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Abstract. Malaria and Tuberculosis are both the severe and causing death diseases in the world. The
occurrence of TB and malaria as a coinfection is also an alarming threat to the human. Therefore, we
consider a mathematical model of the dynamics of malaria and tuberculosis coinfection and explore its
theoretical results. We formulate the model and obtain their basic properties. We show that at the disease
free case each model is locally asymptotically stable, when the basic reproduction number less than unity.
Further, we analyze the phenomenon of backward bifurcation for coinfection model. For the sub models,
we present the local stability for the disease free case whenever the basic reproduction number less than 1.
Further, an optimal control problem is presented to investigate the dynamics of malaria and tuberculosis
coinfection. The numerical results with different scenarios are presented. The mathematical model with
and without control problem are solved numerically using the Runge-Kutta backward and forward scheme
of order four.

1. Introduction

Infectious diseases are modeled effectively through mathematics are considerately effective to address
their disease mechanism well. Mathematical models can best describes the disease status, whether, it can
be controlled or not. The micro-organisms, pathogens such as viruses, bacteria, fungi or parasites are the
causes of infectious diseases. It may cause by a direct mode or an indirect mode or person to person,
with different route transmission. Malaria and tuberculosis (TB) are considered the major public health
problems throughout the world. An estimate shows the approximately 1200 children die each day due to
malaria while 3800 children die due to TB each day, throughout the world [14,15]. The recent advancement
in medical sciences, these diseases are still an alarming for the public health. The most prevalent bacterial
disease in the humans is the TB which is caused by the Mycobacterium tuberculosis. A report shows that
this disease places the second position amongst the common infectious diseases in the world [22]. Mostly
the TB, infects the lungs. Besides this, it can affects the circulatory, urinary and central nervous system,
and also the skin, bones and joints. The transmission of this disease among human is occurred by droplets,
those having infections in throat and lungs of active respiratory disease [5]. A people with active TB,
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the transmission takes place. The symptoms include, chest pains, coughing, weight loss, weakness and
fever etc. [@]. This disease is treated with the available antibiotics, a course of six to nine months. The
TB can be minimized by the isolation of patients who have the TB disease and an immediate start of the
anti-tuberculosis therapy. A source shows that globally, the new cases of TB decreases whereas the cases
increases in Sub-Saharan Africa [@].

Malaria is one of the vector borne disease that caused by the bites of mosquito. The plasmodium which
is a parasite is the source of causing malaria. The parasites increases in the human liver and results to infect
the red blood cells [14]. Vomiting, headache, and fever are the common symptoms of malaria. Delay in
treatment can cause severe life threating, by disrupting the blood supply to the vital organs [14]. In human
population the exposure of pathogens is rare and in Africa, the infections with more than one shows a
wide public health threat [9]. Malaria and TB, HIV-AIDS, are considered the three major global health
problem, which causes, mortality, morbidity, human suffering and negative socio-economic impact [22].
The above mentioned diseases are endemic in populations. Literature show on the dynamics of malaria TB
and related topics have been considered and discussed [E, @, , @, @]. For example, in [@], an author
investigates the presence of malaria infection with TB person. In [@], the author investigated and obtained
the results. He observed that in adults the malaria increase significantly the incidence of reactivating latent
TB. Mathematical modeling of coinfection is the interning research area now-a-days to the researchers and
biologists. For example, in [@], a mathematical model on the dynamics of HIV and TB is formulated
and discussed. In [|EI]>, HIV-malaria coinfection model is formulated and the results are investigated and
discussed. In [13], the HIV-AIDS and cryptosporidiosis coinfection model is formulated with different
control strategies.

Motivated by the above studies, we formulate a mathematical model on TB and malaria coinfection.
The literature on each disease and on their coinfection has been discussed in detailed above. The rest of
the work present in this paper is categorized is as follows: Model formulation of TB and malaria and their
codynamics is presented in section 2. The only TB model is formulated in section 3 while in section 4
the dynamics of the only malaria model is presented. The TB malaria coinfection model is discussed in
section 5. In section 6, the optimal control model of the coinfection is formulated and presented the results
associated. Numerical results with brief discussion is presented in section 7 and in section 8, we finalized
the work by conclusion.

2. Model Formulation of TB and Malaria Coinfection

The total human population, N(t), subdivided into, susceptible individuals S(t), individuals exposed to
malaria only E,(t), individuals infected with malaria only ,,(t), individuals recovered from TB and malaria
both are R, individuals exposed to TB only Ey(t), individuals infected from TB only Iy (), individuals
infected from TB only treated Ty, and the individuals dually infected from TB and Malaria I,+. So, the total
population of humans individuals is,

N=S+E,;+L,+R+Ep+1Iy+Ty+ L.

The population of vector Ny(t) is subdivided into three mutually exclusive classes, Sy(t)-susceptible, E,-
exposed and I,(t)-infected vector. So,

Ny, =S, +E, + L,
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The above discussions leads to the following system of nonlinear differential equations:

4S= A—ApS—AuS—dS,

GFEm = AuS—(tm +d)Ey,

LIw = TmEm — @ +dw+ yu)ln — A,

4R= Ywln+apTw + Yulw — dR,

48, = Ay—ASy —d,S,,

4E; =  AySy— (do + To)Ey, @
11, = 1B, —dl,

%Etb = ApS—(d+ew)Ep+ (1 —1w)owTh,

%Itb = enE+wouTw — (d+ v + ow)l — Amln,

%Ttb = yulp — (d+ 0 + o + aw)Tw,

Ll = Al + Amlp — (€ +d + Put) o,

where Ay = ﬁ’%’:l”’, Am = % and A, = % The population of susceptible individuals is recruited by

