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gs-Drazin Inverses of Generalized Matrices over Local Rings

Huanyin Chen?, Mete Burak Calci®

?Hangzhou Normal University, Hangzhou, China
bTubitak—Bilgem, Kocaeli, Turkey

Abstract. An element 4 in a ring R has a gs-Drazin inverse if there exists b € comm?*(a) such that b =

b%a,a — ab € R™!. For any s € C(R), we completely determine when a generalized matrix A € K;(R) over a
local ring R has a gs-Drazin inverse.

1. Introduction

Let R be an associative ring with an identity. The commutant of a2 € R is defined by comm(a) = {x €
R | xa = ax}. The double commutant of 4 € R is defined by comm?(a) = {x € R | xy = yx for all y € comm(a)}.

An element 4 in a ring R has a s-Drazin inverse if there exists b € comm?(a) such that b = b*a,a —ab € R
is nilpotent (see [12]). An elementa € R has a s-Drazin inverse if and only if it is strongly nil-clean, i.e., it is
the sum of an idempotent and a nilpotent that commute (see[12, Lemma 2.2]). Strongly nil-clean matrices
over local rings were considered by many authors, e.g., [2] and [8].

Following Gurgun, an element 4 in a ring R has a gs-Drazin inverse if there exists b € comm?(a) such
that b = b%a,a — ab € R™!. Here, R™! = {a € R| 1 + ax € U(R) for every x € comm(a)}. As is well known, an
element a in a ring R has a gs-Drazin inverse if and only if there exists ¢? = e € comm?(a) such thata—e € R
(see [6, Theorem 3.2]). In [1], Chen and Calci extend Cline’s formula and Jacobson’s Lemma for gs-Drazin
inverses. Various additive properties of gs-Drazin inverses are thereby obtained.

Let R be a ring and s € C(R). Let Ky(R) = {( LCI Z )I a,b,c,d € R}, where the operations are defined as

follows:

a b a b\ [a+da b+V
cd) e @ |7\ cre a+a )
a b\(fa b\ [ aa+sbc’ ab +bd
c d d d )\ c+dd scb+dd |

Then Ki(R) is a ring with the identity I, = ( 1(;{ 1(3{ ) A ring R is local if R has only one maximal right

ideal. If s € U(R), then K(R) = M»(R) (see [11, Lemma 1]). Thus, the class of generalized matrices over a
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ring is a generalization of that of matrices. The motivation of this paper is to investigate gs-Drazin inverses
of generalized matrices over a local ring.

Leta € R. I, : R —» Rand r, : R — R denote, respectively, the abelian group endomorphisms given
by L(r) = ar and r,(r) = ra for all r € R. Thus, [, — 1, is an abelian group endomorphism such that
(Iy = rp)(r) = ar —rbforany r € R.

Let R be a local ring and A € My(R). In Section 2, we prove that A has a gs-Drazin inverse if and only
if A e Mo(R)™; or I, — A € My(R)™!; or A is similar to ( g 2
a € 1+ J(R),B € J(R). Further, we characterize matrices having gs-Drazin inverses in terms of quadratic
polynomials. These results are also preparations for the general case.

In Section 3, we completely determine when a generalized matrix A € K(R) over a local ring R has
a gs-Drazin inverse. Let R be a cobleached local ring and s € C(R). We prove that A € K;(R) has a

), where [, —1g,lg — 1, are injective and

gs-Drazin inverse if and only if A € K{(R)™; or I, — A € Ky(R)™!; or A is similar to ( Z Llu ), where

u€1+J(R),v € UR),w € J(R), t* - (vuv™ +w)t + (vuv~'w—sv) has aroot in 1+ J(R) and #* — (u + w)t + (wu — sv)
has a root in J(R).

We use J(R), N(R) and U(R) to denote the Jacobson radical of R, the set of nilpotent elements and units
in R, respectively. The symbol C(R) stands for the center of a ring R. GL;(R) denotes the sets of all 2 x 2
invertible matrices over R.

2. gs-Drazin inverses of matrices

This section is devoted to preliminary observations concerning gs-Drazin inverses of a 2 X 2 matrix over
local rings R which will be used in the sequel. Recall that an element 4 in a ring R is quasipolar if there
exists an idempotent e € comm?(a) such thata+e € U(R) and ae € R71 Asiswell known, a € R is quasipolar
if and only if it has a generalized Drazin inverse, i.e., a — a’b € R, b = b%a for some b € comm?(a). The
following lemma is crucial.

