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Inequalities on the (p, 9)-Mixed Volume Involving L, Centroid Bodies
and L, Intersection Bodies

Zejun Hu?, Hai Li?

“School of Mathematics and Statistics, Zhengzhou University, Zhengzhou, 450001, People’s Republic of China

Abstract. In this paper, applying for the Minkowski’s and Holder’s integral inequalities, we obtain four
theorems about the (p, 4)-mixed volume involving the L, centroid bodies and the L, intersection bodies,
respectively. The former two theorems reveal the convexity of the functionals related to the (p, 4)-mixed
volume, in terms of the dual Blaschke addition introduced in [Journal of Geometric Analysis, 30 (2020)

3026-3034], and the latter two theorems expose the monotonicity of the other functionals related to the
(p, g)-mixed volume.

1. Introduction

The Brunn-Minkowski theory is a powerful apparatus for conquering problems involving metric quan-
tities. As a cornerstone of such theory, the Brunn-Minkowski inequality has a closed relationship with
other inequalities in geometry and analysis, and some applications (see e.g. [4]). In this paper, we intend
to establish, in terms of the (p, )-mixed volume, some related inequalities which characterize the convexity
and the monotonicity of respectively functionals involving the L, centroid bodies, the L, intersection bodies
and their polars.

Let K" and S} denote the set of all convex bodies (i.e., compact, convex subsets with nonempty interiors)
and the set of all star bodies in the Euclidean n-space R", respectively. Let K and K’ (resp. SI) denote the
set of all convex bodies containing the origin in their interiors and the set of all convex bodies (resp. star
bodies) that are origin symmetric, respectively. Denote by V(K) the n-dimensional volume of a body K in
R", and w,, the volume of the unit ball B". Let S"*~! be the unit sphere of R".

Recently, a family of important L, dual curvature measures (or the (p, )-th dual curvature measures for
p,q € R) was introduced by Lutwak, Yang and Zhang [17]. These measures are significant and they unify
the previous three kinds of measures proposed in [10], [11] and [14]. Associated to such measures, the
geometric quantity named as (p, q)-mixed volume, or L, dual mixed volume, can be introduced as follows:

Definition 1.1 (cf. [17]). Suppose p,q € R. If K,.L € K and Q € S}, define the L, dual mixed volume, or
(p, q)-mixed volume, V,, 4(K, L, Q), by

Va1, =5 [ (i) xin(E) wopbn, (1)
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where hg, px and ax denote the support function, radial function and radial Gauss map for K respectively, the
integration is with respect to spherical Lebesgue measure.

The notion of the (p,q)-mixed volume unifies the L, mixed volume and dual mixed volume ([17],
Proposition 7.2). Moreover, Lutwak, Yang and Zhang proved a newly Minkowski inequality about this
unified notion as well ([17], Theorem 7.4). Notice that, in terms of the classical mixed volume and the
Minkowski addition, the Minkowski’s first inequality and the Brunn-Minkowski inequality are equivalent.
Due to their close relations, both inequalities are central topics in modern convex geometry, and that they
have been studied extensively (see e.g. [1, 6, 20]).

The classical Brunn-Minkowski theory is mainly concerned with the analogues and generalizations of
the Brunn-Minkowski inequality for geometric quantities. In 2018, Zou and Xiong [22] has formulated the
L, transference principle, and the L, Brunn-Minkowski type inequalities they established, characterize the
concavity of existing functionals, in terms of the L, addition of convex bodies. This paper first focus on
establishing Brunn-Minkowski type inequalities, in terms of the dual Blaschke addition (also called radial
Blaschke sum) introduced by Guo-Jia [7].

Before presenting our results, we first fix the notations: Let %, denote the m-radial Blaschke addition
that will be given by Definition 2.1; I, denote the L, centroid operator given by Definition 2.2, and I, denote
the L, intersection operator given by Definition 2.3; T,L denote the polar of the L, centroid body I',L, and
I;L denote the polar of the L, intersection body I,L.

Then, our first result is the following Brunn-Minkowski type inequality about the L, centroid bodies
and their polars:

Theorem 1.1. Let Ke K, L1, L, € S},p>1land1 <m<n-1
(i) For Q € 8! and q € R, it holds that

m
n+p

V(K Ty (L1 400 12), QV T Lz)]m A FpL1,Q)V(L1)]W [Tk 0ve)| " @

(ii) For Q € K and g > n + —= , it holds that

n+p’
_m_
p I‘Hj’l

_ " 5 e 1 —
[V0a K QT kL) VL) < [V QL F VD] [k QT F V)| @)

Moreover, the equality holds in each of the two inequalities (2) and (3) if and only if Ly and L, are dilations.

