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Abstract. The study of the Dirichlet problem with arbitrary measurable data for harmonic functions in
the unit disk ID is due to the dissertation of Luzin.

The paper [11] was devoted to the Dirichlet problem with continuous boundary data for quasilinear
Poisson equations in smooth (C') domains.

The present paper is devoted to the Dirichlet problem with arbitrary measurable (over natural parame-
ter) boundary data for the quasilinear Poisson equations in any Jordan domains with rectifiable boundaries.

For this purpose, it is constructed completely continuous operators generating nonclassical solutions
of the Dirichlet boundary-value problem with arbitrary measurable data for the Poisson equations AU = G
with the sources G € LV, p > 1.

The latter makes it possible to apply the Leray-Schauder approach to the proof of theorems on the
existence of regular nonclassical solutions of the measurable Dirichlet problem for quasilinear Poisson
equations of the form A U(z) = H(z) - Q(U(z)) for multipliers H € L” with p > 1 and continuous functions
Q:R - RwithQ(t)/t » 0ast — oo.

Here the boundary values are interpreted in the sense of angular (along nontangential paths) limits
that are a traditional tool of the geometric function theory in comparison with variational interpretations
in PDE.

As consequences, we give applications to some concrete semi-linear equations of mathematical physics,
arising under modelling various physical processes such as diffusion with absorption, plasma states,
stationary burning etc.

1. Introduction

The research of boundary-value problems with arbitrary measurable data is due to the famous disserta-
tion of Luzin where he has studied the corresponding Dirichlet problem for harmonic functions in the unit
diskID:={zeC:|z| < 1}.

In this connection, recall that the following deep result of Luzin was one of the main theorems of his
dissertation, see e.g. his paper [14], dissertation [15], p. 35, and its reprint [16], p. 78, adopted to the
segment [0, 27t].
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Theorem A. For any measurable function ¢ : [0,21t] — R, there is a continuous function @ : [0,2n] - R
such that @ = @ a.e. on [0,2n].

Just on the basis of Theorem A, Luzin proved the next significant result of his dissertation, see e.g. [16],
p- 80, formulated in terms of angular (along nontangential paths) limits that then became a traditional tool
in the geometric function theory, see e.g. monographs [6], [12], [19] and [20].

Theorem B. Let ¢ : R — R be a 2n—periodic measurable function. Then there is a harmonic function u in ID
such that u(z) — @(9) for a.e. 9 € Ras z — € along any nontangential path.

Note that the Luzin dissertation was later on published only in Russian as book [16] with comments of
his pupils Bari and Men’shov already after his death. A part of its results was also printed in Italian [17].
However, Theorem A was published in English in the Saks book [24] as Theorem VII(2.3). Hence Frederick
Gehring in [7] has rediscovered Theorem B and his proof on the basis of Theorem A in fact coincided with
the original proof of Luzin.

Corollary 5.1 in [21] has strengthened Theorem B as the next, see also [22].

Theorem C. For each measurable function ¢ : dD — R, the space of all harmonic functions u : D — R with
the angular (along nontangential paths) limits ¢(C) for a.e. C € dID has the infinite dimension.

2. Definitions and preliminary remarks

First of all, recall that a completely continuous mapping from a metric space M; into a metric space M,
is defined as a continuous mapping on M; which takes bounded subsets of M; into relatively compact ones
of My, i.e. with compact closures in M,. When a continuous mapping takes M; into a relatively compact
subset of Mj, it is nowadays said to be compact on M;.

The notion of completely continuous (compact) operators is due essentially, in the simplest partial cases,
to Hilbert and Riesz F., see the corresponding comments of Section V1.12 in [4], and to Leray and Schauder
in the general case. Recall more some definitions and the fundamental result of the celebrated paper [13].

Leray and Schauder extend as follows the Brouwer degree to compact perturbations of the identity Iina
Banach space B, i.e. a complete normed linear space. Namely, given an open bounded set Q2 C B, a compact
mapping F : B — Band z ¢ ®(JQ), ® := I — F, the (LeraySchauder) topological degree deg [P, (2, z] of  in
Q over z is constructed from the Brouwer degree by approximating the mapping F over Q) by mappings F,
with range in a finite-dimensional subspace B, (containing z) of B. It is showing that the Brouwer degrees
deg[D,, Q;,z] of O, := I, — F,, I, :=I|p,, in Q, := QN B, over z stabilize for sufficiently small positive ¢ to a
common value defining deg [®, (2, z] of ® in Q) over z.

This topological degree algebraically counts the number of fixed points of F(-) —z in {) and conserves the
basic properties of the Brouwer degree as additivity and homotopy invariance. Now, let a be an isolated
fixed point of F. Then the local (LeraySchauder) index of a is defined by ind [, a] := deg[®, B(a, 1), 0] for
small enough r > 0. ind [®, 0] is called by index of F. In particular, if F = 0, correspondingly, ® = I, then the
index of F is equal to 1.