Lemma 2.1. ([4, Theorem 3.4]) Let R be a local ring and A € My(R). Then A is quasipolar if and only if
(1) A € GLy(R); or
(2) A € May(R)™; or
(3) A is similar to ( g 2 ), where l, — 1p,lg — 14 are injective and a € U(R), B € J(R).

Theorem 2.2. Let R be a local ring and A € My(R). Then A has a gs-Drazin inverse if and only if

(1) A € My(R)™; or
(2) I, — A € Mp(R)™; or
a

(3) A is similar to ( 0

g ), where l, — 1p,lg — 14 are injective and a € 1 + J(R), p € J(R).

Proof. = In view of [6, Corollary 3.3], A is quasipolar. By virtue of Lemma 2.1, we have three cases.

Case 1. A € GLy(R). By virtue of [6, Theorem 3.2], there exists an idempotent E € comm?*(A) such that
A —E € My(R)"!, Hence, E = A(I, — A™'(A — E)) € GL,(R), and so E = I,. Therefore I, — A € M,(R)7"".

Case 2. A € Mp(R)™L.

Case 3. A is similar to B := ( g g ), where [, — 1,13 — 1, are injective and a € U(R), § € J(R). Then we

easily see that ( g 2 ) has a gs-Drazin inverse. Hence we can find some E = (¢;;) € comm?(B) such that

B — E € M(R)™!. As EB = BE, we deduce that e, = e;; = 0. Hence, e;; € U(R), and so ej; = 1. Moreover,
ex € J(R), and so ey, = 0. Therefore @ € 1 + J(R), as desired.
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< We are concern on three cases.
Case 1. A € M,(R)™i, Then A has a gs-Drazin inverse.
Case2., —Ae€ MZ(R)'?”’Z . ThenA -1, € MZ(R)'?”'Z, and so A has a gs-Drazin inverse.

Case 3. A is similar to ( A

0 ), where [y — 7,1, —r) are injective and A € 1 + J(R), u € J(R).

o )=(on)+("o" &)

where( /\61 2 )eMz(](R)). Let( J; ; )e comm( g 2 ) Then

Clearly, we have

As =suand ut = tA;

hence, s = t = 0. This implies that

Therefore 10 € comm? A0 , hence the result.
00 0 u

A ring R is cobleached provided that for any a € J(R),b € U(R), I, — 1, and 1, — 1, are both injective. For
instance, every commutative local ring is cobleached.

Corollary 2.3. Let R be a local ring and A € M>(R). If R is cobleached, then A has a gs-Drazin inverse if and only if

(1) A€ My(R)™; or
@) I — A € Ma(R)™; or

(3) A is similar to ), where a € 1 + J(R)andp € J(R).

a 0
0 B
Proof. This is obvious by Theorem 2.2. [

As an immediate consequence, we can derive the following result.

Corollary 2.4. Let R be a commutative local ring and A € My(R). Then A has a gs-Drazin inverse if and only if

(1) A =N + W with N> =0, W € Ma(J(R));
() A=1L+N+Wuwith N2 =0, W € My(J(R));

() A is similar to( ‘6‘ 2 ),wherea €1+J(R),B € J(R).
Proof. Since R is commutative, it is cobleached. In view of [5, Lemma 4.1], C € M,(R)™! if and only if

C? € My(J(R)). It follows by [5, Lemma 3.2] that C> € My (J(R)) if and only if C = N+ W, where N € N(M,(R))
and W € M(J(R)). Therefore we complete the proof, by Corollary 2.3. [

Corollary 2.5. Let D be a division ring. Then A € My(D) has a gs-Drazin inverse if and only if

1) A2 =0;
2) (L-A?=0;

L 10
(3) A is similar to( 00 )

Proof. Since every local ring is a division ring with Jacobson radical 0, we obtain the result by Corollary
24. O
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Lemma 2.6. ( [5, Lemma 3.3]) Let R be a local ring and A € M(R). Then
(1) A € GLy(R); or
(2) A% € My(J(R)); or

(3) A is similar to 2 ), where A € J(R), u € U(R).

0
1
We are now ready to prove:

Theorem 2.7. Let R be a cobleached local ring and A € My(R). Then A has a gs-Drazin inverse if and only if

(1) A € My(R)™; or

(2) L — A € Ma(R)y™!; or

(3) A is similar to (1) 2 ), where A € J(R), u € U(R), the equation x> — ux — A = 0 has a root in 1 + J(R) and a

root in J(R).

