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Warped-Twisted Product Semi-Slant Submanifolds
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Abstract. We introduce the notion of warped-twisted product semi-slant submanifolds of the form g, MTx f
M?C with warping function f, on M? and twisting function f;, where M is a holomorphic and M? is a slant
submanifold of a globally conformal Kaehler manifold. We prove that a warped-twisted product semi-
slant submanifold of a globally conformal Kaehler manifold is a locally doubly warped product. Then we
establish a general inequality for doubly warped product semi-slant submanifolds and get some results for
such submanifolds by using the equality sign of the general inequality.

1. Introduction

Sahin [15] proved the non-existence of non-trivial warped product semi-slant submanifolds in Kaehle-
rian manifolds. More precisely, there do not exist warped product semi-slant submanifolds in Kaehlerian
manifolds of the forms M? x; M™ and M" xy M?, where M" is a holomorphic and M? is a slant submanifold
of a Kaehlerian manifold (see, Theorems 3.1 and 3.2 of [15]). Also, Sahin [16] showed that there exists no
non-trivial warped product hemi-slant submanifolds in Kaehlerian manifolds of the form M* x s MY, where
M+ is a totally real submanifold of a Kaehlerian manifold (see, Theorem 4.2 of [16]). We are inspired by
the results of Sahin [15, 16] and deduce that Kaehlerian structures do not admit non-trivial doubly warped
product semi-slant or hemi-slant submanifolds. Recently, Matsumoto studied warped product semi-slant
submanifolds in locally conformal Kaehler manifolds of the forms M? x; MT and MT x; M? in [9, 10].

In [18], we defined two classes of doubly twisted products under the names of nearly doubly twisted

products of type 1 and type 2. In this article, we rename the nearly doubly twisted products of type 1 as
warped-twisted products.

Motivated by the above papers, we consider and study warped-twisted product semi-slant submanifolds
in globally conformal Kaehler manifolds in this paper.

2. Preliminaries

In this section, we recall the fundamental definitions and notions needed for the further study. Actually,
in subsection 2.1, we will recall the definition of the warped-twisted product manifolds. The definitions of
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locally and globally conformal Kaehler manifolds will be presented in subsection 2.2. In subsection 2.3, we
will give the basic background for submanifolds of Riemannian manifolds.

2.1. Warped-twisted products

Let M; and M, be Riemannian manifolds endowed with metric tensors g; and g, respectively and let
f1 and f, are positive smooth functions defined on M; X M,. Then the doubly twisted product manifold [14]
£Mi X5, M, is the product manifold M = M; X M, equipped with metric g given by

9= Lm0 + i’

where 7t; : My X M, — M,; is the canonical projections for i = 1, 2. Each function f; is called a twisting function
of the doubly twisted product ;,M; Xz M,. If the twisting functions f; and f, depend only on the points of
M; and M respectively, then ;, M X5, M, becomes a doubly warped product manifold [7] and each function f;
is called a warping function of the doubly warped product manifold. In this case, if fi = 1 or f, = 1, then we
get a warped product [1].

Let , M1 X5, M, be doubly twisted product manifold. If fi = 1 or f, = 1, then we get a twisted product
[4] with the twisting function fi or a twisted product with the twisting function f,. In a warped or twisted
product case, the notation ;, My Xz M is simplified to ,, M1 X M, or My Xz, M». In addition, if both f; and f,
are constant, then we get a usual or direct product manifold [3].

Let us recall the definition of a warped-twisted product manifold. Let (M1, g1) and (M, g») be Rieman-
nian manifolds and let f, : My — (0, 0) and f; : My X M, — (0, o) be smooth functions. The warped-twisted
product ;, My Xz M, [18] is the product manifold M; X M, equipped with the metric tensor g defined by

g = (f2 0 m)* (1) + f175(92). 1)

The function f, € C*(M,) is called a warping function and the function f; € C*(M; X M,) is called a twisting
function of ,M; Xy M,. In this case, if the function f; depends only on the points of M, then the warped-
twisted product ;,M; X M, becomes a base conformal warped product [5]. We say that a warped-twisted
product is non-trivial if it is neither doubly warped product nor warped product or base conformal warped
product.

Let ;,M; Xj, M be a warped-twisted product manifold with the Levi-Civita connection V of g, given in
(1). Also we denote by V' the Levi-Civita connection of g; for i € {1,2}, respectively. By usual convenience,
we denote the set of lifts of vector fields on M; by L(M;) and we use the same notation for a vector field and
for its lift. On the other hand, each m; is a positive homothety, so it preserves the Levi-Civita connection.
Thus, there is no confusion using the same notation for a connection V' on M; and for its pullback via
7i;. Then, the covariant derivative formulas of the warped-twisted product manifold ,M; Xz M, with the
warping function f, € C*(M,) and twisting function f; are given by

VxY = VY — g(X, Y)VIn(f2 o mp), ()
VVX = VXV = V(h’l(fz ¢] 7'(2))X + X(lnfl)V, (3)
VuV = VAV + U(ln A)V + V(Iin {)U - g(U, V)V 1n fi, (4)

forany X, Y € L(M;) and U,V € L(M;). These formulas immediately come from Lemma 2.1 of [8] with
X(In(f2 0 m2)) = Y(In(f2 © m2)) = 0.

