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Abstract. Let A and B be positive operators and 0 < g < 1. In this paper, we shall show that if
AT > (Aao/ZBﬁoAao/Z)ﬁ
and

B
(BR/2 A% BR0/2) 5 > Bifo

hold for fixed ap > 0 and fy > 0. Then the following inequalities hold:
Ane > (Aa/ZBﬁAa/Z)%
and

(BF2ASBP2) 5 > pis

forall @ > ap, p = o and 0 < g1 < q. Also, we shall show a normality of class p-A(s, t) for s > 0, > 0 and
0 < p < 1. Moreover, we shall show that if T or T* belongs to class p-wA(s, t) for some s > 0,t > 0 and
0 <p < 1and S is an operator for which 0 ¢ W(S) and ST = T*S, then T is self-adjoint.

1. Introduction

In what follows, an operator means a bounded linear operator on a complex Hilbert space H and B(H)
denote the algebra of all bounded linear operators on a complex Hilbert space H. An operator T is said to
be positive (denoted T > 0) if (Tx, x) > 0 for all x € H, and also T is said to be strictly positive (denoted by

T > 0) if T is positive and invertible. As a recent development on order preserving operator inequalities, it
is known the following Theorem.

Theorem 1.1 (Furuta’s inequality[10]). If A > B > 0, then for each r > 0,
(i) (B5APB%)i > B and
(i) AT > (ASBAY)S
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hold forp > 0and g > 1 with (1+r)g>p +r.

Theorem 1.1 yields the famous Léwner-Heinz theorem "A > B > 0 ensures A* > B® for any a € [0, 1]” by
putting = 0 in (i) or (ii) of Theorem 1.1.
As an application of Theorem 1.1, in [8] and [11], it was shown the following: For positive invertible
operators A and B, log A > log B (this order is called chaotic order) if and only if (B 1APB%)i > B for
allp > 0 and r > 0 if and only if A7 > (AgB’Ag)% forall p > 0 and r > 0. We remark that this result
is an extension of [2] in case p = r. Related to these operator inequalities, the following assertions are
well-known: Let A and B be strictly positive operators. Then

(@) A>B = logA >logB.

(b) log A > log B = (BiA?B3)7 > B" and A” > (AfB'A%)7 forall p > O and r > 0.

(c) Foreachp > 0andr > 0, (BEAPBE)77 > B’ & AP > (ASBTAS)[11].
Related to these results, it is shown in [23] that the invertibility in (a) and (b) can be replaced with the

condition ker(A) = ker(B) = {0}, that is, (a) and (b) hold for some non-invertible operators A and B. In [15],
the authors studied relations between

(B5APB%)7 > B and AP > (ATB'A%)i

when A and B are not invertible.

Every operator T € B(H) can be decomposed into T = U|T| with a partial isometry U where |T] is the
square root of T*T. If U is determined uniquely by the kernel condition ker U = ker|T], then this decom-
position is called the polar decomposition of T. In this paper, T = U|T| denotes the polar decomposition
satisfying the kernel condition ker U = ker |T|. An operator T € B(H) is said to be hyponormal if T*T > TT".
The Aluthge transformation introduced by Aluthge[1] is defined by T = ITI% UITI% where T = U|T| is the
polar decomposition of T € B(H). The generalized Aluthge transformation Ts,t with 0 < s,t is defined by
Tst = |ITFU|TI. Recall that an operator T € B(H) is said to be p-hyponormal if (T*T)” > (TT*)?, and class
wA(s, £) if ((T*[F|T/|T*") 5 > |T*P* and |T > (ITI¥|T**|T¥)= ([14]). Furuta el al. [9] introduced class A(k) for
k > 0 as a class of operators including p-hyponormal and log-hyponormal operators, where A(1) coincides
with class A operator. We say that an operator T is class A(k), k > 0 if (T*|IT*T)® > T

Definition 1.2. Lets > 0,t > 0,0 <p <1and T = U|T| be the polar decomposition of T.