The second result we obtained is the Brunn-Minkowski type inequality about the L, intersection bodies
and their polars:

Theorem 1.2. Let Ke K, L1, [, € S}, 0<p<landl <m<n-1
(i) For Qe Kl and q <n — nm__r;/ it holds that

mp

V(K Q Iy (Ly 0 L) T < Vi (K, QL) T + Vg (K, Q, Lo 7007 )
(ii) For Q € S} and g € R, it holds that

Vo g (K (L s L2), Q77 < Vo (K Ly, Q77 + Vo (K Lo, Q)77 (5)
Moreover, the equality holds in each of the two inequalities (4) and (5) if and only if L1 and L, are dilations.

Applying for the above two theorems, we will characterize the convexity of four functionals in Theorem
3.1, in terms of the dual Blaschke addition.

Note that in each inequality of (2)-(5), the addition on the left hand side is for two star bodies. Next, about
the (p, 9)-mixed volume, we can prove, for two distinct real numbers i, j > 1, the monotonicity inequalities
for the centroid bodies, and their polars respectively.
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Theorem 1.3. Let Ke K], Le S)and 1< j <.
(i) For Qe S, p > 0and q € R, it holds that
—~ l‘2 —~ 2
[ a;Vpq(K TiL, Q) ] . [ 8 V(K TiL, Q) ]f . ©)
i+ Vpqe(K TitiL, Q) i+jVp (K TipiL, Q) '
(ii) For Q€ K", q > nand p € R, it holds that

~ 2 = " 2

[ biV,,q(K Q, IL) ]1 < [ biV,q(K Q, F],L) ]J
bi+]'Vp,q (K/ Q/ Fj+]L) bi+]' Vp,q (Kr Qr r;_]L)

Here, a; := (c,i(n + i))g, bi := (cpi(n + i))?, and c, ; is a positive constant given by Definition 2.2.

Analogously, for intersection bodies and their polars, we have

Theorem 1.4. Let Ke K], Le Sland 0 < j<i<i+j<1
(i) For Qe K", q <nand p € R, it holds that

[ Civp,q(Kr Q/LL) ]i < [ ijp,q(Kr Q/I]L) :|] X (8)
Ci+jVp,qa(K, Q, Ii+;L) Ci+jVp,qa(K, Q, Ii+;L) I
(i) For Qe S}, p < 0and g € R, it holds that

[ divP:W(K, I'L,Q) ]iz . [ djvp,q(K, I;L, Q) )r' ©)

disiVya(K T, L, Q) dis V(K T, L,Q

i+j ]
Here, ¢; :== (n — i)¥ and d; :== (n — i)_%

Obviously, the case that i + j is a constant in (6)-(9) yields, in terms of real j < i, the monotonicity of four
functionals related to the (p, g)-mixed volume.

Remark 1.1. If taking Q = K or g = n in (2), (5)-(6) and (9), we can obtain inequalities for the L, mixed
volume; If taking Q = Kin (3)-(4), and Q = K (or p = 0) in (7)-(8), we can get inequalities for the dual mixed
volume.

2. Preliminaries

In this section, for our later purpose, we collect some basic facts from the Brunn-Minkowski theory. For
more details we refer to Gardner [5] and Schneider [20].

2.1. Support function, radial function and polar body
Let K € K", its support function hg : R" — R is defined by hg(x) = max{x - y : y € K} for x € R", where

x - y denotes the standard inner product of x and y. Let K C R" be a compact star-shaped set with respect
to the origin, its radial function px : R" \ {0} — R is defined by px(x) = max{A > 0: Ax € K} for x € R" \ {0}.