Remark 2.1. Until the section 5, we will use the same symbol for the warping function f, and its pullback f, o m,
i.e., we will put f, = f, o Ty.
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2.2. Locally and globally conformal Kaehler manifolds

Let (M, ],g) be a Hermitian manifold of dimension 2m. Then it is called a locally conformal Kaehler
manifold (briefly lc.K. manifold) [6], if each point of p € M has an open neighborhood U with smooth
function 0 : U — R such that § = e™9¢|q is a Kaehler metric on U. If one choose U = M, then (M, ], g) is
called a globally conformal Kaehler manifold (briefly g.c.K. manifold).

Theorem 2.2. [6] Let (M, ], g) be a Hermitian manifold and let Q be a 2— form defined by (X, Y) = g(X, JY) for all
vector fields in M. Then (M, ], g) is a l.c.K. manifold if and only if there exists a globally defined 1— form w such that

dAQ=wANQ and dw = 0. (5)

The closed 1- form w is called the Lee form of the l.c.K. manifold (M, ], g). In addition, the manifold (M, ], 9)
is g.c.K,, if its Lee form w is also exact. In this case, we have w = do [20]. The Lee vector field B is defined by

w(X) = g(B,X), (6)

for any vector fields X on M. One can see that, the globally conformal Kaehler case is a special case of the
locally conformal Kaehler case. We denote by V (resp. V) the Levi-Civita connection on M with respect to
g =e¢%g (resp. g). Then we have [6]

VoY = Ve — %{w(X)Y +oMX - g(X, Y)B}, %

for any vector fields X and Y on M. The connection V is a torsionless linear connection on M which is called
the Weyl connection of g. It is easy to see that the Weyl connection V satisfies the condition

V] =o. 8)
Remark 2.3. Throughout this paper, we denote by (M, ], w, g) the g.c.K. manifold with the Lee form w.

2.3. Submanifolds of Riemannian manifolds

Let M be an isometrically immersed submanifold in a Riemannian manifold (M, g). Let V is the Levi-
Civita connection on M with respect to the metric g and let V and V* be the induced, and induced normal
connection on M, respectively. Then, for all X, Y € TM and Z € T+M, the Gauss and Weingarten formulas
are given respectively by

VxY = VY + (X, Y), 9)

VxZ = -AzX + VxZ, (10)

where TM is the tangent bundle and T*M is the normal bundle of M in M. Additionally, & is the second
fundamental form of M and Ay is the Weingarten endomorphism associated with Z. The second fundamental
form h and the shape operator A are related by

The mean curvature vector field H of M is given by H = L(traceh), where dim(M) = m. We say that the
submanifold M is totally geodesic in M if h = 0, and minimal if H = 0. The submanifold M is called totally
umbilical if h(X,Y) = g(X,Y)H forall X, Y € TM.

Let M be any submanifold of a g.c.K. manifold M, ] w, g). Then the Gauss and Weingarten formulas
with respect to V are given by

VxY = VxY + (X, Y), (12)
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VxZ = -AzX +ViZ, (13)
for X, Y € TM and Z € T*M. Thus, using (9), (10) and (13), we have

VY = VyY — %{w(X)Y FoMX - (X, Y)BM}, (14)
Az X = AzX + %a)(Z)X, (15)
X Y) = hOXY) + 590X 1B, (16)

from (7), where BM and BY are respectively the tangential and the normal part of B.

3. Semi-slant submanifolds of a g.c.K. manifold

In this section, we recall the definition of a semi-slant submanifold and give some auxiliary results
related to the semi-slant submanifolds of a g.c.K. manifold to prove our main theorems.

Let (M, ], g) be an almost Hermitian manifold and let M be a Riemannian manifold isometrically im-
mersed in M. A distribution D on M is called a slant distribution if for U € D,, the angle 6 between JU and
D, is constant, i.e., independent of p € M and U € D,. The constant angle 0 is called the slant angle of the
slant distribution . We know that holomorphic and totally real distributions on M are slant distributions
with 6 = 0 and 0 = 7, respectively. A slant distribution is called proper if it is neither holomorphic nor
totally real. A submanifold M of M is said to be a slant submanifold [2] if the tangent bundle TM of M is
slant. For examples and more details, see [2].