(i) T belongs to class p-A(s, t) & (|T*|t|T|25|T*|t)% > |T*[2[16].
(ii) T belongs to class p-wA(s, t)
& (THTPITTS > |T'PP and [TP? > (TPIT"PTF)
& [Tl = (TP and TP > (T,
where Tsy = |TPUITY' is the generalized Aluthge transformation [16].
(iii) T belongs to class p-A & |T?[P > |T|¥, that is, T belongs to class p-A(1,1)[16].
(iv) T is p-w-hyponormal < T2 > TP > (T)'|%, that is, T belongs to class p-wA(3, 1), where T = ITI2U|T)? is
the Aluthge transformation[3].

(v) T is (s, p)-w-hyponormal & ITosl2 > |TPP > |(Tss)|2, that is, T belongs to class p-wA(s,s), where Tys =
[TFUITF is the generalized Aluthge transformation [12].

It is well known that class p-wA(s, t) operators enjoy many interesting properties as hyponormal operators,
for example, Fuglede-Putnam type theorem, Weyl type theorem, subscalarity and Putnam’s inequality
([51,161,[17], [18],[22]). We remark that Aluthge transformation has many interesting properties, and many
authors study this transformation, for instance, [1], [5], [7] and [25]. These classes are included in normaloid
(i.e., [ITNl = #(T), where r(T) is the spectral radius of T) (see [17],[3] and [12]). It has been shown that for
s> 0,t >0and 0 < p <1, class p-A(s, t) includes class p-wA(s, t) by the definition 1.2 (i) and (ii). and also
foreachs > 0,t > 0and 0 < p <1, class p-A(s, t) and class p-wA(s, t) are invertible which was shown in [16].
More precise inclusion relations among class p-wA(s, t) were already shown as follows:
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Theorem 1.3. [5] If T € B(H) is class p-wA(s,t) and 0 < s < a,0 <t < B,0 < p1 <p <1, then T is class
p1i-wA(a, B).

In this paper, we shall show a normality of class p-A(s, t) for s > 0,t > 0 and 0 < p < 1. Moreover, we
shall show that if T or T* belongs to class p-wA(s, t) for some s > 0,t > 0and 0 < p < 1 and S is an operator

for which 0 ¢ W(S) and ST = T"S, then T is self-adjoint.
2. Main results
In order to give the proof of our results. We need the following lemmas.
Lemma 2.1. [13, Lowner-Heinz inequality] A > B > 0 ensure A* > B* for any a € [0, 1].
Lemma 2.2. [25] Let A > 0 and B be an invertible operator. Then
(BAB')* = BA'2(AV2B*BA/2)\ 1412

holds for any real number A.
Proposition 2.3. Let A and B be positive operators. Then the following assertions hold:

(i) I]‘(B%OA“OB%O)% > BPOP holds for fixed ag > 0, Bo > 0and 0 < p < 1, then

(B A%BS)u's > B (1)

holds for any B > Bo and 0 < p; < p < 1. Moreover, for each fixed y > —ay,

ay  (@tyIn

faoy(B) = (AT BPAT) w

is a decreasing function for § > max{po, y}. Hence the inequality

p1(ag+p1)

(ATBPATY > (ATBRAT) wi )
holds for any 1 and By such that B, > p1 > foand 0 < p; < p.
(ii) If A%P > (AaTOBﬁﬂAHTO)% holds for fixed g > 0 and By > 0and 0 < p <1, then
A > (ASBRAS) 3)
holds for any a > ag and 0 < p1 < p < 1. Moreover, for each fixed 6 > —Po,

By O+

Gpon(@) = (BT A®BE) h

is an increasing function for « > max{ay, 6}. Hence the inequality

p1(ag+po)

(B* A2B%) 5w > (BF A By @
holds for any a1 and o such that ay > aq > agand 0 < p1 < p.

Proposition 2.3 can be obtained as an application of Furuta inequality 1.1. We actually use the following
form which is the essential part of Furuta inequality 1.1.