A star body is a compact star-shaped set with respect to the origin whose radial function is positive and
continuous. Two star bodies K and L are dilations (of one another) if px(u)/pL(1) is independent of any
uesi

It is easily seen that, on R" \ {0}, the support function of a convex body and the radial function of a star
body are related by

px = 1/hg- and hx = 1/pk-, (10)

where, K" := {x e R" : x - y < 1, y € K} is the polar body of K. It is easily seen that (AK)* = 1/AK* for A > 0,
and (K*)* = K for K € K'.
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2.2. Spherical image map, radial map and radial Gauss map
Let K € K" and ¢ € dK. Denote by Hg(v) the support hyperplane to K with unit normal v. Then

vk(0) = {v € S"! : x € Hx(v) for some x € g} ¢ §"!

is called the spherical image of 0. Let ox C dK denote the set consisting of all x € JK for which the set vk ({x})
contains more than a single element. Then the spherical image map of K is given by vk : dK \ ox — S"°},
which is defined such that, for each x € dK \ ok, vk(x) is the unique element in vk ({x}).

For K € K7, the radial map rx : S"' — 9K of K is defined by

rk(u) = px(u)u € IK for u e "1,
Finally, we put wg = r¢!(0k). Then the radial Gauss map of the convex body Kis givenby ak : " \wg —

S" 1 with ax = vk o rx. We refer to [10] for more details.

2.3. Radial Blaschke addition

In [2], Boroczky and Schneider showed that a star body is uniquely determined by the volumes and
centroids of its hyperplane sections through the origin. Based on this unique result and Theorem 7.2.6 of [5],
recently Guo-Jia [7] introduced the notions of radial Blaschke addition and the general m-radial Blaschke
addition.

Definition 2.1 (cf. [7]). Let K,L € S} and m be an integer with 1 < m < n — 1. The m-radial Blaschke sum of K
and L, denoted by K %, L, is defined to be the unique star body symmetric about the origin such that

V(K % LYNE) = V(K N E) + V(L N E)

for all E € G(n,m). Here, G(n, m) denotes the Grassmannian of m-dimensional linear subspaces of R", and V,,
denotes m-dimensional Hausdorff measure.
In particular, K %1y L is the dual Blaschke sum of K and L.

From the polar formula for the volume of sections and the uniqueness theorem for spherical Radon
transform (cf. Lemma 3.1 of [7]), we immediately have

Prx, () = px(w) + pf'(u), forallu e sL (11)
2.4. L, centroid body and L, intersection body
We first recall the notion of the L, centroid body due to Lutwak and Zhang [18].

Definition 2.2 (cf. [18] and P.567 of [20]). For K € S} and p > 1, the L, centroid body T',K (which belongs to KY')
is defined such that its support function hr k is given by

1 1
P = cylPdy = ——— LolP P n
M) = fKIx WY = e Vi fs ol py P (0)dv, forx € R, (12)

where ¢y p = Wyip/ W20 Wp-1.

Next, we recall the notion of L, intersection body due to Haberl and Ludwig [9].

Definition 2.3 (cf. [8, 9] and P.581 of [20]). For K € S} and 0 < p < 1, the L, intersection body I,K (which
belongs to SY) is defined such that its radial function py k is given by

o) ) = f|u x| Pdx = Lf -0 Ppy P (0)do, forue S (13)
P K n—p Jgn1

n

It is worthy to point out that the notion of Lutwak’s intersection body [13] is extremely useful, by which
the famous Busemann-Petty problem was effectively solved (see, e.g. [3, 12, 21]); and that in the last several
decades, the L, centroid bodies and L, intersection bodies have received great attention. See, e.g. [8, 16, 19].
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3. Proofs of the Theorems

This section is devoted to the proofs of our main results. To achieve this goal, first of all we recall the
following well-known Minkowski’s and Hélder’s integral inequalities. Let E be a measurable set and L?(E)
denote the set of all functions defined on E which are in the L? space. Then, we have:

Minkowski’s integral inequality. Let 0 # p € Rand f, g € LP(E). If p > 1, it holds that

flf(x I”dx flg x)l”dx flf(x)+g(x)|”dx) ; (14)

If p <0or0 < p <1, the inequality is reversed. Moreover, the equality holds if and only if there exist two
constants c; and ¢, such that c1 f(x) = c2g(x).

Hoélder’s integral inequality. Let 0 # p,q € R, f € L¥(E), g € L9(E) and % + % =1 Ifp<0,0or0<p<l,
then it holds that

( fE |f(x)|*’dx)’l“( fE |g<x>|qu)‘1’ < fE gl 1)

If p > 1, the inequality is reversed. Moreover, the equality holds if and only if there exist two constants c;
and ¢, such that c1|f(x)IP = ca|g(x)]7.