A semi-slant submanifold M [13] of a g.c.K. manifold (M, ], g) is a submanifold such that its tangent bundle
TM admits two orthogonal complementary holomorphic distribution DT and slant distribution D?, i.e., we
have

™ = DT & DO. (17)

We say that the semi-slant submanifold M is proper if dim(D") #0and 0 # 0, %.
For any Y € TM we write

JY = PY + FY, (18)

where PY is the tangential part of Y, and FY is the normal part of Y. Then the normal bundle T*M of M is
decomposed as

T'M=FD%® D, (19)

where D is the orthogonal complementary distribution of FD? in T*M and it is an invariant subbundle of
T+M with respect to J. For a semi-slant submanifold, we have [15]

P2U = —cos?0U, (20)

g(PU, PV) = cos?0g(U, V) and g(FUFV) = sinzeg(U, V) (21)
for U,V € T(DY).
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Lemma 3.1. Let M be a semi-slant submanifold of a ¢.c.K. manifold (M, ], w, g). Then we have

oW = esc0fg(AruY - A, X) + o (FUGGY, X) -
~La(FPUI(X, 1)) - 2oWg(x, ),

for X,Y e (D7) and U € T(DY).

Proof. Let X,Y € (D7) and U € T(DY). Since (M, ], , § = e°g) is a Kaehler manifold, by using (8), (13), (18)
and (20), we have

gVxy,U) = g(Vxy,U) = g(VxJY,JU)

G(VxJY, PU) + G(Vx]Y, FU)

—g(VxY, JPU) + G(AruX, JY)

—-g3(VxY, P2U) — §(VxY, FPU) + §(AruX, ]Y)
= cos?0g(VxY, U) + d(Aru]Y, X) — §(Arpu Y, X).

Hence, it follows that
G(VxY, U) = esc®0§(Aru] Y, X) — §(Arpu Y, X).
Now, by using (6), (14) and (15), we derive the conclusion. [

Theorem 3.2. Let M be a proper semi-slant submanifold of a g.c.K. manifold (M, ], w, g). Then the holomorphic
distribution DT is integrable if and only if

9J(Ara]Y, X) — g(AruJ X, Y) = o(FU)g(JX, Y), (23)
for X, Y e (D) and U € T(DY).

Proof. Let M be a proper semi-slant submanifold of a g.c.K. manifold (M, J,w, g). Then the holomorphic
distribution DT is integrable if and only if g([X,Y],U) = 0 for all X, Y € I(DT) and U € I'(DY). Thus, the
assertion (23) comes from (22). O

Lemma 3.3. Let M be a semi-slant submanifold of a g.c.K. manifold (M, J, w, g). Then we have
oYUV, X) = - escg(ArvTX = ArpyX, U) = Jo(Xg(U, V), (24)

for X e T(DT) and U, V € T(DO).

Proof. Let X € T(DT) and U,V € T(DY). Since (M, ],w,§ = e°g) is a Kaehler manifold, using (8), (13), (18)
and (20), we have

gOuV,X) = §(VuV,X) = gVuJV,JX)

G(VuPV, JX) + §(VUFV, JX)

= —g(VuJPV,X) - §Ar X, U)
~§(VuP?V,X) = §(VuFPV, X) - §(Arv]X, U)
= cosZGg”(VuV, X) + g(AppVx, U) — g(Apva, U)

Hence, it follows that
gVuV,X) = - CSCZQ{?(AFV]X - AppvX, U)}~

Now, by using (6), (14) and (15), we derive the conclusion. [
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Theorem 3.4. Let M be a proper semi-slant submanifold of a g.c.K. manifold (M, ], w, g). Then the slant distribution
DY is integrable if and only if

g(Arv]X = Appv X, U) = g(Aru] X — ArppuX, V), (25)
for X e (D) and U,V € T(D?).

Proof. Let M be a proper semi-slant submanifold of a g.c.K. manifold (M, ], , g). Then the slant distribution
DY is integrable if and only if g([U, V], X) = 0 for all X € T(DT) and U, V € T(DP). Thus, the assertion (25)
follows from (24). O

Remark 3.5. Throughout this paper, for a semi-slant submanifold M of a g.c.K. manifold (M, ], w, g), we write
BM = BT + BY, where BT (resp. BY) is tangential part of BM to D' (resp. DP).

For some properties of semi-slant submanifolds of a g.c.K. manifold, we refer to the paper [17].

4. Warped-twisted product semi-slant submanifolds of a g.c.K. manifold

In this section, we consider warped-twisted product semi-slant submanifolds in the form ,M" x; M?,
where M is a holomorphic and M? is a slant submanifold of a g.c.K. manifold (M, ], w, g). We give necessary
and sufficient conditions for such manifolds to be twisted product, base-conformal warped product and
direct product. Then we give a characterization for these kind of submanifolds in a main theorem. We first
give an (non-trivial) example of such a submanifold.