the rate A. The natural death rate of human and vector is respectively shown by d and d,. The humans
individuals exposed to malaria are infected at a rate of 7,,, d,, is the death rate of infected individuals due
to malaria and the rate of recovery from malaria is shown by 7,,. The population of vector is recruited by
Ay. The exposed vector becomes infected at a rate of 7,. The parameters f,, shows the contact with malaria
in humans while g, with contacts of malaria in mosquitoes. The force of infections A,, and A, respectively
represent human contact with infected mosquito and mosquito contact with infected individuals. The per
rate biting of mosquitos (females) is given by 0,,. The rate of progression of infected individuals due to TB
to the infected class is shown by €y, the death rate due to TB is given by oy. At a rate of )y the infected
individuals are treated. The individuals due to TB are recovered at a rate . The treated individuals enter
to either latent class due to the remainder of Mycobacterium tuberculosis or infective class I, due to the
failure of treatment at the rate 6. The parameter ny;, measures the treatment failure. The parameter Ay
represents force of infection with active TB individuals while the infection is transmitted at a rate oy, that
shows its probability. The dually infected individuals dies from the coinfection is given by €. The parameter
B shows the contact rate for TB while the recovery rate is ¢, for dual infected people. In Table 1, we
shown the variables and the definitions of the parameters.

Solution positivity

Lemma 2.1. Consider the data initial be {(S, S,)(0) > 0, (E,, L, R, Ev, Iy, Ep, Iy, T, Lt )(0) = O} € T[. Then, the
solution set {(S, Ey, In, R, So, Ev, Lo, Etp, Iin, Tto, Int)(t)} of the coinfection model (@) will remain positive for every t > 0.

Proof. It follows from the first equation of the coinfection model (@, we have

453 A= ApS—AuS—dS,

@

[\

—(Ap + A +d)S
Taking integration of the equation (2) with respect to ¢, we obtain
S(t) > S(0)e™ S Yt bt Dt > 0, g5 Ay, + A,y +d > 0.

for the initial data, S(0) > 0, then we have S(t) > 0, for the rest of the variables of the coinfection model (),
are positive for all the initial data positive remains positive for all time f > 0. [
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Variable Description

S Population of susceptible individuals

Eun Individuals exposed to malaria

L Infection of people with malaria only

R Recovery from malaria, TB and its dual infection

Sy Susceptible vector

E, Exposed vector

I, Infected vector

Ey Individuals exposed to TB only

Iy Individuals infected from TB only

Ty Treatment of infected Individuals with TB only

Lt Individuals infected with both TB and malaria
Parameter Description

A Recruited rate of susceptible individuals

d, d, Natural death rate of human and vector

T Humans individuals exposed to malaria infection rate
A, Oppt, € Disease death rate of humans due to malaria, due to TB, dual infection
Vs &, Yt | Rate of recovery from malaria infected only, TB infected only and dual infection
Ay Recruitment rate of vector population

Ty Rate of flow from exposed vector to infected vector
€ Rate of flow from exposed TB to infected TB

Btvs P Po Contacts rate

Vib Treatment rate of TB infected individuals

O, Mey Rate of flow of TB, treatment failure

Atps A, Ao Force of infection

Om, Oty Modification parameters for

Table 1: Definitions of the model variables and parameters.

2.1. Invariant regions

It is obvious that the coinfection model () consists of humans and vector populations so all the variables
are positive and non-negative for every time t > 0.

Lemma 2.2. The region Q = Q, X Q,, contains the solutions of the coinfection model ().

Proof. First, we show that all the feasible solutions are uniformly bounded in the set Q. The coin-
fection model (1) has two parts, the human population N and the vector population N,. Consider
{(S,En, I, R, Ep, Iy, Ty, Lyt) € Rﬁ} be any solution of the coinfection model with nonnegative initial con-
dition, then, N’ < A —dN, and we have the solution 0 < N < % when t — 0. So, it can be seen that all the
feasible solutions of the coinfection model (I} remains in the region

A
Qh = {(S/ EM/IWZ/R/ Etbl Itb/ Ttb/lmt) N < E} (3)
Similar result can be show for vector population,
Ao
Qy ={(S0,Ev, I) : Ny < d_} 4)
v

Thus, it follows from equations (@) and (@), that all the feasible solutions of the coinfection model () will
remains in

Q=0Q,xQ,. ®)

Thus, Q is the feasible region for the coinfection model (1), and is positively invariant, bounded and the
existence and uniqueness and the continuations results hold. Further, it is well-posed epidemiologically
and mathematically and is sufficient to study the dynamics of the coinfection model (I) under the region
Q 0

Next, we study each submodel in detail.
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3. Only TB model

The aims of this section is to investigate the dynamics of the Only TB model. The only TB model given
by (6), can be obtained easily by setting E,, = I,, = S, = E, = I, = Ly = 0. So, we have
4S5= A-ApS—dS,
%Etb = ApS—(d+ew)Ew + (1 —1w)owTh,
%Itb = ewEw + T — (d+ yw + ow)lw, (6)
%Ttb = ywl—(d+ 06w+ om + aw)Th,

FR= ayTy—dR,

where Ay, = b %’b ,and N = S+ Ey + Iy, + Ty, + R. The biological feasible region for the only TB model is

Qr ={(S,Ew, I, T, R) € RS : (S, Egp, Iy, Ty, R) < %} which is positively invariant and is sufficient to consider
the dynamics of the only Tb model (6) in the region Qr.

3.1. Local stability analysis disease free equilibrium (DFE) of the only TB model
The DFE of the only TB model is

éﬁﬂﬁﬁ)

P(t)b = (S, Et, Ip, T, R) - ( d

and their basic reproduction number R}? is obtained by using the method [21].

0 Bwow O d+ep 0 —06 (1 = 1)
F=[{0 0 0|, V=| —-ew d+yp+on Oty
0 0 0 0 Vi d+agp + O + Ot

and the required basic reproduction number for only TB model is

BivOwEm 4 )/tbéth]tb
d+ep)d+yp+ow) (@d+yp+ow)d+ap+ 0w+ o)
)/tbétb (1 - T]tb) €ty
(d + 61) (d + Y+ th) (d + ay + 6tb + O'tbt)’

— TB TB TB
= R"+R7+R.