Now, we are ready to prove each of our four theorems.

Proof of Theorem 1.1. Since ”ﬂ’ > 1, (14) implies that, for u € 51 it holds that

m

[fsm Iu-vl”( " (0) + pp (v)) dv] & s[f; [u-olp "”’(v)dv [f lu- o o v)dv]ip. (16)

Then, by using (11), (12) and (16), we obtain, for any u € §"1,

[ iy @V 1) < [ V] + [ wovia)|” 7)

and the equality holds if and only if L; and L, are dilations.
In case (i), Q € S) and g € R, (1) and (17) with u replaced by ax(u) yield

1V (K, Tp(La i L), QV(Ly 4 Lo)

< f;w [((h;il )p(aK(”))V(Ll))& + ((h;iz )p(OéK(u))V(Lz))m]Wpi(u)pgq(u)du =Ny, (19

and, from the condition that the equality holds in (17), we see that the equality holds in (18) if and only if
L1 and L, are dilations.
On the other hand, according to (1) and (14), we get

m m

_m_ h Y e p h Lo P n— n+p
N < v | (G ) ipteopy |+ |vi) [ (G2 @cmipbop

w " (19)
= |V T, V| + [0V, Ty Q)|
From (18) and (19), we get (2) as claimed.

Moreover, from the condition that the equality holds in (14), we see that the equality holds in (19) if and
only if hrp 1, is proportional to hrp L,, or equivalently, I',L; and I',L; are dilations. From (12) and that L; and
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L, are dilations, we get that I',L; and I', L, are also dilations. Since that the equality holds in (2) is equivalent
to that the two equalities hold in (18) and (19), we finally obtain that the equality holds in (2) if and only if
L1 and L, are dilations.

To deal with case (ii), we use g > n + ;- +p , which implies that — (n+p): 9 > 1. It follows from (1), (10) and
(17) that, for Q € K7,

= _n4
nVpq(K Q, T(L1 % L2))V (L1 *m Lo) 7

hQ B n— _rq
: fs (7)) @xnptpfyd oy VLa %y L) d 0)

_ (ep)n=g)

< fs [(pE{’Ll(u)V(Ll))ﬂp+(p£§Lz(u)V(Lz))'K"] (Z—i)p(aK(u))qu(u)du =N,

and the equality holds if and only if L; and L, are dilations, which follows again from the condition that
the equality holds in (17).
Then, by using (14), we get

mp
(n+p)(n—q) m

NZ_W{’”) [j; B (OIK(M))PK(”)PF Ll(u)du] Vi)™

b .
ail (h—Q) (cyplpsy wa] T VL @
gn-1 K P
_ mp _ mp
—~ . (n+p)(n—q) m —~ . (n+p)(n—q) m
[V n] TV E ¢ v,k e | T Ve,

From (20) and (21), we get the desired inequality (3).

Similar to case (i), the equality holds in (21) if and only if oL and L, are dilations. From (12) and that
L; and L, are dilations, we get that I";L1 and F;Lz are also dilations. Since that the equality holds in (3) is
equivalent to that the two equalities hold in (20) and (21), we then come to the assertion that the equality
holds in (3) if and only if L; and L, are dilations.

We have completed the proof of Theorem 1.1. ]

Remark 3.1. We mention that for p > 1 not an even integer, the equality holds in (18) in case (19) becomes
an equation. To see this, we first notice that the operator I', : S — K’ is injective: For any M,N € S}
satisfying I' M=I',N and thatp > 1is notan even integer, by (12) and the fact that the p-cosine transformation
is injective on even functions if and only if p is not an even integer (cf. P435 of [5]), we know that, for any
v € $"71, the two even functions 7 M) pMp (v) and V(N pN P (v) are equal. Then the assertion M = N follows
from Proposition 1.11 of [15]. Now, (12) and the injectivity of I', : Si — K" show that if the equality holds
in (19) then L; and L, are dilations, so that the equality holds in (18).

Analogously, for p > 1 not an even integer and that if (21) is an equation, then the equality holds also in
(20). This fact follows directly from the properties of the polar.

Proof of Theorem 1.2. The fact £ > 1 and (14) imply that, for u € S"~!,

m m

[f [u-o|™ V(pL @) +p[! (ZJ)) dv]fp < [f Iu~z)|_ppzl_p(v)dv]W + [f |u-U|_pPZZ_p(U)dU o
Sn— 1 Sn—l Sn—l

Then, according to (11) and (13), we have
mp mp.