Proof. = By virtue of Lemma 2.6, we have three cases. '
Casel. A € GLy(R). Then A—E € M,(R)! forsomeE € comm?(A). Hence E = I,and so [,—A € M,(R)™.
Case 2. A2 € M»(J(R)). Hence A € M,(R)™,

Case 3. A is similar to (1) ﬁ , where A € J(R),u € U(R). It suffices to consider Case 3. In view of

Theorem 2.2, there exists U € GLy(R) such that
4( 0 A _[a O
u ( 1 u u-= 0 g

where a € U(R), € J(R). Set U = ( )SC ) Then we have

(8- 5)

As = xa;

At = yB;

X+ us = sa;
Y+ ut = tp.

Clearly, x € J(R). Since U € GLy(R), we see that y,s € U(R), and so t € U(R). Let 6 = sas™! and y = tpt™L.
Then 6 € U(R), y € J(R). Itis easy to verify that

N

This shows that

2 —ud = sa’s!— usas™!
(s — ps)(as™)
= xas™!
= A

Therefore 6> — u6 — A = 0. Similarly, y* — uy — A = 0. Consequently, x> — ux — A = 0 has a root 6 € U(R) and
aroot y € J(R), as required.

& 1If A e Mr(R)™ or I, — A € Ma(R)™!, then A has a gs-Drazin inverse. Suppose that x> — ux — A = 0
has a root @ € U(R) and a root € J(R). Then we have

a?—pa—A=0;
B —up— A =0.
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Hence,
(@—pa=A
(B-wp=A7

[ )= (S )

[T )= P e

Therefore ( ? ﬁ ) is similar to ( g 2 ), where a € U(R) and a root g € J(R). This completes the proof, by

Obviously,

Clearly, we have

Theorem 2.2. [

Corollary 2.8. Let R be a commutative local ring and A € M»(R). Then A has a gs-Drazin inverse if and only if

(1) A=N+ W with N> =0, W € Ma(J(R));
(2) A=L+N+ W with N> =0, W € My(J(R));
(3) x% — tr(A)x + det(A) has a root a € 1+ J(R) and a root B € J(R).

Proof. = In view of Theorem 2.7, we have three cases.

Case 1. A € My(R)™!. In view of [5, Lemma 4.1], A2 € M>(J(R)). By virtue of [5, Lemma 3.2], we have
A =N+ W with N2> =0, W € Mx(J(R)).

Case 2. I, — A € My(R)™. Similarly, A — I, = N + W with N2 = 0, W € M,(J(R)), as desired.

Case 3. A is similar to ( (1)
J(R) and a root in 1 + J(R). Hence u = tr(A) and —A = det(A). Therefore the equation x? — tr(A)x + det(A) = 0
has a root in J(R) and a root in 1 + J(R).

&= We will suffice to assume that the equation x> — tr(A)x + det(A) = 0 has a root in J(R) and a root in

2 ) where A € J(R), u € U(R).

ﬁ ) where A € J(R), u € U(R), and the equation x? — ux — A = 0 has a root in

1+ J(R). By virtue of Lemma 2.6, we may assume that A is similar to ( 1

Hence u = tr(A) and —A = det(A). Thus, the equation x> — xy — A = 0 has a root in J(R) and a root in 1+ J(R).
Therefore we obtain the result by Theorem 2.7. [

-1 0

Example 2.9. Let A = ( 1 0

) € My(Z3). Then A has a generalized Drazin inverse, but has no gs-Drazin

inverse.

Proof. Clearly, Z; is a commutative local ring with J(Z3) = 0. Clearly, A%, (I, — A)?> # 0. Additionally,

tr(A) = 2 and det(A) = 0. Taking p(x) = x(x+1) = x? + x € Zs[x] which has roots 0and 2. In light of Corollary
2.8, A € My(Z3) has no gs-Drazin inverse. As M,(Z3) is a finite ring, we easily see that A has a generalized
Drazin inverse, as desired. [J

Theorem 2.10. Let R be a local ring and A € M>(R). If R is cobleached, then the following are equivalent:
(1) A has a gs-Drazin inverse.

(2) There exists E> = E € comm(A) such that A — E € M(R)7"",
(3) There exists B € comm(A) such that B = B2A, A — AB € My(R)™,
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Proof. (1) = (3) This is trivial.