TB
RO

Further, we have the local asymptotical stability result for the only TB model (6) in the following theorem.
Theorem 3.1. The only TB model (@) at the DFE PY, is locally asymptotically stable if RTP < 1.

3.2. Endemic equilibria of the only TB model
The endemic equilibrium of the only TB model (@) denoted by ET? and is given below,

x _ A
5= d+)\?b’
o= A3, ST, 00(1-10)
th d+ey,
@)
T = I:by”’
th T drap+Optom

R* = T:bazb

7
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Plugging the expression (Z) in the second equation of the only TB model (@), we obtain
[0} I:b + @, =0,
where

D = ep((1- ,Btb) o (d + ag + O + o) + )/thtbt) (th (dow (1 - T]tb) +(d +ep) (d + o))
+ep (1 - ﬁtb) o (d + o + O + o) + )/tb‘jtbt)
(aw (d+e€p) (d+yw +op) +(d+0p) (d+e€p) (d+ O + 0ur)),

O, = (Aew(d+en)(d+ym+ow)d+ap+ 0+ o) 21 - RP).

The coefficients ®; for i = 1,2 are positive and therefore the endemic equilibrium of the only TB model
exists for RTP > 1.

4. Malaria model

The only malaria model () given by the following can be obtained by setting Ey, = Iy, = Ty = Lt = 0,
we have

45= A-A,S-dS,

4Ew= AuS— (T +d)E,,

L1y = TwEm—(d+dy+ V),

aRk=" ymln—dR, ®)
250 = Ay = AoSv — doSy,

LE, = AoSy— (do + To)Ey,

%Iv = TEy —duly,

where A, = £nfnle 3 = BoOuln N — G 4 E, 4T, + Rand Ny, = S, + E, + I,
The feasible region for the only malaria model (8) is

A A
Q = {(SEu L/ R, S0 Eo, L) : N <=, Ny < =2},
d dy
We show further that (1 is positive invariant and will be sufficient to consider the dynamics of Q:
N = S+E,+I,+R,
= A—dN—dyl,, ©)
and
N, = S,+E,+1I,
= Ay —doN,. (10)

The right hand sides of both the equations (@) and (I0)are bounded by A — dN and A, — d,N, respectively.
It follows that N'(t) < 0if N(t) > A/d and N, (t) < 0if No(t) > Ao/d,. Further, we have by using the standard
comparison theorem [Ia],

N(t) < %+(N(O)—%)e”ﬁ,
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No(t) < U+(NU(O)—%)e‘d”t.

4

>z

In particular if

A A
N < = ifNO <

and

No(t) <

Ay . Ay
d—, lf NU(O) < d_v,

which shows that Q is positive invariant. It is attracting also because N(0) > % and N,(0) > % and then the

solution enters Q in finite time or N,(tf) — 1;—:’ and N,(t) — 1;—1" asymptotically and the rest of the infected
variables E,;, I,,, E, and I, tend to zero.

4.1. Only malaria model basic properties

The disease free equilibrium of the only malaria model @) denoted by E}! and is given by
A Ay
7000250, 0).
The basic reproduction in epidemic models plays a vital role and useful for the model to shows the nature of
the disease spread and control. For the only malaria model (8), we compute the basic reproduction number
in the following by using the next generation matrix method [21],

Ey' = (8°,0,0,0,85,0,0) = (

0 0 0 ﬁmam d+ Tm 0 0 0
0 0 0 0 Ty d+dy+Ym 0 0
F=1y Bein 90 | V=10 0 do+7o O
0 0 0 0 0 0 —Ty dy

and we have the basic reproduction number R, given by

RM — dﬁmaznTmﬁvAvTv
o Ad%(dm+d+ym)(d+Tm)(dv+Tv)'

Theorem 4.1. The only malaria model (8) at the disease free case Eg/{ is locally asymptotically stable if RSA <L

5. TB-Malaria coinfection model analysis

The present section describes the dynamics of the TB and malaria coinfection model (). Initially, we
present first the basic properties of the model.
The disease free equilibrium of the coinfection model (), denoted by E{ and is given by
A A
_(co 0 - (= i
E5=(S ,o,o,o,sv,o,o,o,o,o,o)_(d,o,o,o, dv,o,o,o,o,o,o).

and the basic reproduction number

0 0 0 Bwow O 0 00
0o 0 0 0 0 0 00
0 B2 9 0 0 0 00
2|0 0 0 0 0 0o 00
0 0 0 0 0 Bgow 0 0
0o 0 0 0 0 0 00
0o 0 0 0 0 0 00
0o 0 0 0 0 0 00




A. K. Alzahrani, M. A. Khan / Filomat 36:6 (2022), 1789-1818 1796

and
Q1 0 0 0 0 0 0 0
—Tn Q2 O 0 0 0 0 0
0 0 Q3 O 0 0 0 0
V= 0 0 -1, dy 0 0 0 0
- 0 0 0 0 Q4 0 _6tb (1 - Utb) 0
0 0 0 0 —en Qs —Ow M 0
0 0 0 0 0 Vb Qs 0
0 0 0 0 0 0 0 Q7

The required basic reproduction of the coinfection model () is given by

Ry = max{RY, RTP) = { dﬁmU%nTmﬁvAz;Tv, QeBromwen + QaywOmnw + Ydw (1 = 1Nw) €n }
AQ1Q2Qsd; Q4Q5Qs

Next, we show that the TB-malaria coinfection model is locally asymptotically stable if Ry < 1. The
following result is established.

Theorem 5.1. The TB-malaria coinfection model (1) is locally asymptotically stable when Ry < 1.