The fundamental Theorem 1 in [13] can be formulated in the following way:

Proposition 1. Let B be a Banach space, and let F(-,7) : B — B be a family of operators with © € [0,1]. Suppose
that the following hypotheses hold:

(H1) F(-, ) is completely continuous on B for each t € [0,1] and uniformly continuous with respect to the
parameter T € [0,1] on each bounded set in B;

(H2) the operator F := F(-,0) has finite collection of fixed points whose total index is not equal to zero;

(H3) the collection of all fixed points of the operators F(-, ), T € [0, 1], is bounded in B.

Then the collection of all fixed points of the family of operators F(-, T) contains a continuum along which T takes
all values in [0, 1].
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Let us go back to the discussion of the results of Luzin in Introduction.

Remark 1. Applying the Cantor ladder type functions, namely, continuous nondecreasing functions
C :[0,2nr] —» R with C(0) = 0, C(2n) = 1 and C'(t) = O for a.e. t € [0,27], see e.g. Section 8.15 in [8],
we may assume in Theorem A that ®(0) = 0 = ®(27). On the same base, using uniform continuity of the
function @ on [0, 2rr] and applying sequentially fragmentations of the segment to arbitrarily small parts,
we may assume in Theorem A that |®(t)| < ¢ for every prescribed € > 0 and, in particular, that [®(¢)| < 1 for
all t € [0,2n]. Thus, in view of arbitrariness of € > 0, there is the infinite collection of such ® for each ¢.
Furthermore, applying series of pair of (nondecreasing and nonincreasing) functions of the Cantor ladder
type on the segments [2=® D 27kn], k= 1,2,.. . itis easy to see that the space of such functions @ has the
infinite dimension.

By the proof of Theorem B, see [15], [16] or [7], u(z) = % U(z), where

27

Ure®) = — f 1-r D) dt (1)
T 2n ) 1-2rcos(® —t)+12 ’
0

i.e., for a function ® from Theorem A, u can be calculated in the explicit form

2n
o T (1-7r?)sin(d - 1) ;
u(re®) = - ) (1-2rcos(®—t) +r2)2 (") dt . @
0

Remark 2. Later on, it was shown by Theorems 3 in [23] that the Luzin harmonic functions u#(z) can be
represented as the Poisson—Stieltjes integrals

1 . .
Uos(z) = o fP,(S -NdoE") VYz=re®, re(0,1), 9e[-nn], (3)
where P,(©) = (1 -7%)/(1 —2rcos® +?),r < 1,0 € IR, is the Poisson kernel.

The corresponding analytic functions in ID with the real parts u(z) can be represented as the Schwartz—
Stieltjes integrals

So(z) = % fgfidcp(c), zeD, @)
JdD

because of the Poisson kernel is the real part of the (analytic in the variable z) Schwartz kernel (C+2z)/(C—z).

Integrating (4) by parts, see Lemma 1 and Remark 1 in [23], we obtain also the more convenient form of the
representation

o = 2 [ 2

JD

d¢, zeD. 5)

3. On completely continuous Dirichlet operators

Here we essentially apply the logarithmic (Newtonian) potential N of sources G € L7(C), p > 1, with
compact supports given by the formula:

27
C

Ne(z) = iflnlz—wl G(w) d m(w) . (6)
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Recall that by Theorem 2 in [11], N; € lec;’; (C) and ANg = G a.e., moreover, Ng € WEC;Z(C) for g > 2 and,
consequently, N is locally Holder continuous. Furthermore, Ng € Cll(;’i‘(C) witha = (p-2)/pifp > 2 and
withany a € (0,1) if p = .

In addition, the collection {N¢} is equicontinuous if the collection {G} is bounded by the norm in LP(C)
and with supports in D and, in addition,

INGllc < M-[Gll, (7)

on each compact set S in C, where M is a constant depending only on S and, in particular, the restriction of
Ng to D is a completely continuous bounded linear operator, see e.g. Theorem 1 in [11].

By Theorem C in Introduction, there is a space of harmonic functions u in the unit disk ID of the infinite
dimension with the angular limits a.e. on JID

lim u(z) = p(0) := @) — ¢c(0),  ¢c(C):=Na(C). (8)

Note that U := u + N¢|p with such u are Holder continuous solutions of the Poisson equation AU = G
a.e. in the class Wﬁ;’;(]D) N Wll‘;i(]D)' g > 2, with the angular limits

ling U(z) = ¢() ae.ondD. 9)

By Remarks 1 and 2 such a harmonic function # : ID — R can be obtained in the form of the real part of
the analytic function

: (YO
A

JD

dt, zeD, (10)

where VW is an antiderivative of the function i from Theorem A in Introduction.
Consequently, such a harmonic function u can be represented in the form

u(z) = up(z) — uc(z), up(z) = ReSo(z), uc(z) := ReSqe.(z), (11)

where @ and @ are antiderivatives of ¢ and ¢¢ in Theorem A, respectively. Note that the harmonic
function uy does not depend on the sources G at all.