Lemma 24. IfA > B >0, then
(i) (BY2AYBY2)% > BY** and
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(ll) A1+x > (Ax/ZByAx/2)i%f/
hold for x > 0and y > 1.

Fo
Proof. [Proof of Proposition 2.3] (i) Put A; = (B %OA“UBﬂTO)ﬁ and B; = B, then A; > B; > 0 holds by the
hypothesis. By applying (i) of Lemma 2.4 to A; and B;, we have

(B’1‘1/2A¥1B’1‘1/2)‘1:7?1 > BJ*" forany y; > 1 and x; > 0. (5)
Letf > Bo, 1 = a;;:f ¢ and x; = /30[; . > (. Then

(BF2A%BF2) " > BAwB for any B > o. 6)
Since ﬁopﬁf_ 5 €O, 1], applying Lowner-Heinz theorem to (6), we have

18
(Bﬁ/zA“OBﬁ/z)“%ﬁ > B" forany B > By and 0 < p; <p. (7)
By applying Lowner-Heinz theorem to (7), we have
(B’g/zA”“’Bﬁ/z)“(;%ﬁ > BY forany 0 < w < p1. (8)

For each y > —ay, = max{fo, y} and w such that p1§ > w > 0, we have

Jooy (B)

r+ag)py

(A“U/zBﬁA“U/Z) 20+F

agtptw  (y+ag)py

(ALYO/ZBﬁAHO/Z) ag+p aoﬂiﬂu

ag)p1

A“O/zBﬁ/z(BﬁﬂA“OBﬁ/z)wo+ﬁ Bﬁ/2Aa0/2} a0+/s+u

(r+alr

{
{

> {Aao/ZBﬁ/ZBwBﬁ/ZAao/Z} ao+5+a
(

(r+aglpy

Aao/ZBﬁHUAao/Z) ag P

= Jay(B+w).

The above inequality holds by (8) and Léwner-Heinz theorem for ~——=—
for f > max{By, y}. Moreover, in case y > f,

(y+ao)p1
“agtprw

€ [0,1]. Hence fy,,(f) is decreasing

(+aplpy

(Aao/ZByAao/Z)m — fao,)/(V) > fao,y(ﬁ) — (Aao/ZBﬁAao/Z) a+p

holds for any 8 > y, so that we have (2) by replacing y and  with ; and f,, respectively.

(ii) Put Ay = A%P and B, = (A%/2BfA%/2)7'% , then A, > B, holds by hypothesis. By applying (ii) of
Lemma 2.4 to A, and B,, we have

A;“XZ > (A;Z/zBZZA;ﬂ)!/lz% forany y, > 1 and x, > 0. 9)
Put y, = agff“ and x, ao'ff > 01in (9). Then we have

Apaao > (AV2BR AV SRS for any a > ay. (10)
Since Dtoplj'lj—ao € (0,1], applying Lowner-Heinz theorem to (10), we have

AP > (A“/zBﬁf’A“/z)% forany a > ap and 0 <p; <p. (11)
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By applying Lowner-Heinz theorem to (11), we have
A" > (A“/2Bﬁ°A“/2)ﬁ forany 0 <u < pia. (12)
For each 6 > —fy, @ > max{ay, 6} and u such that pja > u > 0, we have

f ©+Bolp1

(B ABE)

Gpos(@)
a+u+{30 (b+/50 P1

By
( ACYB/O) a+py a+u+;50

©+Bo)r

BPo/2 pa/2 (Aa/2BﬁoAa/2) v Aa/2Bﬁo/2} ariBy

©+Bolpy

{
{

< (BR2A/2 41 A2 BRI2) T,
(

©O+pop1

Bﬁo/zAlH'a BﬁD /2) ariutfy

= gpola+u).

(0+Bo)p1
a+u+po

The above inequality holds by (12) and Léwner-Heinz theorem for
for a > max{ag, 6}. Moreover, in case 6 > «y,

€ [0,1]. Hence gp, () is increasing

©+Bo)p1.