(3) = (2) By hypothesis, there exists B € comm(A) such that B = B?A, A — AB € My(R)™!. Set E = AB.
Then E € comm(A) and A — E € M,(R)™!, as desired.

(2) = (1) By hypothesis, there exists E2 = E € comm(A) such that W := A — E € Mp(R)™!. In view of [4,

00
Clearly, 0 and I, € comm?(A). We may assume that

Lemma 2.3], E = 0,or E = I; or E is similar to ( 10 )

1

-1p77 —
u EU—(O

o O
~——

Hence, 4
UTAU - U'EU = U'WU € My(R)™!.

By hypothesis, EA = AE, and so
U AU € comm(

S =
o o
~—

Write UT1AU = ( : ]t/ ) It follows from

thaty =s=0.
Moreover, we have

1+x 0 x 0 1 0 i
— qnil
( 0 t)_(o t)+(0 O)EMZ(R) .
This implies that 1 + x, t € J(R).

a b x 0
For any c d € comm

0 ¢ ), we have

xb—-bt=0,tc—cx=0.

Since R is cobleached, we see that b = ¢ = 0, and so

aOE 1 0
0 4 |Ecomm| 5 o |

10€ sz
0 0 SO o ¢ )

thus, U™'EU € comm?(U~"'AU). Hence E € comm?(A). This completes the proof. [

This implies that

Corollary 2.11. Let R be a local ring and A € M>(R). If R is cobleached, then the following are equivalent:

(1) A has a gs-Drazin inverse. .
(2) There exists a unique E* = E € comm(A) such that A — E € Mp(R)™. ‘
(3) There exists a unique B € comm(A) such that B = B?A, A — AB € My(R)™,

Proof. (1) & (2) This is clear, by [6, Theorem 2.7].

(2) = (3) In view of Theorem 2.10, there exists B € comm(A) such that B = B2A, A — AB € M,(R)™".
Suppose that there exists C € comm(A) such that C = C?A,A — AC € M(R)™!. Let E = AB and F = AC.
Then E? = E,F? = F € comm(A) and A — E,A — F € My(R)"!. By the uniqueness, we get E = F, and so
B = B(BA) = BE = BF = B(AC) = (BA)C = (CA)C = AC? = C, as desired.

(3) = (1) This is obvious in terms of Theorem 2.10. O
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3. Generalized Matrices over local rings

The purpose of this section is to completely characterize gs-Drazin inverses of generalized matrices over
a local ring. The following result will play an important role.

Lemma 3.1. Let R be a local ring and s € J(R) N C(R). Then A € Ks(R) is quasipolar if and only if

(1) A € U(Ks(R)); or
(2) A€ K,(R)" or

(3) A is similar to ), where l, — 1p,lg — 14 are injective and a € U(R), B € J(R).

a 0
0 p
Proof. <=1If A € U(Ks(R)) or A € K;(R)"", then A € K(R) s quasipolar. Suppose that A is similar to( g :(B) ),

wherel,—74, [g—7, areinjectiveand & € U(R), B € J(R). Write UAU = ( ) AsRislocal, itis quasipolar.

a 0
0 p
Hence, we can find idempotents e € comm?(a), f € comm?() such that &« — e, — f € U(R),ae,Bf € J(R).

e 0 »f a 0
0 f)ea)mm(o ﬁ).Hence

U'EU € comm?(U'AU), and so E € comm?*(A). Moreover, we see that A — E € U(KS(R)), as desired.
= Suppose that A ¢ U(Ks(R)) and A ¢ K,(R)"!. Write A + E = W with E € comm?(A), W € K(R)™!. Set

E=(°€ ; ) Let X € comm(A). Then EX = XE, and so XW = WX. This shows that I, — WX € U(Ks(R)). If

c,d € J(R), then E € J(Ks(R)) by [11, Lemma 2], and so I, — AX = (I, - WX) — EX € U(K;(R)). This shows that
A € K,(R)™!, an absurd. Thus, we see that c or d is not in J(R).

Set E = LI( S 5)( )U‘l. Then E? = E € Ky(R). We easily check that(

1 0 b o—clx 1 0 o
Case 1. c € U(R). Then ( gt 1 )E( 0 1 ) = ( 0 d-syclx ) This implies that
( é q— s(j)yc’lx ) € Ky(R) is regular, and then so is d —syc~'x € R. As Rislocal, we easily check that d—syc~'x

is zero or invertible. Hence, we have P,Q € U(Ks (R)) such that PEQ is an idempotent diagonal matrix. In
light of [11, Lemma 3], E is similar to a diagonal matrix.