Example 4.1. Let (z1, ..., z¢) be natural coordinates of the six-dimensional Euclidean spuceR6 andletR® = {(z1, ..., z¢) €
RO :zy # 0and z3 + z4 # 0}. Then (R®, ], go) is a Kaehler manifold with usual Kaehler structure (J, go). Now, we

2 (z3 + 24)2

1 1 . Then

consider the Riemannian metric g = ¢°go conformal to Kaehler metric go on R®, where ¢° = z
(R®, ], 9) is clearly a g.c.K. manifold. Let M be a submanifold given by
Z1=X,22=Y,23=U+0V, 24 =-U+DV, Z5=1U, z6 =0,

where x,y,u,v # 0. Then, the local frame field of the tangent bundle TM of M is given by

1 1
X=81, Y=82, UZ%{&3—54+&5}, V=${83+84},

where d; = a%for i€{1,2,..,6}. Then DT = span{X, Y} is a holomorphic and D° = span{U, V'} is a (proper) slant
distribution with the slant angle 0 = cos‘l(%é). Thus, M is a proper semi-slant submanifold of (R®, ], ). One can
see that both DT and DO are integrable. Let us denote the integral submanifolds of DT and D by MT and M,
respectively. Let gr and g be the induced metrics from the Kaehler metric go on MT and MO, respectively. We choose

z3+z . .
32 on M, the induced metric of M from

the conformal Riemann metric gr = x*>gr on M. Since x = zy and v =
the conformal Kaehler metric g is
ds* = xX20?(dx? + dy?) + x*0*(du? + dv?)
= v’x%gr + x*0%gg
Vg + (x0)*ge -

Thus, M is a warped-twisted product of (M”, gr) and (M?, gg). So, ,MT Xy, MC is a (non-trivial) warped-twisted
product proper semi-slant submanifold of the g.c.K. manifold (R®, ], g) with warping function fo = v and twisting
function f; = xv. Moreover, the Lee form (R®, ], g) is

w = Z(de + 1dv).
x v
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Consequently, the Lee vector field is

_ L(liﬁi)
T x202\xdx  vov

which is tangent to M.

Lemma4.2. Let M = ,M" x;, MO be a warped-twisted product semi-slant submanifold with warping function
fo € C*°(MP) and twisting function fy of a g.c.K. manifold (M, ], w, g). Then, for all X € L(MT), we have

w(X) = 3X(In fy). (26)

Proof. Let M = M" x; M® be a warped-twisted product semi-slant submanifold of a g.c.K. manifold
(M, ], @, 9). For U,V € L(M?) and X € L(MT), using the exterior differentiation formula (see, [21], p.17), we
have

3dQX, U V) = XQWU, V) + UQ(V, X) + VQ(X, U)
-Q(IX, U], V) - Q([Uu, V], X) — Q([V, X], U)
= Xg(UPV),

since [X, V] = [X, U] = 0 and [U, V] € £L(M?). Hence,

3dQ(X, U, V)= Xg(U,PV)
= g(VxU,PV)+ g(U,VxPV).

Using (3), we obtain
3dQ(X, U, V) = 2X(In fy)g(U, PV). 27)

On the other hand, using (5) and (18), we have

dOX, U V)= oAQX UV)
= oX)QU V) + o)AV, X) + o(V)Q(X, U)
= w(X)g(U PV)
from (5). Namely,
dQ(X, U, V) = w(X)g(U, PV). (28)

Thus, the assertion comes from (27) and (28). O
By Lemma 4.2, we immediately have the following result.

Theorem 4.3. Let M = ,M" Xy, MO be a warped-twisted product semi-slant submanifold with warping function
f» € C®(MP) and twisting function f; of a g.c.K. manifold (M, ], w, g). Then M is a base conformal warped product
submanifold in the form , MT X M if and only if the Lee vector field B is normal to M.

Proof. Let M = ,M" x5, M? be a warped-twisted product semi-slant submanifold with warping function
f» € C°(MY) and twisting function f; of a g.c.K. manifold (M, ], w,g). If M is a base conformal warped
product submanifold in the form ;,M* X M?, then for any X € L(M"), X(In f1)=0, since f; depends only
on the points of M?. From (26), we find g(B, X) = 0. So, the Lee vector field B is normal to M.

Conversely, if the Lee vector field B is normal to M”, we have ¢(B, X) = 0. Then, we get X(In f;) = 0 for
any X € L(MT) from (26). So f; depends only on the points of MY. Then the induced metric tensor gy of M
has the form gy = f,°g7 @ jo, where f; is warping function and go = fi°ge. Thus, M = ,M" x;, M’ is a base
conformal warped product. O
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Lemma4.4. Let M = ,M" Xy, MO be a warped-twisted product semi-slant submanifold with warping function
fo» € C*(MP) and twisting function fy of a g.c.K. manifold (M, ], w, g). Then, for all V € L(M?), we have

(V) = 2V(in f). (29)

Proof. Let M = 1 M" x; M be a warped-twisted product semi-slant submanifold of a g.c.K. manifold
(M, ], w, g). Then using the exterior differentiation formula, we have

3dQ(V, X, Y) = V(X Y) + XQ(Y, V) + YOV, X)
-Q(V, X],Y) - X, Y], V) - Q(Y, V], X)
= Vg(X,JY) = Xg(JY, V) + Yg(V, ] X)
—g([V, X1, ]Y) + g(J[X, YL, V) = (Y, V], JX).