(BRZATB) R = g,5(2) 2 g5,5(0) = (BRZAPBR2Y (13)
holds for any a > §, so that we have (4) by replacing 6 and a with a@; and a5, respectively. [
Theorem 2.5. Let 0 < g <1 and let A and B be positive operators such that

AT > (A/2BBr A0/2) 57 (14)
and

(BﬁoﬂA%Bﬁv/z)wfﬁf%o > Biko (15)
hold for fixed ag > 0 and By > 0. Then the following inequalities hold:

AT® > (AS/2BP AQI2) 5 (16)
and

(BF2ABP/2)#55 > B (17)
foralla > ap, p > Poand0<q; <q.

Proof. [Proof of (16)] Applying Lemma 2.4 to (15), we have

qﬂo . (Bﬁo/ZAaoBﬁo/Z)féy;% = };:ﬁ > Babo(l+r) (18)
forany p > 1and ry > 0. Putting p = “% in (18), we have
(B A B i > B+ (19)

for any r1 > 0. Put f = Bo(1 + gr1) = fo in (19). Then we have

(BzAaoBé)ﬁ (\10+L[5 > BF~(1-9po (20)
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Hence we have

(BEA%BH)@T > B for 0 <w < — (1 — q)Bo- 1)

Next we show f(B) = (A%/2BF A%/ 2)20 i decreasing for B > By. By Lowner-Heinz theorem, (21) ensures
the following (22)

(BEA%B2)@T > B for 0 <w < — (1 — q)Bo- 22)
Then we have

fB) = (AvPBAYR

+p+w qaq

— (Aao/zBﬁAao/z) ao+{$ a0+/5+u

= [A%/2BBI2(BPI2 A% BBI2) i Bﬁ/zAaO/z}m‘l‘% (by Lemma 2.2)
(A2 g+ Aao/z)%
= fB+w)
Hence f(pB) is decreasing for p > ffy. Therefore
AT > (A%/2BBA%I2) 305 for B> B (23)

holds since - o
AT = (APBR AR = f(B) 2 f(B) = (A PBAN) .
Again applying Lemma 1.1 to (23), we have

qrpag 1+ry

Ad0(1472) > (Aq e (Aqrzao/ZBﬁAao/Z) s ATy (24)

for any p, > 1 and r, > 0. Putting p, = LY;T? > 11in (24), we have

+q72) ag(1+qrp) qag(l+rp)
BPA™ 7

Aqlxo(l‘*’z) > (A )a0+/‘+wza0 (25)

for any 1, > 0. Put @ = ap(1 + gr2) > ag in (25). Then we have

o a+ap(q-1)

Av+a0@-1) > (ASBPAS) e (26)

na

forall @ > ap and > fy. Now, since TG D

€ (0,1], applying Lowner-Heinz theorem to (26), we have

ATE > (A%BﬁA%)r%

foralla > ag, > poand 0 < gy <q.
Proof of (17). Applying Lemma 2.4 to (14), we have

qrzag 1473

Adao(1+73) >(AT 0 (A"‘O/ZBABUAD‘O/Z)HOH’O 7 )it (27)

for any p3 > 1 and r3 > 0. Putting p3 = O%fo > 1in (27), we have

ag(1+gr3) 1+qr3) ag(+qrz)  _q%0(1+73)
BhAT 2

Adao(l+rs) > A7z ) 20*Po+araa0 (28)

for any r3 > 0. Put @ = ap(1 + gr3) > ap in (28). Then we have

y  atap@-1) (q-1)

A0@D > (ASBRAT) TR for a > ay. (29)
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B
Next we show that g(a) = (Bf/2A%BP0/ 2)ﬁ is increasing for @ > ap. By Lowner-Heinz theorem, (29)
ensures the following (30).