Case 2. d € U(R). Similarly to the discussion in Case 1, we easily verify that E is similar to a diagonal
matrix.

Write P71EP = 10

8 . We may assume that e = 1 and f = 0. Then P"'AP = ( 0 0 ) + P7'UP and

f
PlAP( 10 ):( (1) 8 )PlAP. This forces that P"1AP is diagonal( g 2 )

o 2)

Given Ax = xu with x € R, then
1 00 x\ (0 x\(1 O
o oJto ofJ {o o/J{lo 0}

It follows that x = 0. This shows that I, — r,, is injective. Likewise, [, — r, is injective, as desired. [J

o R
~———
Il
—_—
o o
o =

Hence, we have

Theorem 3.2. Let R be a local ring and s € C(R). Then A € Ky(R) has a gs-Drazin inverse if and only if

(1) A € K(Ry™; or
(2) I, - A € K,(R)™!; or
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(3) A is similar to ( ), where l, — 1g,lg — 1, are injective and a € 1 + J(R), B € J(R).

a 0
0 p
Proof. Since Ris local, s € U(R) or s € J(R).

Case 1. s € U(R). Then Ki(R) = M>(R), and so the result follows by Theorem 2.2.

Case 2. s € J(R).

= Suppose that A, I — A ¢ K,(R)™!. If A € U(Ks(R)), then A — E € K;(R) for some E? = E € comm?(A).
Hence, E = I, and so I, — A € K,(R)™!. In view of [6, Corollary 3.3], A € K(R) is quasipolar. It follows
a 0
0 p
a €1+ U(R), then A € U(K;(R)), and so we see that @ € 1 + J(R), as required.

by Lemma 3.1 that A is similar to ( ), where [, — rg,lg — 1, are injective and a € U(R),B € J(R). If

—1If A € K{(R)™ or I, — A € Ki(R)™!, the proof is obvious. Assume that A is similar to ( ) where

a 0
0 B
10

a €1+ ]J(R)andp € J(R). ChoosePz( 0 0

). Then A — P € K,(R)""! and P? = P. Let X € comm( g 0 )

Son(nS

gs-Drazin inverse, as desired. [J

, since [, — rg and g — r, are injective. Hence ( (1) 8 ) € commz( g g ) Hence A has a

As an immediate consequence of Theorem 3.2, we now derive
Corollary 3.3. Let R be a cobleached local ring and s € C(R). Then A € Ks(R) has a gs-Drazin inverse if and only if

(1) A€ K(R)™; or
() I, — A € K,(R)™!, or

(3) A is similar to ), where a € 1+ J(R), B € J(R).

a 0
0 p
Lemma 3.4. Let R be a local ring and s € C(R) and A € K (R). Then

(1) A € U(Ks(R)); or
(2) I, — A € U(Ks(R)); or

(8) Aorl, — Ais similar to a matrix ( Z 610 ), whereu € 1+ J(R),v € U(R), w € J(R).

Proof. We have two cases to complete to the proof. Assume that s € U(R). So Ki(R) = M,(R), and
the result follows by [13, Lemma 4]. We now assume that s € J(R). Let A € Ki(R). In view of [11,

Lemma 5], A € U(K;(R)); or I, — A € U(K,(R)), or A is similar to a matrix ( Z zlu ), or ( Zzl)] th ), where

uel+]JR),velUR),we J(R). If Aisisomorphic to( Zz 3{ ), then I, — A is isomorphic to( 1__vw 1_—114 )

—-w 1

Hence, I, — A is isomorphic to ( 1-u

). This completes the proof. [J

We have accumulated all the information necessary to prove the following.
Theorem 3.5. Let R be a cobleached local ring and s € C(R). Then A € Ks(R) has a gs-Drazin inverse if and only if

(1) A € K(R)™; or
@) I — A € K.(R)™: or

(3) A s similar to ( Z ;} ), whereu € 1+ J(R),v € U(R), w € J(R), t* — (vuv™" + w)t + (vuv™"w — sv) has a root

in 1+ J(R) and t*> — (u + w)t + (wu — sv) has a root in J(R).
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Proof. == Write A = E+ W with E? = E € comm?(A) and W € K;(R)?"". In view of Lemma 3.4, we have three
cases.