Proof. At the disease free case Ejj, we have the Jacobian matrix in the following:

~d 0 0 0 0 0 —puow 0 —Puon 0 0
0 -1 0 0 0 0 fuow 0 0 0 0
0 ™ - 0 0 0 0 0 0 0 0
0 0 w - 0 0 0 0 0 ay P
0 o0 -BXm o 4, 0 0 0 0 0 0
J =10 o %= o 0 -0 0 0 0 0 0
0 0 0 0 0 7 -d 0 0 0 0
0 0 0 0 0 0 0 Qs Pwow Ow(l-1nw) O
0 0 0 0 0 0 0 (&) —Q5 6tb77tb 0
0 0 0o 0 0 0 0 0 ym ~Qs 0
0 0 o 0 0 0 0 0 0 0 ~Qr

where Q1 =d+ 71y, Qo =du+d+yu, Q3 =dy+7, Qu =d+ep, Qs =d +ynp +0p, Qs = d + g + Oy + oy
and Q7 = d + ¥ + €. The eigenvalues —d, —d, —d,, —Q7 are negative for the remaining we have:

A7+ DA + DA + DAt + DYAS + DsA? + DgAD; = 0, (11)
where
D = dp+ Q1+ Q2+ Q3+ Qs+ Q5+ Qe

©; = Q3+ Q004 +Q3Qs+ Q5+ Q3Q5 + (Q2 + Q3+ Qu) Qs
+Q1(Q+ Q3+ Qs+ Q5+ Qe) +(Q1+ Q2+ Qs+ Qu+ Qs + Qo) do
+QuQs(1 = R}) + QsQs(1 - RP),

Q3 = (Q3(Qa+0Qs)+(Qs+ Q1) Qs+ Q2(Qs+ Qs+ Qs + Qo))
+Q1(Q2 + Q3 + Qs+ Qs + Qo) do
+Q2Q3(Qa + Qs) + (Q3Q4 + Q2 (Q3 + Q4)) Qs



A. K. Alzahrani, M. A. Khan / Filomat 36:6 (2022), 1789-1818 1797

+Q1(QsQ6 + Q3 (Qu+ Qs + Qe) + Q2 (Qa + Qu + Qs + Q)
+(QuQs(1 = RI®) + Qe Qs(1 = RP)) (dy + Q1 + Q2 + Q)
+Q:Q5Q6(1 - REP),
Dy = QuQsQsldy+ Q1 +(Q2 + Qo)1 - RIP) + Q1 Q2 Qsdu(1 — (R))?)
(Qa+ Q5+ Qe) ((QQs5 + Q1 (Q2 + Q3)) dy + Q10Q20Q5)
+((1 = RIP)QaQs + (1 - R)QsQs + QaQs) X
(Q1+ Q2+ Qa)do + Q203 + Q1 (Q2 + Q3)),
D5 = ((QuQs+Q1(Q2+ Q) do + Q1 Q3) (QuQs(1 — RTP) + QsQs(1 — RLP) + QuQs)
+Q1Q2Q5 (Qs + Qs + Qo) do(1 — (RY')?)
+Q1Q3QEQ% M, [Q2 (do + Q1) + Q3 (do + Q1 + Q)1 (1= RTP),
D = QuQ5Qel[QQ5 + Q1 (Q2 + Q3)]dy + Q1 Q511 - RE)
+[QaQs5(1 - RTP) + Q5 Qs(1 — RIF) + Quds |(1 — (R))?),
o7 = Q10:0304Q5Q6do(1 — (RYHH(1 = RyP).
The coefficients ®; fori = 1,2...7 given in equation ([T} are positive whenever the basic reproduction number
less than unity. The positivity of the coefficients ®; for i = 1,2...7 ensures that the conditions given in [17] for

the model (1) could be satisfy easily and it will have all the eigenvalues with negative real parts. Therefore,
it is to be concluded that the model () is locally asymptotically stable if Ry < 1. O

Further, we discuss the phenomenon of backward bifurcation for the TB and Malaria coinfection model. To
show this results we use the central manifold theory [E]. We the result:

5.1. Backward bifurcation for TB malaria coinfection model

We show the existence of backward bifurcation for the TB and malaria coinfection model (I). Apply the
centre manifold theory to the model (@) and taking R7? = 1 and R} = 1 if and only if

B =B, = AQ1Q2Qsd?
T 462 T BoAeT,
and
. Qs (QSQé - thétbntb) = YwOw (1 - T]tb) €y
ﬁfb = ;Btb = .

Qs0 e

Further, we change the variables and the model @ and replace with the new set of variables, 11 = S,
Yo =Eu, y3 = Ln, ya = R, y5 = Sy, y6 = Eo, y7 = Iy, yg = Ew, Yo = I, Yo = Ty and Y = Iy with
N=y1+1y2+Yys+ys+ys+ Yo+ yio + y11 and Ny = y5 + Y6 + y7. Using the vector notation v = (y1,....y11)
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and express the model (1) in the form y’ = F_y>, where F = fi, ..., F11, shown in the following;:

A - Atbyl - /\myl - d}/lz

a

=
<
=
Il

L= Auvi — (T + Ay,

Lys= Tuya— (d+du+ym)ys — Anys,

Lys= Ymys +anyio + Ymyn — dys,

Lys = Ao— Aoys — doys,

Lye = Aoys — (do + To)Ve, 12)
Ly, = ToYe — doy7,

Lys = Awyr — (d+en)ys + (1 — 7w)Swy10,

Lyo = enys+ Nudwyio — @+ + ow)Yo — AmYo,

A, _
Y10 = VY — (d+ O + 0wt + aw)yio,

Ly = Awys + Amyo — (6 +d + Py,

where Ay = ﬁ—’b‘;\?’y", Am = ﬁ—"";\}’w and A, = ﬁ—”i\’}’%.
Computing the Jacobian matrix of the model (I2) at Ej, we have

-d 0 0 0 0 0 -1 0 -3 0 0
0 - 0 0 0 0 5 0 0 0 0
0 T -Q 0 0 0 0 0 0 0 0
0 0 ymw —-d 0 0 0 0 0 an Y
0O 0 - 0 -d, © 0 0 0 0 0