Here, we know g(JY,V) = g(V,JX) = 0, since M is a semi-slant submanifold. Also, by (3), we have
[V, X] = [Y,V] = 0 and by (2), we have [X, Y] = V1Y - V1 X. So J[X, Y] € T(TM"). Thus, we obtain

3dQV,X,Y) = Vg(X,]Y)

9(VVX/ ]Y) + g(X/ VV]Y)

Again, using (3), we find
3dQ(V, X, Y) = g(X(n f)V + V(In £)X, JY) + g(X, JY(n £)V + V(In f)]Y).
So, we obtain
3dQ(V, X, Y) =2V(In f2)9(X, ]Y). (30)
On the other hand, using (5) and (18), we have
dAQ(V,X,Y) = wAQV,XY)

= o(V)QAX,Y) + w(X)QY, V) + o(V)QV, X) (31)
w(V)g(X,JY).

Thus, the assertion comes from (30) and (31). O
By Lemma 4.4, we immediately have the following result.

Theorem 4.5. Let M = ,M" Xy, M? be a warped-twisted product semi-slant submanifold with warping function

fo € C®(MO) and twisting function fi of a g.c.K. manifold (M, ], w, g). Then M is a twisted product submanifold in
the form M" x s, M if and only if the Lee vector field B is normal to M°.

Proof. Let M is a twisted product submanifold in the form M” x, M?, where f; is a twisting function. Then,
for any V € L(M?), V(In £,)=0, since f; is a constant. From (29), we find g(B, V) = 0, for any V € L(M?). So,
the Lee vector field B is normal to M°.

Conversely, if the Lee vector field B is normal to MP?, we have g(B,V) =0, forany V € L(MP?). Then,
we get V(In f2) = 0 from (29). So, f, is a constant, say f, = c. Then the induced metric tensor gy of M has
the form g = c2gr @ fi°ge, where c is constant and f; is the twisting function. Thus, M = M" x; M? is a
twisted product. [

We conclude from Theorems 4.3 and 4.5 that:

Theorem 4.6. Let M = ,MT Xy, MY be a warped-twisted product semi-slant submanifold with warping function

fo € C*(MP?) and twisting function f of a g.c.K. manifold (M, ], w, g). Then M is a locally direct product manifold if
and only if the Lee vector field B is normal to M.
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Proof. Let M = ,M" x5, M? be a warped-twisted product semi-slant submanifold with warping function
€ C®(M?) and twisting function f; of a g.c. K. manifold M, ], w,g). If M is a locally direct product,
then the functions f; and f, are constants. In that case, for any X € L£(MT) and V € L(M?), we have
g9(B,X) = g(B, V) = 0 from (26) and (29), respectively. It follows that B is normal to M.

Conversely, let B is normal to M. Then, for any X € £L(MT) and V € £(M?), we have X(In f;) = V(In f,) =
0. It follows that f; is a constant, say f» = ¢ and f; depends only on the points of MY. Then the induced
metric tensor gy of M has the form gy = g1 @ fi*ge. Hence, we conclude that M is a locally direct product
of (M*, gir) and (M?, §ip), where g = c*gr and g = fi’ge. O

By using (22) and (26), we deduce the following result.

Lemma4.7. Let M = s M" x; MY be a warped-twisted product semi-slant submanifold of a g.c.K. manifold
(M, ], w, g). Then we have

JArTX ~ ArpuX, ) = 3(0(FPU)IX, V) = @(FU)g(X, 1)) - sin?Gu(hg(X, V) (32)

for X, Y € LIMT) and U € L(MP).
By using (24) and (29), we deduce the following result.

Lemma4.8. Let M = ;M" x; M® be a warped-twisted product semi-slant submanifold of a g.c.K. manifold
(M, ], w, g). Then we have

g(Arv]X = Appy X, U) = sin®60 w(X)g(V, U) (33)
for X € LMT)and U,V € L(MP?).
Now, we recall the following two facts to prove the main theorem.
Lemma 4.9. (Proposition 3-a [14]) Let g be a pseudo-Riemannian metric on the manifold M = My XM, and (D1, D)
the canonical foliations. Suppose that Dy and D, intersect perpendicularly everywhere. Then (M, g) is a doubly
twisted product ,, My X5, My if and only if Dy and D, are totally umbilic foliations.

Lemma 4.10. (Lemma 3.1.1[11]) Let ;,My Xy, M5 be a doubly twisted product. It is a doubly warped product if and
only if the mean curvature vector fields of canonical foliations are closed.

Motivated by Lemma 4.9 and Lemma 4.10, we can obtain the following result.

Lemma 4.11. Let , My Xz, M, be a doubly twisted product. It is a warped-twisted product with warping function
fo € C®(My) and twisting function fi if and only if the mean curvature vector field of canonical foliation Dy is closed.

Proof. The proof is very similar to the proof of Lemma 2.3 [8], so we omit it. []
We now are ready to prove the main theorem.