[ @ixnin @] < [y, (u)] 7 ly0] ™, (22)

and, according to the condition that the equality holds in (14), we see that the equality holds in (22) if and
only if pr, is proportional to p;,, or equivalently, L; and L, are dilations.
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In case (i), since Q € K, and g < n — —- 1mphes that &= p )(n S 1, from (1) and (22) we have

(n=p)(n—q)

s o\ mp mp o
Vsl Qs+ 1) < [ (i) (ax)pl(ppf (0 + pf @) " du =N, 23)

gn-1
and the equality holds if and only if L; and L, are dilations, which follows from the condition that the
equality holds in (22).

On the other hand, by using (14) and (1), we can show that

N% < d (= p)(n q) “10,0d <n—;7;51—q>
3 < (aK(u))pK(u)pM (1) u (aK(u )pK(u)pl (u)du

Gn-1 hK 1 S - (24)
(=p)(n=q) p(n q)

— W
= |V QL [V Q 1)

From (23) and (24), we get the desired inequality (4).

From the condition that the equality holds in (14), we see that the equality holds in (24) if and only if
P1,L, 18 proportional to Pl,L,, OT equivalently, I, and I,L, are dilations.

As L; € 8! for i = 1,2 imply that py, is even, then Theorem 6 and equation (10) in [8] show that the
operator I, : S — S! is injective. Thus, together with (13), the equality holds in (24) if and only if L; and
L, are dilations.

This verifies the assertion that the equality holds in (4) if and only if L; and L, are dilations.

To deal with case (ii), we assume that Q € S} and g € R.
Then, by (1), (10) and (22), but with u replaced by ax(u), we obtain

hr:r,

) ot + (22

hp,
hx

VoKl 10,05 [ ) 7 ax)] " ol o = Ny, @5)

the equality holds if and only if L; and L, are dilations, which follows again from the condition that the
equality holds in (22).
On the other hand, by using (14) and (1), we can show that

N o (1) wtpy o]+ .7 ) axtanp oty o]

_m_

i (26)
|t + [“V—p,qm, L, Q>]

Then the inequality (5) follows from (25) and (26).

Moreover, equality holds in (5) is equivalent to that both (25) and (26) become equality. Equality holds
in (25) if and only if L1 and L, are dilations. According to the condition such that the equality holds in (14),
we see that the equality holds in (26) if and only if hI; 1, is proportional to hI; L,, Or equivalently, I;L1 and I;Lz
are dilations. By (12) and the property of the polar, if L1 and L, are dilations, then I;L; and [, are dilations
as well. This shows that equality holds in (5) if and only if L; and L, are dilations.

We have completed the proof of Theorem 1.2. a

Now, as applications of Theorems 1.1 and 1.2, we can show the convexity of the following four functionals
F;i: 8! — (0,00) fori=1,2,3,4.

() ForKe K", Qe S, 1<m<n-1,p>1andqeR, define Fy(L) := [?M(K TL, Q)V(L)] .

(i) ForKQeK},1<m<n-1,p>landg>n+ :Jr , define F5(L) := [ Vya(K Q, F*L)_WV(L)] ;
(iii) For KQe K, 1<m<n-1,0<p<landg<n-— n—_p, define F5(L) := V,,,q(K, Q,L,L) ("*W"*q);

(iv)ForKe K, QeSi,1<m<n-1,0<p<1landqeR,define F4(L) := V_ (K I,L, Q)"
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Theorem 3.1. If L1, L, € 8!, m is an integer with 1 < m < n — 1 and functions F; for i = 1,2,3,4 are defined as
above, then each Fi(ALy %, (1 — A)Ly) is convex for A € (0, 1), in terms of the dual Blaschke addition.

Proof. We only prove the case of Fi, the proof of other cases follows along the same line and hence is
omitted.