A" > (AiBPAS R for0<u<a+ap(g-1). (30)
Then we have

(BR/2 A% BPo/2) et

g9(@)
atpotu _ 4fy

- {(BﬁO/zA“BﬁO/Z) asfy ) whosa

= (BR2ASI2 (AR AN T A0/2 B2
(BﬁO/zAa_H‘BﬁO/Z)“j/fﬁ
= gla+u).

Hence g(a) is increasing for a > ay. Therefore

p
(Bﬁo/ZAaBﬁo/Z)a%ﬂ, > B for a > ay (31)

holds since ; .
(Bﬁo/ZAOtBﬁU/Z)(iT% = g(a) > g(ao) = (Bﬁ[)/ZAa()Bﬁo/Z)agfoﬁo > Bibo.
Again applying Lemma 1.1 to (31), we have

qr. 4!‘0 Paibo _qraPy

{B (BﬁO/ZA(YB,BO/Z) a+/§0 2 }p4+r4 > Bqﬁ0(1+1’4) (32)

for any py > 1 and r4 > 0. Putting py = “q;f © > 1in (32), we have

Bo(1+gry) Bo(+gry) _9Pod+ry)
7 A°B z

(B )atbotiors > Bbo(l+r4) (33)

for any r4 > 0. Put g = Bo(1 + gr4) > Bo in (33). Then we have

Bt Erfolah) +o(g—1)
(B2A%B2) « > BFFl~D) for ¢ > ap and B > fo. (34)
Now, since € (0,1], applying Lowner-Heinz theorem to (34), we have
ﬁ+ﬁ (q i) pplymg

(BEA*BS)* > BS
forall & > ap, f > fo and 0 < g1 < g, so the proof is complete. [
By using Theorem 2.5, We shall give simplified proof of Theorem 1.3.
Corollary 2.6. If T € B(H) is class p-wA(s,t)and 0 < s <a,0 <t < ,0 <py < p <1, then T is class p1-wA(a, f).
Proof. Suppose that T is class p-wA(s, t) fors > 0, > 0and 0 < p < 1, i.e,, the following (35) and (36) hold.

(T[T > T, (35)
TP > (TPIT"PTF) . (36)
By Theorem 2.5, we have

B a
(TPITPAT )5 > (TP and [T > (TIIT'PATI)

forany a > s, > tand 0 < p; < p. Therefore T is class p1-wA(a, ) foranya > 5, > tand 0 <p; <p. O
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In this section, we shall show a normality of some non-normal operators. It is known that if T and T* are
class A, then T is normal. But in the case T and T* belong to weaker class than class A, the assertion is not
obvious. Many authors obtained many results on this problem, and the following result were known until
NOw.

Theorem 2.7 ([19]). Let T € B(H). If T and T are (s, p)-w-hyponormal, then T is normal.

Theorem 2.8. Let s;, t; > 0and 0 < p; < 1, wherei = 1,2. If T is a class p1-wA(s1, t1) operator and T is is a class
p2-wA(sy, to) operator, then T is normal.

Theorem 2.9. Let p,r>0,0<q<1,s>pandt>r. If T isa class g-wA(p,r) operator and T is normal, then T
is normal.

To prove Theorem 2.8 and Theorem 2.9, we need the following results.

Lemma 2.10 ([14]). Let A > 0 and T = U|T| be the polar decomposition of T. Then for each a > 0 and g > 0, the
following assertions hold:

(i) WU(TPAITIF)* = (TIPAITF)".

(i) ULF(ITFAITF)® = (T PAIT ).
(iii) (UITPAITIPU)® = U(TPAITP) U
(iv) (W|T'PAITFU)* = U (T'PAIT Py UL

Lemma 2.11 ([15]). Let A > 0and B > 0. If
BiAB: > B and A:BA: > A?,
then A = B.
Lemma 2.12 ([4]). Let A,B > 0ands,t > 0. If BBA%BS = B**% and A'B® A" = A% then A = B.