Theorem 4.12. Let M be a semi-slant submanifold of a g.c.K. manifold (M, ], w, ). Then M is a locally warped-twisted
product submanifold if and only if its shape operator A satisfies the following equation

AruJX - AppuX = %{w(FPU)X — w(FU) ]X} + sinze{a)(X)U - a)(LI)X} (34)

for X € T(DT) and U € T(DY). Moreover, M is also a locally doubly warped product submanifold.
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Proof. Let M be a warped-twisted product submanifold of a g.c.K. manifold (M, ], w, g) of type ,M" x5 M?.
For any X € L(MT) and V € L(M?), we write

T 0
Aru]X — AppuX = (AFLI]X - AFPUX) + (AFU]X - AFPUX) , (35)

T 0
where (Apu]X - AppuX) is the tangent part of Ary /X — ArpuX to MT and (Apu]X - AppuX) is the tangent

part of AryJX — AppuX to MY. Hence, for any Y € £(MT), using (32), we have
JAr]X - AppuX, Y) = g(%a}(FPLI)X - %a)(FU) JX = sin20a (U)X, Y).

Since Y € L£(MT) is arbitrary and the metric g is Riemannian, it follows that

T
(Apu X - Appux) = Lo(FPU)X — Lo(FU)JX - sin0w(U)X. (36)

Similarly, for any V € £(M?), using (33), we have
9(AruJX — AppuX, V) = g( sin0 w(X)U, V).
Since V € £(M?) is arbitrary and the metric g is Riemannian, it follows that

0
(Apu X - AFPUX) = §in20 w(X)UL (37)
Thus, by (35)~(37), we get (34).

Conversely, suppose that M is a semi-slant submanifold of a g.c.K. manifold (M, J, w, g) such that (34)
holds. Then, for any X € [(DT) and U, V € T(DY), using (34), we deduce (23). Thus, by Theorem 3.2, the
holomorphic distribution D is integrable. On the other hand, again using (34), we obtain (25). Thus, by
Theorem 3.4, the slant distribution DY is integrable. Let M and M be the integral manifolds of DT and D?,
respectively and let denote by hT and 1Y the second fundamental forms of MT and M? in M, respectively.
Then, for any X, Y € T(DT) and U € T(DY), using (9), we have

g(h" (X, Y), U) = g(VxY, U).
Here, if we use (22) and (34), we find

g (X, ), V) = —3(U)g(X, Y).
After some calculation, we obtain

g(h'(X, ), U) = g(=g(X, ¥)3B%, ).
Hence, we conclude that

h(X,Y) = —g(X, Y)3B°.

This equation says that M” is totally umbilic with the mean curvature vector field —3B?. On the other hand,
for any X € T(DT) and U, V € I(D?), using (9), we have

g, V), X) = g(VuV, X).
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Here, if we use (24) and (34), we find
g (U, V), X) = —30(X)g(U, V).
After some calculation, we obtain
g(h°(U, V), X) = g(=g(U, V)3BT, X).
Hence, we conclude that
B, V) = —g(U, V)3B".
It means that M? is totally umbilic in M with the mean curvature vector field —3BT.

Next, we prove BT and B are closed. Let denote by w! (resp. w?) the dual 1-form of BT (resp. B). For
any X € I(DT), we have 0’ (X) = w(X). Thus, for X, Y € T(DT), we obtain

doT(X,Y) = X (Y) = YT (X) — 0" (X, Y]) = Xw(Y) = Yo(X) — o([X, Y]) = dw(X, Y).

It follows that dwT = 0, since dw = 0. Namely, T is closed. Hence, BT is closed, since its dual 1-form is
closed. Thus, by Lemma 4.11, M is a locally warped-twisted product submanifold. Moreover, we can prove
that BY is closed in a similar way. Thereby, by Lemma 4.10, M is also a locally doubly warped product
submanifold. [

Remark 4.13. We have just proved that a warped-twisted product semi-slant submanifold of a g.c.K. manifold
(M, ], w, g) is also a doubly warped product submanifold in Theorem 4.12. Therefore, from now on we will focus on
doubly warped product submanifolds of a g.c.K. manifold.

5. An inequality for doubly warped product proper semi-slant submanifolds

In this section, we shall establish an inequality for the squared norm of the second fundamental form of a
doubly warped product proper semi-slant submanifold in the form ,M" x, M?, where M is a holomorphic
and M is a slant submanifold of a g.c.K. manifold (M, ], w, g). Note that a general inequality for any doubly
warped product submanifold in arbitrary Riemannian manifolds was established in Theorem 3 of [12].

Let ;,M; Xy, M, be a doubly warped product manifold equipped with the metric g defined by

g = (f2 0 2)*1(g1) + (f1 © T1)*705(g2). (38)

Then the covariant derivative formulas (2)~(5) become

VxY = VY — g(X, Y)V(In f 0 13), (39)
VyX =VxV =V(in 0o m)X + X(In f; o 1)V, (40)
VuV = V3V - g(U, V)V(In fy o my), (41)

for X, Y € L(M;)and U, V € L(M,). It follows that M; x {p,} and {p1} X M, are totally umbilical submanifolds
with closed mean curvature vector fields in ,M; X5 M, [11], where p; € M; and p, € M,. We say that a
doubly warped product is non-trivial if it is neither warped nor a direct product.