G=| 0 0 L, 0 0 -Q3 0 0 0 0 0
0 0 0 0 0 1, —-dy O 0 0 0
0 0 0 0 0 0 0 -Qi J3 0
0 0 0 0 0 0 0 e -Qs Ownw O
0 0 0 0 0 0 0 0 y» -Qs O
0 0 0 0 0 0 0 0 0 0 -0

_ ABQIQQs g _ dBedoon 1 _ Qu(QsQs—yudunn)—yudmen (1)
where J1 = gt o= 5 s = Qsen )

It can bee see that the Jacobian matrix G has the simple zero eigenvalues and the rest of have the negative
real parts, this ensures, that we can apply the centre manifold theory to model of TB and malaria. To
proceed further, we need to obtain the right and left eigenvectors associated to the matrix G respectively,
we obtain,

Q1Qyws  wo (Qa (Q5Q6 — Yudwnw) — YO (1 — Nw) €m) Qows
w0, =— - JWy = =,
dty dQ6€tb Tm
wW3Ym Wolkip) th dwl’)omﬁv/\v dwl’)amﬁv/\v
w3 = w3>0, wy= + ,Ws = — ,We = ,
3 3 4T Qs ' A2 *T T AQsds
Aw3z0 P AyT w o - w
w = 3 mﬁvzv Y g = — 9 (VuOwMiw Q5Q6),w10 _ 9)/th w1 =0, wo=wp >0,
AQsd? Qo€ Qe
and
A d
U1 = U4=05=011= O, Uy =70 > 0, Ug = Ug > 0, U3 = lez,?% = Qlevz ‘

- 7
Tm dUmeﬁvAv
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AQ10Q2Q302d, _ Quos o

v7 = ;09
dUmeﬁvAvTv €ty Qs€m
Further step is the computations of the values of 2 and b. We follow [E], and obtain the value of 2 and b after
rigorous computations, we have
2 2 2
a = —m[d Q6W3 P07, TnPooTo (W T (Qs502 + Quvg) + Q202ws3€r)

+dvzw3ﬁm0ﬁffiﬁv/\v’fv (Qo€m (w3 (d + )/m) + dwg) + w9 Yty (ew (d + ay) — détbﬂtb))

_ 080w (=Qunw + Nwen — €n)

+AQawod> Ty (w3 (AQs (Q1v2 + Qavs) Brwowermw + Q1 Q202Y b (Qu — €)))
AQ3vswod272 B0 (Qsr (w3 (d + Ym) + dwo) + dQsQewo + woysy, (€ (d + ) — ddpNip))
+AQ1Q3Q3Qe02w5 (d — Q1) dien + AQ1Q2Q302wsdy Ty,

+AQ1Q2Q3v2w3d5 T (Q5Qewo (d — Qu) + Woy, (€ (d + atn + Op) — détb’?tb))]
and
b = vgwgoy, > 0.

It is obvious that b > 0 and the value of 2 can determined the backward bifurcation in the coinfection model

@ ifa > 0.

6. Optimal control problem

The aims of this section to formulate an optimal control problem for the coinfection of TB and Malaria. We
use five controls u; fori = 1,2, ....5 to minimize the coinfection in the model (I3). In the given optimal control
problem the control u; represents human mosquitos elimination by LLITNs (Long-Lasting Insecticide-
Treated Nets). The control variable u; represents the treatment efforts used for malaria infected individuals.
The control variable 13 represents IRS(indoor residual spraying) which increase the death rate in mosquitos.
The control variables u4 and us respectively represent the prevention and treatment efforts for TB infected
individuals and the efforts of treatment for infected TB individuals. The parameters c;, k, ¢, and c3
respectively represent, mosquitoes death rate by LLITNs, death by IRS, recovery with treatment of malaria
infection of malaria-TB individuals, and recovery by the treatment of TB infection of malaria-TB individuals.
Keeping in mind the above assumptions we formulate the following optimal control problem:

4S5 = A—(1-uApS—(1—u)AnS —dS,
4E, = (1= u1)AuS = (Tm + d)Enm,
LIw = TmEm — @+ dw + 12ym)ln — (1 — us) AL,

AR = trymly + awTw + Ymt + 2z + c3uuz)l — dR,

4S8y = Ap—AoSo— (dy + KUz + 111)S,,

4E, = 1Sy — (do + To + KUz + cru1)Ey, (13)
4l =  ToEo — (dy + KUz + c1u1)ly,

%Etb = (1-ugdpS—(@d+ew)Ep + (1 —nw)onTw,
%Itb = enE + T — (d + usym + o)l — (1 — ur) Awly,

d _
Tw = usywly— (d + o + o + aw)Tw,

Ll = (1= ug)Apl + (1= u1)Amlyy — (€ + d + Yy + C21i2 + C313) Lt
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where Ay = MUT”’I”’, Am = % and A, = ﬁUT"’I"’ The objective functional for the optimal control problem is

defined by
T
A(ur, up, uz, g, us) = f [P1E; + Paly + P3Ny + P4Ey + Psly + Pelyy
0

1
+¢mﬁ+m@+&@+mﬁ+&@mn (14)

subject to the nonlinear system of coinfection model (I3) with appropriate initial conditions. In the objective
functional (T4), the weight constants P; for i = 1, ...6 are used for state variables while A; fori = 1,2...5 are
used for the control variables. The cost function for P; is used for exposed only malaria, P, is for infected
only malaria, P3 for vector population, P4 for exposed only TB, Ps for infected only TB, and Ps is for the
dually infected individuals. The quadratic form is used for the controls, $A1u2, $Ayu?, $Asu3, 1A4u3, and

%A5u§ show the expenditure on LLITNs, malaria treatment, IRS, treatment and prevention for TB, and
treatment of infected TB individuals. Hence using optimal controls u; fori =1, 2,...5 such that

M@=ﬂng,

where ® = {u = (uq, up, Uz, Uy, u5)|u1-(t)} islebesgue measurable, u;(t) € [0, 1] forallt € [0, T], wherei =1, 2, ...5.
is the control set associated to the coinfection control model (I3). Further, we define the Lagrangian L and
Hamiltonian H for the optimal control problem (3), given by