Case 1. A € U(Ks(R)). Then E = I,. Hence, I, — A € KS(R)WZ_

Case 2. I, — A € U(Ks(R)). Then E = 0, and so A € K (R)™.

Case 3. A or I; — A is similar to a matrix Z zlu ), where u,v € U(R), w € J(R).

(1) A is similar to a matrix w1 . Then we may assume that there exists [ © 7 | U(Ks(R)) such
vow y y b

[ )08 300005 5)

Here, @ € 1 + J(R), B € J(R). Thus, we have

that

ua+sy = aq;
va+wy = yu;
ux+>b = xpB;
sox+wb = bB.

Further, we check that x, y € U(R). Let A = yay™' € 1+ J(R) and u = xfx~! € J(R). Then we verify that

— (vuv™' + w)A + vuv'w
((ya)a (ouv™! + w)ya + vuv‘lwy)y‘l
((va +wy)a — (vuv™ + w)ya + qu‘lwy)y‘l
= (vaa U 1(wz + wy) + vuo" wy)y
s

= (vaa - vuu)
= (ov(ua +sy) - vua)y !
= ’()’
and
p? = (u+ w)p + wu
= xprxl = (u+w)xpx! + wu
= ((ux +b)B— (u+wxp+ wux)x’1
= (bB — wxB + wux)x~!
= (svx + wb — w(ux + b) + wux)x’1
= sv
as desired.
(2) I, — A is similar to a matrix ( Z Llu ) Clearly, I, — A is similar to ( 1 6 B 1 9 " ), and then we are

done as in (1).

= We will suffice to prove ( Z i} ) has a gs-Drazin inverse, where a € 1 + J(R) is the root of

v a-w) 1 )

#2 —(ouv~t +w)t + (vuv'w—sv) and B € J(R) is the root of > — (u+w)t+ (wu—sv). Let P = ( 1 B u

Then P € U(K;(R)) by [11, Lemma 2]. Itis easy to verify that( Z L )P P( 0 B ) Therefore we complete
the proof by Corollary 3.3. I

Let R be a commutative ring and A = ( Zl Z ) € Ks(R). Set trs(A) = a + d and dets(A) = ad — sbc. We now

derive
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Corollary 3.6. Let R be a commutative local ring, s € R and A € Ks(R). Then A € Ks(R) has a gs-Drazin inverse if
and only if

(1) A € J(Ky(R)) or (I = A)* € J(Ks(R)); o
(2) t* = try(A)t + dets(A) = 0 has a root in 1 + J(R) and a root in J(R).

Proof. Suppose that A2, (I,—A)? ¢ J(Ks(R)). Then A, [,—A ¢ K;(R)"! by [5, Lemma 4.1]. By virtue of Theorem
3.5, Ahas a gs-Drazin inverse if and only if A or I, — A is similar to ( Z zlu ,whereu € 1+J(R),v € U(R),w €
J(R).

Case 1. A is similar to a matrix ( Z zlu ) Then > — try(A)t + dets(A) = 0 is solvable if and only if
t2 — (u + w)t + (uw — sv) = 0 is solvable, as desired.

Case 2. I, — A is similar to a matrix ( Z i} ) Then 2 — trs(A)t + dets(A) = 0 is solvable if and only if
x? — try(I, — A) + dets(I, — A) = 0 is solvable, if and only if x? — (u + w)x + (uw — sv) = 0 is solvable, hence the

result. [

) € Ky(Z4). Then A has a gs-Drazin inverse in Ky(Z4), but it has no gs-Drazin

SR
NI =1

Example 3.7. Let A = (

inverse in M»(Zy4).

Proof. Clearly, Z, is a commutative local ring with J(Z4) = §Z4. Since try(A) = 3 and detr(A) = 6, the
equation 2 — tro(A)t + dety (A) = O has aroot 3in 1+ J(Z4) and a root 0 in J(Zs). Therefore A has a gs-Drazin
inverse in K;(Z,) by Corollary 3.6.

Clearly, det(A) = —-1and det(l, — A) = I, we see that A, I, — A are not nilpotent in M,(Z4). Moreover, the
equation 2 — tr(A)t + det(A) = 0 is not solvable in Z,. In light of Corollary 2.8, A has no gs-Drazin inverse
in My(Z4), as asserted. [
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