Remark 5.1. [7] For a doubly warped product manifold ;, My Xy, M, we have

V(In fi o 117) = mvl(lnﬁ o 11)
(42)

2Vz(lan o Tip).

V(lnf2 o 712) = (flo;ﬂl)
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In view of the above convenience together with (38) and (42), the covariant derivative formulas (39) and
(41) become

= 1 (fZ 2)2 2

TxY = Vi - (20 71X, Y)V3(In f» 0 105), (43)
2

VuV = V34V - 8;1 nliz 2(U, V)Vi(In f; 0 71), (44)

for X,Y € L(M;) and U,V € L(M,).
For more details on doubly warped products, we refer to the papers [7], [8], [11] and [19].

Remark 5.2. From now on, we will use the same symbol for a warping function f; and its pullback fiom; fori =1,2,,
i.e. wewill put f; = fiom,.

Lemma 5.3. Let M = ,M"xM° beadoubly warped product semi-slant submanifold of a g.c.K. manifold (M, J, w, 9)
and h be the second fundamental form of M in M. Then we have

901X, ), FU) = ~{Jo(FU) - o(PL) (X, 1) + @(g(X, V), (45)

g(h(X, U), FV) = —o(JX)g(U, V) — o(X)g(U, PV), (46)
where X,Y € LIMT) and U,V € L(MP).

Proof. Let M = M" x5 MY be a doubly warped product semi-slant submanifold of a g.c.K. manifold
(M, ],w,9) and let X, Y € L(MT) and U € L(M?). Since (M, ], w, § = e’g) is a Kaehler manifold, using (12),
(18) and (8), we have

ghX,Y),FU) = §VxY,FU)
g(VxY, JU) - g(VxY, PU)
~g(VxJY, U) - g(VxY, PU)

= —g(VxJY,U) - g(VxY, PU).

Now, using (2), (14), (15) and (29), we get (45). Next, let X, Y € L(MT)and V € L(M?), since (M, ], § = e°g)
is a Kaehler manifold, using (12), (18) and (8), we have

X, U),FV) = gVuX,Fv)
= gVuX,JV) - §(VuX, PV)
= —g(VuJX, V) - §(VuX, PV)

= —G(VuJX, V) - G(VuX, PV).
Now, using (3), (14), (15) and (26), we get (46). [

Remark 5.4. We say that a semi-slant submanifold M is mixed geodesic, if h(X,U) = 0 for X € I(DT) and
U eT(DY%.

Theorem 5.5. Let M = ,MT x4, M9 be a doubly warped product proper semi-slant submanifold of a g.c.K. manifold
(M, ], @, 9). If M is mixed geodesic, then M is a warped product of the form ,M" x M°.

Proof. LetM = ;,M" x;, M be a doubly warped product proper semi-slant submanifold of a g.c.K. manifold
(M, ], w, g). If M is mixed geodesic, then we have

w(JX)9(U V) = —w(X)g(U, PV) (47)
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from (46), where X € L(MT) and U, V € £(M?). Replacing X by JX in (47), we obtain

W(X)g(U, V) = w(JX)g(UL, PV). (48)
Now, replacing V by PV in (48), we get

w(X)g(U, PV) = o(JX)g(U, P*V). (49)
By using (20) in (49), we arrive to

— cos’0w(JX)g(U, V) = o(X)g(U, PV). (50)
By summing (47) and (50), we find

sin*0w(JX)g(U, V) = 0.
Since sin?0 # 0 in proper case and g is non-degenerate, it follows that

w([X) =0.

But, (26) implies JX(In ;) = 0. Which says us that the warping function f; is constant. Thus, M is a warped
product of the foorm M = ;MT xM°. [

By using (19), (26) and (46), we can prove the following result.

Theorem 5.6. Let M = ,M" x 5 M be a doubly warped product proper semi-slant submanifold of a g.c.K. manifold

(M, ], w, g) such that the invariant subnormal bundle D = {0}. Then M is mixed geodesic if and only if it is a warped
product of the form M = 5 M" x M®.

Let M = ,M" X, M be a (m; + my)-dimensional doubly warped product proper semi-slant submanifold
of a g.c.K. manifold (M, ], w,g). We choose a canonical orthonormal basis {ey, ..., s, €441 = Je1,...000, =
Jen,, e, .., @y, €], ...,eznz,eﬁ, ..., 61} of M such that {ey, ..., s, €4,41 = Jei,...,ean, = Jen,} is an orthonormal basis
of DT, {, ..., 2,} is an orthonormal basis of DY, lel, - e;nz} is an orthonormal basis of FD? and {4, ..., 6} is

an orthonormal basis of D. Here, 2n; = dim(DT), 21, = dim(DP) and | = dim(D).

