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Abstract. The aim of this note is to establish the global regularity of classical solutions of the 3D micropolar
fluid equations for a family of large initial data with finite energy.

1. Introduction

In this paper, we consider the following Cauchy problem for the incompressible micropolar fluid
equations :

ou+Ww-Vyu—-Au+Vn-Vxw=0,

diw — Aw — Vdivw + 2w +u-Vo -V xXu=0, (1.1)
V-u=0, ’
u(x, 0) = uo(X), a)(x/ 0) = a)o(X),

where u = u(x, t) € R®, w = w(x,t) € R* and p = p (x, t) denote the unknown velocity vector field, the micro-
rotational velocity and the unknown scalar pressure of the fluid at the point (x, t) € R® x (0, T), respectively,
while up, wg are given initial data with V - u = 0 in the sense of distributions.

Micropolar fluid system was first proposed by Eringen [2] in 1966. Later on, Galdi and Rionero [3]
considered the weak solution in the year 1977. Using linearization and an almost fixed point theorem, in
1988, Lukaszewicz [4] established the global existence of weak solutions with sufficiently regular initial
data. In 1989, using the same technique, Lukaszewicz [5] proved the local and global existence and the
uniqueness of the strong solutions under asymmetric condition. In 2005, Yamaguchi [8] proved the existence
theorem of global in time solution for small initial data.

Inspired by the work of [6], for the 3D Navier-Stokes equations, the main purpose of this note is to study

the global existence of smooth solutions to (1.1) for a family of large initial data with finite energy.
Our result is the following.
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Theorem 1.1. Assume that ug, wy € M for some constant 6 > 0. Then there exists a positive constant &y such that
(1.1) with the initial data (ug, wo) has a unique global classical solution (u, w) if O < 0g. Here

up, wy € H'(R®) with V-ug =0,
2 2
M= Lol (|00, <6, L llwollz [|0x,@ol|,» <,

2 2
X liuollz [[0x.@ol . < & L llwol: ||9x, 10|, < 6
1= 1=

We recall the following Serrin’s type non-blow up criterion [3].

Lemma 1.2. Assume that the initial data uy, wy € H'(R®) with V - ug = 0. If
3 .. 2 3
ue LW((O,T);LP(]R )) with a + ;; <1 and 3<p<oo,

then the solution (u, w) remains smooth on [0, T].

In the following calculations, we use the following interpolation inequality due to [6] :
A1 = Ul 22411 l9s0a [ oo l=2a - (12)

2. Proof of Theorem 1.1

Proof: Assume that 19, wg belongs to M. The local existence theory is classical, see for instance [3, 8]. Hence
there exists a unique smooth solution (1, w) of (1.1) on some time interval [0, T) with T > 0.

Taking the inner products of (1.1); with u and (1.1), with w, adding the results and integrating by parts,
we obtain

t t
(-, 17> + llw(, DI, + Zf IV, )7 ds + 2[ V(. s)II7 ds
0 0

t t
2 2 2 2
+2 f IV - (-, I, ds +2 f o, )1, ds < lluollZ, + llwol:
0 0

forall t > 0.
Applying the derivatives d; = x% (i = 1,2) on either sides of the equations (1.1) yields to

{ ata,’u + (u . V) aiu - A&iu + Val‘T( -V X 8ia) =0, (2 1)

&t&ia) - A&ia) - Vdiv&iw + Z&ia) + (u . V)al‘a) -Vx Biu =0.

Considering the scalar products with d;u, diw, respectively, and adding them, we have
1d
2.dt

= - o - Vu - djudx + jﬂ;(v X d;w) - diudx + jﬂ;(V X diu) - djwdx — jl; oiu - Vw - diwdx

R3
= Ai+A +A3 + Ay

(Ials + 10:lfZ) + IVOlfls + VGl + IV - dolfls +2 [19icol

To bound Aj;, we integrate by parts and apply Holder’s inequality to obtain by (1.2)

A = —f oiu - Vu - djudx = oiu - u - Voudx
R3 R3
< lullps 197l [V Ol 2
1 1 1 1 1 1 7
< Clull, 10l 19195l 1102, 119205l 1Ol 11Vl
1 1
i i 2
< Cllull, 19l IVIull



A. M. Alghamdi et al. / Filomat 36:6 (2022), 1967-1970 1969
Using the integration by parts and the Cauchy-Schwarz inequality, we estimate
Ay + Az < 2|10l IVIull < 9l + IVl

To bound A4, we integrate by parts and apply Holder’s inequality to get by (1.2)

3
A4 = —f aiu-Vcwaiwdx:—Zf 8iuja)k8jaiwkdx
R3 : R3
jk=1

< Nlwlls 19l IViwllr2

1 1 1 3
< Cllwll; Il 195wl 9200l 12 192050113 12 119 ul; 12 IVl IVl

1 1 5 1
< Cllwll, 191, INdill, 19, IV,

1 1 1 2 2
< Cllwll?, 11diwll); 10sll}, IVl + VIl

1 1 1 1 2 2
= (Il 19l + ol 19l ) (YOl + V).

Combining the estimates for A;, A, Az and A4, we find

NI+
Q..lg_‘
HMN

_

2
(191 + 0alf) + Y IVl + VAl + IV - ol + 2 |9i)
i=1

gl

IA

1 1 1 1 1 1
C (||V(9 @l + IVIul? ) (||u||;2 19l + ol 193l + ol 10l ).

Il
—_

I
Hence, if the initial data belongs to M and taking 6¢ = %, we have

2 2
2 2 (10l + 19iliz2) + Y, (NGl + 199l + IV - Aol + 2[19i) <0,

i=1 i=1

Q..lm_‘

1
2

for all t > 0. In particular, there holds

i 9sulf2 < Zz" (I9:liZ: + 1dieol 7). (2.2)
i=1 i=1
By using (2.2), it yields
fo 9l ds < C fo 1on N 1951, M 19, ) ds
< C(OSEE ruC- ) ||92M(',S)||Ez) f 1ot I, 1 ) ds
<

C[Zna unLZ] f IVu(., )l ds
i=1

2
2 2 2 2
< CY (19molif: + 19iwollF:) (IhaollZ + llaolFz) < oo,

i=1
where we have used the following interpolation inequality [1] :

Il =l loafl o

Hence, by Lemma 1.2, we have proved that #, w is a smooth solution. This completes the proof of Theorem
1.1. m]
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Remark 2.1. It should be added that at the time the paper was accepted, the authors learnt that Y. Wang and L. Gu
[7] have also obtained a similar result for the three dimensional magneto-micropolar fluid equations for a family of
large initial data with finite energy.
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