L = PlEm + PZIm + P3NU + P4Etb + P5Itb + P61mt
1
+§mﬁ+&@+m@+@ﬁ+mﬁy (15)

and

H = L+MA-Q0—-u)ApS -1 —u)A,S —dS]+ A[(1 — u)Ay,S — (1 + d)E, ]
+A3[TEm — (d + dy + upym) L — (1 — ta) Appli]
A q[toymlm + aw T + (Yme + 22 + c3uz)ly — dR]
+A5[A0 = ASo — (do + Ktz + 111)So ]
+A6[A0Sy — (do + Ty + KUz + c1171)Ey]
+A7[ToEy — (dy + KUz + c111) o]
+As[(1 — us)AnS — (d + €w)Ep + (1 = Nw)onTr
+AolewE + b T — (d + usyw + o)l — (1 — 111) Ayl
+A10lusywly — (d + O + owe + ) Ti]

+A11[(1 = ug) ALy + (1 = u)Apdy — (e + d + Py + coup + c3u3) . (16)
This leads to the following statement.

Theorem 6.1. The optimal control coinfection model (I3) with appropriate initial conditions then there exists an
optimal control u* = u; € © fori=1,2,,,5such that

Auy) = 11}:161({)1 A(u;).
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The Lipschitz property of the control model with respect to the model variables are satisfied by the Theorem
So, then there exists some positive numbers @; and @, together with v such that
A(ui) > @1 ([ + [l + fusl® + sl + |us*)"/? = @2.

This proves the optimal control problem existence. Next, we obtain the adjoint equations and the optimal
control characterizations. We have

Theorem 6.2. The adjoint variables Aj fori=1,..11 exists for the optimal controls u; for i = 1,2...5 with optimal

control model solutions (S*, E;,, I, R*, S;, E;, I3, E, L, Ty 1 ") satisfying:
dh LV -5)

= (A= Ag)(1 —ug)Ay, + (A = A)(1 - ul)/\:ni

dt N~ N~
L, L,
+(A11 = A3)(1 — ug) A7 2+ (Ag = Ao)(1 — wr) Ay = +dAy
N N
+(/\6 - /\5)/\0 N*’
dAz S:e S* I*
il (Ag — A1) - u4)Ath* + (A2 = A —u)Ay, N (A1 = A3)(1 = M4)M,N*
I* S”
+(/\11 - /\9)(1 - M1)/\ + (/\6 - /\5) + (/\2 /\B)Tm + d/\Z - Plr
ds 5 5 N =L
i (As — A1) - u4)Ath* + (A2 = A1 = u)Ay, — N T (As = A6)S,Bu0m N7 -
. (N* _ I:e ) I*
+(/\3 — /\11)(1 - u4)/\tb N + (/\11 /\9)(1 — M1)/\m N + (/\3 — /\4)1/[2)/"1
+(d + dm)Ag, — Pz,
dA Sx- S:e I*
d—: = (Ag—A)A - u4)Ath* + (A — A1 - ul)/\m N + (A1 —A3)(1 — ”4)Ath*
I* S
+(A11 = Ag)(1 - )/\ ~ + (g — )/\;ﬁi +dAy,
% = (As— AL + As(do + Kits + c1iir) — Ps,
d
% = (A6 — A7)Typ + As(dy + KUz + C1Uz) — P3,
dA; s Iy,
i (A1 —A2)(1 - ul)ﬁmﬁm -+ (Ao — A1)(1 - ul)ﬁmﬁm ~ + (dy + KUz + cru1)A7 — P,
dAsg S S . 5%
il (As — A1)(1 — ug)A; w t (A2 = A)(A = uAy, — N T (As — As)A; N°
L, L,
+(A1 = A3)(1 = M4)M,N* + (A1 = Ag)(1 = Ml)/\ -+ (As — Ao)er, + dAg — Py,
dA i (N*=1,) S* S
G = M= A= u)S Bude 7 + (A = A= )}, + (e = A
L (N 1) L (N -T)
+(Az = An)(1 - M4)[3tb5tb1m7 + (A9 — A1) = ul)AmT+
(Ao — Aro)usyw + (d + ow)Ag — Ps,
dA AyS S S,
= (s = A =) o+ (o = A1 =) + (s = A
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" *

I,
+(A1 = A3)(1 —ug) Ay, + (A1 — Ag)A,,

th Nx- mN,,
+A10(owe + d) + (Ag — Ao)uwdu + 0w (Ao — Asg),

+ (Ao = As)ag

A s S . I
d—t“ = (s = M)A = u) Ay + (A2 = (L = )y, + (A = Aa)AG (1= )
I, S
+(A11 = Ag)(1 - Ml))L =+ (Mg — As)A, N T (caua + c3uz)(A11 — As)
Ym(A1 — Ag) + (d + €)A11 — P, (17)

with the transversality conditions Ai(T) = 0 wherei = 1,2, 3, ..., 11. Furthermore, the optimality condition:

(Az - A1)/\ S+ (/\11 Ag)/\ + Cl(/\55 + /\6E + A7I )

w; = max{min( 14”1”’ ,1),0}

iy = x| min ((A3—}L4)yml +2()L11—/\4)cz1 1)0),

y = max{mm((A“_M sl +(j\4535 + A6Es + A7)k ,1),0}’

iy = max|min ((Ag ADALS! 1—;—4(/\11 )/\tblj,,,l)lo},

uy = max{mm(% 1),0}, (18)

is satisfied by the optimal control u for i = 1,2...5 that minimizes A over ©.