Remark 5.7. Since DT isa holomorphic distribution, {Je1, ..., Jen, } is also an orthonormal basis of DT, where m;
21y = dim(MT). Moreover, by (21), we observe that {@; = secOPe, ,d; = —secOPey, ..., Az,-1 = secOPey,,, Ao,
—secOPe,,-1} is also an orthonormal basis of DY and {cscOFe;, ...,cscOFe,, } is also an orthonormal basis of FDP,
where 0 is the slant angle of D° and my = 2ny = dim(M°?).

Theorem 5.8. Let M = ;,M" X, M be a doubly warped product proper semi-slant submanifold a g.c.K. manifold
(M, ], w, g) such that the Lee vector field B is tangent to M. Then
(i) the squared norm of the second fundamental form h of M satisfies

P > ml(cscze + cotze)nB@uz + mz( cs26 + (my — 1) cot26)||BT||2, (51)

where my = 2ny = dim(MT), my = 2n, = dim(MP).
(i) If the equality sign of (51) holds identically, then M? is also totally umbilical in the ambient manifold M.

Proof. The squared norm of the second fundamental form 4 can be written as

7l = DT, DI + DT, DO + 1D, D).
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In view of decomposition (17), which can be explicitly written as follows:

my 1y ny 1y my 1
W2 =YY glhitered e+ Y glhter ) e)? + Y Y alhter,e), &)?
rs=1 i=1 i,j=1 r=1 rs=1 t=1 (52)
my mp |
+ Y Y'Y gthnter, 2,80 + I(D°, DR,
r=1 i=1 t=1

where I = dim(D). Hence, we have

mp My my my

WP =YY" glhter e e)? + ), Y glh(@,er), ).

rs=1 i=1 i,j=1 r=1

By Remark 5.7, we write

my  mp My My

”h”2 = Z Z g(h(Ey,es), CSC@FE]')Z + Z Z g(h(éi/ ey, CSCQFEj)z_

rs=1 i=1 i,j=1 r=1

Using (45) and (46), we obtain

nmy 1My

2
(w( Jer)g(@i, &) + w(e)g(@;, Péj)) ’

i,j=1 r=1

my 2
P> sOR, Y (@Paglen ) + w@glen Je)) +esc0
i=1
since w(Fe;) = 0 in the case of the Lee vector field B is tangent to M. By a direct calculation, we get

P > es?o T, Y (P Padgien ) + 2@ Je) + 2w (Pa)a@g(er e)gler Je) |

i=1
mp mq

+ CSCZQ Z Z {a)z(]er)gz(éi/ 6_]) + wz(er)gz(éi, Pé]) + Zw(]er)a)(er)g(éi, éj)g(éi/ PE])}
ij=1r=1
Here, by using (6)
Y'Y wewle)a@ 2)g@; Pey)
i,j=1 r=1
= Z Z !](B, ]er)g(éi, Ej)g(B, er)g(éi, Péj)
ij=1r=1
=YY o8, Je(B,e)g @ g P2)
i,j=1 r=1
=~ Z Z g(IB/ er)g(B/ er)g(éi, éj)g(éi/ Pé]-)
i,j=1 r=1
= —g(JB", B") Z 9(¢,2)g(e;, Pe;) = 0.
ij=1

In a similar way, we can conclude that

ny np

Y. Y oPa)w@)gle, e)gler, Je) = 0.

rs=1 i=1
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Thus, we arrive at

1112

P> esorr, Y (P Pafie,e) + X@re, Je)|

i=1
My - 1y

+csc?9 2 Z {a)z(]er)gz(éi/ 2)) + () g (@, Péj)}'

ij=1 r=1
Again by Remark 5.7, we find

mp  np

112
P> 0 cos?O LI, Y P e) + ) ) wP@den Je))
- k=1 - mlr,s:l i=1

+ CSCZQ{ Z Z w*(Je,)q" (@, 8)) + Z Z w*(e,)q° (@i, Pé]')}'

i,j=1 r=1 i,j=1 r=1
On the other hand, for i, j € {1, 2, ..., my}, we have

_ o\ _ [ cosO if i#],
sepey={ o LY

since DY is a slant distribution with slant angle 6.

112
Consequently, Z g2 (8i, Pej) = my(my—1) cos?0. Upon a straightforward calculation, we obtain the following
ij=1
inequality:

AP > my cot?0||BO||? + my csc?0||BO||* + my csc?0||BT|[> + ma(my — 1) cot?0||BT||2.

Rearranging the last inequality, we get the inequality (51). If the equality sign of (51) holds identically, then
we have (DY, DY) = 0 from (52). Namely, / vanishes on D. Since DY is a totally umbilical distribution on
M, it follows that M? is totally umbilical in M. [

Remark 5.9. Whether the Lee form w is exact or not does not change all the results in this paper. Thus, these results
also hold for locally conformal Kaehler case.
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