From the definitions (1) and (12), it follows that T,(AL) = AT,L and V,, (K, AT,L, Q) = APV, (K, T,L,Q),
for A > 0. These together with (2) give that for A € (0, 1),

F1(ALy %, (1 = A)Lp)

= [ VaK Ty %00 (1= D), VAL s (1= ML)

n
n+p

< [Tpa 5,000, QVOL)| ™ + [V K Ty - D12, QV (@ - M)

= A"Fi(L1) + (1 = A)"F1(Lo)
< AFy(L1) + (1 = A)Fi(La),

which shows that F1(AL; %, (1 — A)L;) is convex for A € (0, 1), in terms of the dual Blaschke addition. |

In addition to the Theorems 1.1 and 1.2, we can also give the following Brunn-Minkowski type inequal-
ities, motivated by the Theorem 3.3 of [7].

Proposition 3.1. Let Ke K], L1, L, € Sl and1 <m <n—-1.
(i) For Q € K and p € R, we have

m

[Voa(K, Q Ly s L2)|™7 < [Vpg(K, QL)| ™ + [V (K, Q Lo)| ™ (27)
forq <n—m;and

[Voa(K, Q Ly o o)™ 2 [Vpg(K, Q,L)| ™ + [V (K, Q Lo)| ™ (28)
for n —m < g # n. Moreover, the equality holds in either (27) or (28) if and only if Ly and L, are dilations.

(ii) For Q € S and g € R, we have

[Voa(K (L1 L), Q] 7 < [Vig(K L, Q7 + [V (K L3, Q)] 7 (29)
forp < —m; and

[Voa (K, (L1 L), Q] 7 2 [Vog K L, Q7+ [Vya(K L3, Q)] (30)

for —m < p # 0. Moreover, if L1, L, € S} \ 'K are dilations, then the equality holds in both (29) and (30); if, however,
Ly, L, € K7, then the equality holds in either (29) or (30) if and only if Ly and L, are dilations.

Proof. Since the proofs of the reverse inequalities (28) and (30) follow along the same lines, we shall prove
only the inequalities (27) and (29).

In case (i), noting that g < n — m implies % > 1, by (11) and (14), we have
hQ ’ q n—q ﬁ
[ fsnl (E) (“K(M))pK(u)le*mLz(u)du]

[ (L) atmrptap ] +| [ (22 axnpp ",
g1 \hg i1 \hi
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which combining with (1) then yields (27). Moreover, from the condition that the equality holds in (14),
we see that the equality holds in (27) if and only if p;, is proportional to p;,, or equivalently, L; and L, are
dilations.

In case (ii), from (10), we can rewrite (11) as h(‘L’l” . LZ)*(u) = h"(u) + h"(u), foru e §"~1. Then, the fact
m 1 2
—£ > 1and (14) imply that

[ [ (P Y actonogoonty o]

< ) (axu)pl(0)ply " (u)du v ) (ax@)pl )l wydu|
G G

which combining with (1) yields (29).

Moreover, from the condition that the equality holds in (14), we see that the equality holds in (29) if
and only if hL; is proportional to hLE' or equivalently, L] and L} are dilations. Now, for L1, L, € 8! \ K¢, by
the properties of the polar, we know that if L; and L, are dilations, then L] and L; are dilations; while for
Ly, Ly € K, L] and L} are dilations if and only if L; and L, are dilations. Then the remaining assertion of

Proposition 3.1 immediately follows. O

Remark 3.2. If p = 0 (resp. Q = K) in (27)-(28) and if g = n (resp. Q = K) in (29)-(30), then Proposition 7.2 of
[17] implies that our results yield the Brunn-Minkowski type inequalities for the L, mixed volume and the
dual mixed volume.

m

Remark 3.3. On the condition that (27) and (29) hold respectively, the following two functionals:

— =]
Fs(A Lt s (1= DE2) = [V (K, QAL (1= ML)
_
FoA Lt s (1= DL2) = [ V(K AL s (1= ML), Q)|
are all convex for A € (0, 1), in terms of the dual Blaschke addition.

Remark 3.4. Let A € (0, 1), the geometric-arithmetic mean inequality and (28) yield that, if n —m < g < n,
then

~ 1 1 ~ A= 1-7
V(K Q, ALy ko (1= A7 L) 2 [Vo(K, Q, L1)] [Vpa(K Q. L)|

if ¢ > n, then this inequality is reversed; the equality holds in each case if and only if L; = L,. Similar
argument can be used in inequality (30).

Next, in terms of subscripts p of the centroid body I',L and the intersection body I,L, we will prove four
monotonicity inequalities introduced in Theorems 1.3 and 1.4. In the proof, the Holder’s integral inequality
will be used many times.