Proof. The equations that govern the adjoint equations are utilized to obtain the system of adjoint equations.
Differentiating the Hamiltonian system, H, with time giving the system of adjoint equations (IZ). Further,
solving gTIf =0fori=1,2,...5on the interior of the control set and obtain

(/\2 - /\1)/\* S+ (/\11 Ag)/\:nl:b + C1(/\5S; + /\6EZ + /\712)
2 1).0)
1

(/\3 — /\4))/7,11 + (/\11 /\4)C21

u; = max min

{min (
wy = max{min( e " 1),0},
i = mox{min ((/\11—/\4 yeal”, +(253S*+A6E + A7)k € 10}
G = maxfmin ((Ag M)A S :;4(A11 Ml o,
0, = max{rnln(ug Ammb[f" 1),0, (19)

O

7. Numerical results

Here, we consider the numerical solution of the optimal control problem (13) and system without control
@. The fourth order Runge-Kutta backward scheme is used to perform the simulations. In the optimal
control model we used five controls variables for the disease of TB and malaria coinfection control and
each control is defined in detailed in previous section. In this simulations, the parameters considered are
given in Table[2l The authors parameters that is the weight constants used in the objective functional are
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given as Ay = 200, A, = 100, A3 = 100, A4 = 100, As = 100, P; = 100, P, = 200, P; = 100, P4 = 100,
Ps = 100 and Ps = 100. The optimal control system together with adjoint equations and the optimal
control characterizations with comparison to the system without control is numerically solved and the
corresponding graphical results are presented in Figure 1 to 12. In the numerical simulation the time level
is chosen in days and keep it upto 100. We perform different simulations based on the controls selection
strategies and the respective graphical results for each strategy is provided. It is to be noted that these
strategies selected for possible eliminations of the disease in the community. To explain each strategy in
detail, we provide the following explanations.

Parameters | Description value Ref

A Recruited rate of susceptible individuals 100 day ! [12]

d Natural death rate of human 0.00004 day~' | [23]

dy Natural death rate of vector 0.1429 day ™ [3]

T Humans individuals exposed to malaria infection rate 1/17 day™? [1]

dy Disease death rate due to malaria 0.05 day’l [5]

Ot Disease death rate due to TB 0.01 [20]

Vm Recovery from malaria 0.0005 [4]

Ay Recruitment rate of vector population 1000 day ! [12]

Ty Rate of flow from exposed vector to infected vector 1/18 day~! [1]

€ Rate of flow from exposed TB to infected TB 0.03 [20]

B Contacts rate 0.8333 [3]

Bo Contacts rate 0.09 [1]

O Biting rate of mosquito 0.2 [1]

O Modification parameter 0.03 per day [8]

K death rate of mosquitoes due to using of IRS 0.01 per day [11]

c1 death rate of mosquitoes due to using LLITNs 0.05 per day [11]

Vb Treatment rate of TB infected individuals 0.1 [7]

o) recovery rate due to malaria treatment of malaria-TB individuals | 0.25 per day [11]

c3 recovery rate due to TB treatment of malaria-TB individuals 0.25 per day [11]

agy Recovery from TB 0.3968 [11]

B Contacts rate 0.05 per day [8]

Ut Recovery from dual infection source Assumed
€ Disease death rate due to dual infection source Assumed
O Rate of flow of TB 1.1996 Assumed
Ny Treatment failure 0.15 Assumed

Table 2: Parameters values used in TB-Malaria coinfection simulation (I3).

7.1. Strategy 1: (u3 = uy = us #0)

In this strategy, we set the controls variables u1 = u, = 0 and u3 = uy = us # 0 and perform the
simulations by optimizing the objective functional A and obtain the graphical results given by Figure [II
and 2l Here in this strategy the control variable u3 represents IRS which is used to increase the death
rate in mosquitos while the control variables u4 and us is respectively used to represent the prevention
and treatment efforts for TB infected individuals and the efforts of treatment for infected TB individuals.
The graphical results obtained through this strategy demonstrate that the population of susceptible vector,
exposed vector, infected vector and coinfeced individuals decreases while the individuals exposed only
with malaria, individuals only infected with malaria and individuals only infected with TB is decreases
sharply and the there is no effect on the exposed individuals due to only TB. This strategy is helpful for the
elimination of dual infections and the infections in vector populations while not much suitable for other
infected compartments.

7.2. Strategy 2: (u1 = uy = us #0)

This strategy is performed by using the controls variables 1, = uz = 0 and u; = u4 = us # 0 and optimize
the objective functional A to obtain the numerical results given in FigureBland @l Using of the control 5, that
is the human mosquitos elimination by LLITNs, and the controls variables 14 and us is respectively used to
represent the prevention and treatment efforts for TB infected individuals and the efforts of treatment for
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infected TB individuals, one can see that this strategy is helpful for the individuals exposed and infected
with malaria only, individuals exposed and infected only with TB and the dually infected individuals. In
comparison to the strategy 1, one can see that the infected individuals due to TB and malaria are decreases
much while the decrease in the vector population occur at day 20 till day 100. The most important control
in this strategy is the u; (the human mosquitos elimination by LLITNs), which greatly contributing in this
strategy by eliminating the infections in the infected compartments.

7.3. Strategy 3: (u1 = uz = us # 0)

In this proposed strategy, we set the controls 1, = 14 = 0 and make active the controls 11 = u3 = us # 0
and optimize the objective functional A. The graphical results obtained through this simulations is presented
in Figure[Sland [6l Using of the control u;, that is the human mosquitos elimination by LLITNs, the control
variable u3 represents IRS which increase the death rate in mosquitos and the control u5 the efforts of
treatment for infected TB only individuals and performed the simulations. One can see that this strategy
is also very helpful for the eliminations of individuals exposed and infected only with TB and malaria
and the coinfected individuals. In comparison to the strategy 2, there is a little decrease in individuals of
malaria exposed only, exposed vector, infected vector, exposed individuals with TB only and the individuals
infected only with TB while the rest have the same effect as previously strategy 2. This strategy could be
useful for the elimination of infection in vector, individuals exposed and infected with TB and malaria and
the coinfected individuals.