Lemma 2.13. ([26, Proposition 4.5]) Let A,B > 0; p;,r; > 0; —1; < 6; < p;, 0 < 6 < pi; i =1,2. Then the following
assertions are mutually equivalent.

() A=B.
(i) B AMB7 = B"*P and A3 B2AT = An+,

. Lo 1t ~ P1=61
(B%AplB%)'lﬂ’l > Bt AP > (A%B”A%l)plﬂl
(iii) ry+0y P26

(BZArBZ)2™ > v, Anh > (ATB2AT)"

Proof. [Proof of Theorem 2.8] Let s = max({sj, t1, 52, {2} and p = min{p;, p2}.
Firstly, if T belongs to class p1-wA(s1, t1), then T belongs to class p-wA(s, s) by Theorem 1.3. Hence we have

(TFITPITF) = IT'PP and TP = (TPIT**|TP):. (37)

Secondly, if T* belongs to class po-wA(sy, t2), then T* belongs to class p-wA(s,s) by Theorem 1.3. Hence we
have

(TFIT'PITF): 2 [T¥  and  [T'P¥ > (T"FITITF):. (38)

Therefore
ITFIT**|TF =|T1* and |T*FIT/*|IT*F = |T"|*

hold by (37) and (38), and then |T| = |T*| by Lemma 2.12. [
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Proof. [Proof of Theorem 2.9] By hypothesis T belongs to class g-wA(s, t) by Theorem 1.3. Hence it follows
by (ii) of Definition 1.2 that

~ 2tq ~ 2sq
I Tosli 2 1T and [T 2 |(Tss)'|=.

Hence . .
|To i > TP > |(Ts,)'|5  for all r € (0, min{s, t}].

On the other hand, T, is normal, i.e., |Ts* = |(Ts)*|*. It follows by Lemma 2.10 that
ITITITI = TP and  |TFIT* T = [T,
and then |T| = |T*| by Lemma 2.12. O

The numerical range of an operator T, denoted by W(T), is the set defined by
W(T) = (Tx, x) : il = 1}.

In general, the condition S™'TS = T* and 0 ¢ W(T) do not imply that T is normal. If T = SB, where S is

positive and invertible, B is self-adjoint, and S and B do not commute, then S7'TS = T*and 0 ¢ W(S), but T
is not normal. Therefore the following question arises naturally.

Question: Which operator T satisfying the condition S7'TS = T* and 0 ¢ W(S) is normal?
In 1966, Sheth [21] showed thatif T is a hyponormal operator and S™'TS = T* for some operator S, where

0 ¢ W(S), then T is self-adjoint. Recently, Rashid [20] extended the result of Sheth to the class A(k),k > 0
operators. In this paper, we extend the result of Sheth to the class p-wA(s, t) as follows.

Theorem 2.14. Let T € B(H). If T or T* belongs to class p-wA(s, t) for some s > 0,t > 0and 0 <p < 1and Sisan

operator for which 0 ¢ W(S) and ST = T*S, then T is self-adjoint.

To prove Theorem 2.14 we need the following Lemmas.
Lemma 2.15 ([24]). If T € B(H) is any operator such that STITS = T*, where 0 ¢ W(S), then o(T) C R.

Lemma 2.16 ([18]). Let T € B(H) and let T belongs to the class p-wA(s, t) for somes > 0,t>0and 0 <p < 1. If
ma(o(T)) = 0, where my means the planer Lebsegue measure, then T is normal .

Proof. [Proof of Theorem 2.14] Suppose that T or T* is a class p-wA(s,t) for s,t > 0 and 0 < p < 1. Since
a(S) € W(S), S is invertible and hence ST = T*S becomes S™'T*S = T = (T*)". Apply Lemma 2.15 to T to

get 0(T*) € R. Then o(T) = o(T*) = o(T*) € R. Thus my(o(T)) = ma(c(T*))) = 0 for the planer Lebesgue
measure m;. It follows from Lemma 2.16 that T or T* is normal. Since o(T) = o(T*) € R. Therefore, T is
self-adjoint. [
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