Proof of Theorem 1.3. The Holder’s integral inequality (15) shows that fori,j > 1,i # j, and u € S"1,
" -
[ oo omo = [ (w-olpri) (- ovey o) o

= o -
> [ [ weotpprion] | [ ober ]
Sn—l sn—l

From this and (12), it follows that

i

-

G+ i+ T () 2 [c,u»(n ; i)h}iL(u)]‘ ’ [Cn,]»(n ; j)hﬁjL(u)] J 31)



Z. Hu, H. Li / Filomat 36:5 (2022), 1527-1538 1536

for u € S"71, and from the condition that the equality holds in (15), we see the equality holds in (31) if and
only if [u - o]~ plL_] (v) = A, A > 0. By (10), this is equivalent to h-(v) = AT |u - 0|, o1, L* is an origin-symmetric
line segment in the direction u.

In case (i), Q€ S, p > 0and g € R, from (1) and (31), but with u replaced by ax(u), we see that

. =TS
n(Cpivj(n +1+ )5V, 0(K Ty L, Q)

> fsm [(Cn,z’(?l + i))’f(%)p(ak(u))]’zizfz [(Cn,j(n + j))

if equality holds in (32), then L* depends on the variables ax(u). Hence the inequality (32) is strict. Then, as
i > j, from (1) and (15) it follows immediately that

v hpp\P -%2 i (32)
’(hr—lf) (aK(u))] pr()pg " (u)du =: N,

N; K 2[ L o (Cn,i(n + i))? (% )p(ak(u))p?( (u)pg—q (u)dur
) [Lﬂ_l (cn,j(n + ]'))7‘(I%(L)”(ak(u))pi(u)pg—q(u)du]_

l‘Z P 2
]

v — =
=[n(c,,,,-(n 1)) V(K TL, Q)] [n(cn,,-(n 1)) Vog(K TIL, Q)] .
This shows that (6) holds.
In case (ii), noticing that Q € K, g > nand p € R, by (10), (1) and (31) we obtain
= W -]
Tle,q(K, Q, r;jL)(Cn,Hj(n +i+])

(i=))g=n)

. (4] T2 hoV?
_ fs ewinin s+ o] (2 ctwppid )

q-n
o i o -i12=7 (ho VP
> fs |(enstn+ o) (en s+ o )| (72 ) xtmppl e =: N
If the equality holds in (33), then L* depends on the variables 1. Hence the inequality (33) is strict.
Asi > j, by using (1), (15) and (33), we have
2_n Ry 0 _ &
N 2] [ (et )7 (72 axtinpbionpfy o]

2

HEN . 34
[fsl (Cn,j(Tl +])) i (E) ((XK(M))p?((u)p;}L’i(u)du] (34)
2 j i) L s L
=T (e + D) e+ YT Vg (K, QT Vg (K QTILY
Combined with the above (33) and (34) directly, we can conclude the desired result (7). 0

Remark 3.5. For x,y € IR”, we denote by [x, y] the closed segment with two endpoints x and y. From the
fact hj_y,,)(v) = |u - v| for u,v € 51 we see that equality holds in (31) if and only if L* = AT [—u, u].
Proof of Theorem 1.4. Assume that 0 <i,j <i+ j<1landi# j. By (13) and (15), we can easily show that,
foru e §™1,
RS N A i -L
(n=i= oy (W) 2 (= Dy ()7 (= fpy, )™, (35)

and the condition that the equality holds in (15) implies that the equality holds in (35) if and only if
u - o)~ sz—] (v) = A, A > 0. By (10), this is equivalent to h;.(v) = AT |u - 9|, or, L* is an origin-symmetric line
segment in the direction u.
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In case (i), Q € K, g < nand p € R. By using (1) and (35), we have
- N L UNE i BT (B Y
V0K, Qi L) —i— )7 2 fs |(r=0piu) (=] ) 7| (52 xtpplmeu =: Nr. (36

Note that if equality holds in (36), then L* depends on the variables u. Hence the inequality (36) is strict.
Asi> j, combining (1), (36) and (15), we obtain

2_72 e ho \P o i2
N, ™" =(n - i)™ q)[ fs 3 (h—Q) (aK(u))p;’;(u)qu(u)du]

7 37
=] [ (52 xtrphoop o] 7

=n" T (0 — iy D (n — ]rf(“) V(K Q, LYV, (K, Q, L) T

Then, (36) and (37) yield the desired conclusion (8).
In case (ii), Q € S, p < 0 and g € R. By (1), (10) and (35), but with u replaced by ax(u), we have that

nver(K 1+]L Q)(I/l —i- ]) H/
£ —j B A (38)

> fs B [((n—i)(% )i((XK(M)))’ ((n_ ])( ) I (aK(u))) 4 ] & o (u)anfq(u)du — Na.