7.4. Strategy 4: (u1 = up = us # 0)

In the given strategy, we use u3 = u4 = 0 and u; = u, = us # 0 and performed the experiment by
optimizing the objective functional A. The graphical results associated to this strategy is depicted in Figure
[Mand 8 Using the control u; which represents human mosquitos elimination by LLITNs, the control
variable u, which represents the treatment efforts used for malaria infected individuals and the control us
which is the efforts of treatment for infected TB individuals to minimize the infections. One can see that this
strategy is also helpful for the infection minimizing in the individuals infected with malaria only, TB only,
vector population and the individuals dually infected. In comparison to the previous strategy 3, we can see
that the number of exposed and infected with malaria decreases and goes to steady state after day 60 and
day 80 respectively, which was not observed in the previous strategies. Similarly, the individuals infected
with TB only goes to steady states after day 55. The rest of the results are also good for the minimizing
infection in the infected and exposed classes.

7.5. Strategy 5: (up = uz = ug #0)

In this proposed strategy, we make the controls #; = us = 0 and up = u3 = uy # 0 and performed
the simulation by optimizing the objective functional A. The graphical results obtained from this strategy
is given in Figure [0 and Using The control variable u, which represents the treatment efforts used
for malaria infected individuals, the control variable uz represents IRS which increase the death rate
in mosquitos and the control 14 which represents the prevention and treatment efforts for TB infected
individuals to perform the experiment for infection elimination. One can see that the individuals exposed
only with malaria very sharply decreases, the population of susceptible vector increases rapidly after day
70, the individuals infected only with TB decreases little and goes to steady state after day 60 and there
is no change in the individuals exposed only with TB. The others exposed and infected compartments are
decreases little and some good decreases in the dual infections. In comparison to the strategies discussed
above this is not a useful strategy for minimizing infection.

7.6. Strategy 6: (u1 =ty = uz = g = us # 0)

Every strategy has its own importance for the disease eliminations, but we have observed especially in
strategy 1 and 5 that in some compartments of the infected and exposed individuals there occur a increase
and some may posses no change, but we always in search to find such suitable strategy in which the infection
in each strategy is the minimum, but this not the cases we presented above. Now, by using all the controls
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Figure 1: The graphical results for the strategy 1.

active and performing the experiments, one can see that the infection in each class of exposed and infected
with TB and malaria only and the dual infection decreases efficiently, see Figure[[Tland[12] The use of human
mosquitos elimination by LLITNS, the treatment efforts used for malaria infected individuals, increase the
death rate in mosquitos by IRS and the prevention and treatment efforts for TB infected individuals and the
efforts of treatment for infected TB individuals is the best possible controls for elimination of individuals
exposed and infected with TB and malaria only and the dually infected individuals. If we compare the
results of strategy 6, with the previous strategies, then, we can say that this strategy is more suitable for the
coinfection of TB and malaria.
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Figure 2: The graphical results for the strategy 1.
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Figure 5: The graphical results for the strategy 3.
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Figure 7: The graphical results for the strategy 4.
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Figure 9: The graphical results for the strategy 5.
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= Without Control Sl <
= = = \Vith Control ) ) ) S~ -
0 20 40 60 80 100
Time (days)
(d)



400
350
300
250
uF 200
150
100

50

6000
5000
4000
3000
2000

1000

A. K. Alzahrani, M. A. Khan / Filomat 36:6 (2022), 1789-1818

T

Without Control

= = = With Control
L . .
A
N
L N ]
~
~
~
~

- ~ -

..
0 20 40 60 80 100

Time (days)

(a)
Without Control ' ' - 4
= = = With Control
\
.
. A -
~

0 20 40 60 80 100

Time (days)

(©

1600

1400

1200

1000

800

600

400

200

1400

1200

1000

800

600

400

200

1815
= Without Control ' ' ' 1
= = = With Control
. . ik T
0 20 40 60 80 100
Time (days)
(b)
= Without Control ' ' ' 1
= = = With Control
b ]
1
)
Loy ]
AY
A
~ N L e -
0 20 40 60 80 100
Time (days)
(d)

Figure 11: The graphical results for the strategy 6.
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Figure 12: The graphical results for the strategy 6.
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8. Conclusion

In the present paper we investigated the coinfection dynamics of the TB and malaria. Both the diseases
are severe and causing deaths in the population. The occurring of both the diseases infection in an
individual may cause severe infections and its spread in the community is alarming. Therefore, we deeply
studied this issue and proposed a model and investigated each model in detailed. The TB infection only
model is studied and obtained its basic mathematical results. The TB model at the disease free case is locally
asymptotically stable when the basic reproduction number is less than unity. Further, the malaria only model
is obtained and discussed their stability analysis. The malaria only model is stable locally asymptotically
when the basic reproduction number less than unity. Further, we discussed that the coinfection model
is stable locally asymptotically when the basic reproduction number is less than unity. The existence of
the bifurcation analysis is studied for the coinfection model and concluded that the model may have a
backward bifurcation if the condition given is fulfilled. The model is further used to formulate the optimal
control characterization. Five different controls were chosen to optimize the objective functional and obtain
the adjoint equations and optimal control characterizations. The chosen controls were, human mosquitos
elimination by LLITNSs, the treatment efforts used for malaria infected individuals, increase the death rate
in mosquitos by IRS, the prevention and treatment efforts for TB infected individuals and the efforts of
treatment for infected TB individuals. We performed different control strategies by selecting a set of control
variables. Every strategy is performed and the graphical results were discussed and also compared with
the previous strategies. Some of the strategies were found not suitable for disease elimination, but some
were found suitable for individuals infection elimination in TB only, with malaria only and coinfected
individuals. In all of these there is no good strategies in 1-5, which provided useful results for elimination
of infection, then, we finally utilized all the controls and obtained reasonable results and concluded that
the strategy 6 is the useful strategy for infection of TB and malaria and their coinfection. This is the pioneer
work to explore the dynamics of the TB and malaria and their coinfection and may lead to useful results
for public heath department and other health authorities.
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