw) < Y, w)), v,w €E.

Indeed we have

pY(©) - pa()l = 1A fo 6(c, 0)f (0, (@), Sv(g)do
-A f G(c, 0)f (0, w(0), Sw())dol
0
<A fo G(c, 0)lf(0,v(0), S(v(0)) = f(0,w(0), Sw(p))ldo
<A fo F(1+ ¢ MIf (o, v(0), S((0) — f(o,w(0), Sw(p))ldo

<AF(1+c¢*h f
= AFLn(1 + ¢ Hd(v, a)).

d(v, w)do
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Then

—kpv(f )Jr_gff(g)' < FLd(v, @) = P(d(v, ©)).
Therefore a(v, w)d(pv, pw) < P(d(v, w)).

Step 3. From (iii), we have a(vo, pvg) = 1, since f is increasing and

G(c, 0),a(p) > 0, so by induction, we obtain easily a(¢"vy, (p”“vo) =1, nelN.
Step 4. Evidently there exists a subsequence {p?™v,} of {¢"vy} such that

lim a((pg(”)vo, 1) =1€(0,00).

Using Theorems 2.8, 2.9 and from step (3), we deduce that v* is a fixed point of ¢, in other words v* € Eis a
solution to the integral equation (18), which implies it is a solution of the desired problem.
Step 5. In order to prove uniqueness of the solution, we choose an arbitrary pair (z,q) € E X E, we define

m(c) = max{z(c),q(c)}, c€].

Obviously, one has a(z,m) = a(g,m) = 1. Therefore, uniqueness follows immediately from Theorem
210. O

4. Conclusion

Literature review shows that the study of boundary eigenvalue problems by fixed point theorems is
limited to the use of few contractions on cones and often does not include uniqueness results. In this
paper we have used some new a — i-contraction mappings to obtain existence and uniqueness results for
eigenvalue intervals of two classes of nonlinear boundary eigenvalue problems in integer and fractional
orders.
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