Similar to (36), the inequality (38) is also strict.
Asi> j, by (1), (38) and (15) we can verify that

Ny 20" (n = iy #i(n = j)IV, (K IL Q) V(K IL Q) (39)
Then, the desired inequality (9) follows from (38) and (39). O
Acknowledgements

The authors would like to thank to the referee for his/her valuable comments.

References

[1] K. ]. Béroczky, E. Lutwak, D. Yang, G. Y. Zhang, The log-Brunn-Minkowski inequality, Advances in Mathematics 231 (2012)
1974-1997.
[2] K.]J.Boroczky, R.Schneider, Stable determination of convex bodies from sections, Studia Scientiarum Mathematicarum Hungarica
46 (2009) 367-376.
[3] R.]J. Gardner, Intersection bodies and the Busemann-Petty problem, Transactions of the American Mathematical Society 342
(1994) 435-445.
[4] R.]. Gardner, The Brunn-Minkowski inequality, Bulletin of the American Mathematical Society 39 (2002) 355-405.
[5] R.]J. Gardner, Geometric Tomography, (2nd edition), Cambridge University Press, New York, 2006.
[6] R.]J. Gardner, D. Hug, W. Weil, The Orlicz-Brunn-Minkowski theory: a general framework, additions, and inequalities, Journal
of Differential Geometry 97 (2014) 427-476.
[7] L.]J. Guo, H. H. Jia, The dual Blaschke addition, Journal of Geometric Analysis 30 (2020) 3026-3034.
[8] C.Haberl, L, intersection bodies, Advances in Mathematics 217 (2008) 2599-2624.
[9] C. Haberl, M. Ludwig, A characterization of L, intersection bodies, International Mathematics Research Notices 2006 (2006)
10548 29 pp.
[10] Y. Huang, E. Lutwak, D. Yang, G. Y. Zhang, Geometric measures in the dual Brunn-Minkowski theory and their associated
Minkowski problems, Acta Mathematica 216 (2016) 325-388.
[11] Y. Huang, E. Lutwak, D. Yang, G. Y. Zhang, The L,-Aleksandrov problem for L,-integral curvature, Journal of Differential
Geometry 110 (2018) 1-29.
[12] A.Koldobsky, Intersection bodies, positive definite distributions, and the Busemann-Petty problem, American Journal of Math-
ematics 120 (1998) 827-840.
[13] E. Lutwak, Intersection bodies and dual mixed volumes, Advances in Mathematics 71 (1988) 232-261.



[14]
[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]

Z. Hu, H. Li / Filomat 36:5 (2022), 1527-1538 1538

E. Lutwak, The Brunn-Minkowski-Firey theory I: mixed volumes and the Minkowski problem, Journal of Differential Geometry
38 (1993) 131-150.

E. Lutwak, The Brunn-Minkowski-Firey theory II: affine and geominimal surface areas, Advances in Mathematics 118 (1996)
244-294.

E. Lutwak, D. Yang, G. Y. Zhang, Orlicz centroid bodies, Journal of Differential Geometry 84 (2010) 365-387.

E. Lutwak, D. Yang, G. Y. Zhang, L, dual curvature measures, Advances in Mathematics 329 (2018) 85-132.

E. Lutwak, G. Y. Zhang, Blaschke-Santal6 inequalities, Journal of Differential Geometry 47 (1997) 1-16.

V. H. Nguyen, Orlicz-Lorentz centroid bodies, Advances in Applied Mathematics 92 (2018) 99-121.

R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, (2nd edition), Cambridge University Press, Cambridge, 2014.

G. Y. Zhang, A positive solution to the Busemann-Petty problem in R*, Annals of Mathematics, 149 (1999) 535-543.

D. Zou, G. Xiong, A unified treatment for L, Brunn-Minkowski type inequalities, Communications in Analysis and Geometry
26 (2018) 435-460.