By Remark 1 the Dirichlet problem always has many solutions for each boundary date ¢ and source G
in the sense of angular limits a.e. on JD. Of course, axiom of choice by Zermelo makes it possible to choose
one of such correspondence named further as a Dirichlet operator but the latter with such a random choice
can be completely discontinuous.

Let us choose such a function @ to guarantee that the correspondence G — U = u + Nglp is a Dirichlet
operator Dg that is completely continuous on compact sets in ID and generates solutions of the Poisson
equation AU = G a.e. in the class Wi;’; (D)n Wlloz (D), g > 2, with Dirichlet boundary condition (9).

Namely, the following function ®¢ is an antiderivative for the function ¢g:

9
@e(0) = [ Ne@)d0 - 5), C=¢%, 6,802, (12
0
where S : [0,2n] — C is either zero or a singular function of the form

21
S(9) = C(9) f Ng(E®)ydo, ¢=¢€° 6,9¢e]0,2n], (13)
0
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with a singular function C : [0,271] — [0, 1] of the Cantor ladder type, i.e., C is continuous, nondecreasing,
C(0)=0,C(2n) =1and C' =0 a.e., see e.g. Section 8.15 in [8].
Setting uc = Re 5S¢, it is easy to see by (7) that

|Pc(Q)] < 4nM-||Gll, VY (€dD (14)
and by (5) that, for constants C, and C; depending only onr € (0, 1),
luc(2)l < IS0s(2)l < C-IIGll,, YzeD,, (15)

luc(z1) — uc(z2)l < 180 (21) = Sag (22) < ClIGllplz1 - 22l, 21,22 € D (16)

Consequently, the operator u¢ := Re 5S¢, is completely continuous on compact sets in ID by the Arzela-Ascoli
theorem, see e.g. Theorem IV.6.7 in [4]. Thus:

Lemma 1. Let ¢ : dD — R be measurable. Then there is a Dirichlet operator Dg over sources G : D — C in
LP(D), p > 1, generating locally Holder continuous solutions U : ID — R of the Poisson equation AU = G in the

class Wﬁ;’c’ N Wll(;Z(]D), q > 2, with the Dirichlet boundary condition (9) in the sense of angular limits a.e. on D, that

is completely continuous over D, for each r € (0,1). Moreover, these solutions U belong to the class Cll(’)‘z(]D) with
a=p-2)/pifp>2andwithany a € (0,1) if p = .

Remark 3. Note that the nonlinear operator D¢ constructed above is not bounded except the trivial case

® = 0 because then Dy = 5S¢ # 0. However, the restriction of the operator D¢ to ID, under each r € (0, 1)

is bounded at infinity in the sense that m%x |Dg(z)] < M - |G|, for some M > 0 and all G with large enough
zeD,

IGll,. Note also that by Remark 1 we are able always to choose ® for any ¢, including ¢ = 0, which is not
identically 0 in the unit disk ID.

4. On the Dirichlet problem in the unit disk

In this section we study the solvability of the Dirichlet problem for semi-linear Poisson equations of the
form Al(z) = H(z) - Q(U(z)) in the unit disk ID. The Leray-Schauder approach, see Proposition 1 in Section
2, Lemma 1 and Remark 3 from the last section allow us to reduce the problem to the study of the Dirichlet
problem for the linear Poisson equation.

Note that hypothesis (H2) in Section 2 will be automatically satisfied in the proof of the next theorem
because the initial operator F(:) := F(-,0) = 0 and hence F has the only one fixed point (at the origin) and its
index is equal to 1.

Theorem 1. Let ¢ : ID — R be a measurable function. Suppose that H : ID — R is a function in the class
LP(ID), p > 1, with compact support in D and Q : R — R is a continuous function with

lim 20 _ o (17)

t—00 t

Then there is a locally Holder continuous solution U : ID — R in the class lec;’; N Wll(;Z(]D) with some q > 2 of
the semi-linear Poisson equation

AU(z) = H(z)-QU(z)) ae inD, (18)
with the angular limits

lirrg U(z) = ¢(0) a.e.on dD . (19)

Furthermore, this solution U belongs to the class Cllc’)‘c’(]D) witha = (p —2)/p if p > 2 and with any a € (0,1) if

p=co
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Proof. 1f ||[H||l, = 0 or [|Qllc = 0, then any harmonic function in Theorem B gives the desired solution of
(18). Thus, we may assume that ||H||, # 0 and [|Qllc # 0. Set Q.(t) = mai< |Q(7)], t € R* := [0, ). Then the
<

Il
function Q. : R* — R* is continuous and nondecreasing and, moreover, by (17)

lim Q) =

t—o0 t

0. (20)

By Lemma 1 and Remark 3 we obtain the family of operators F(G; 7) : LE(ID) - LZ(]D), where Lil(lD)
consists of functions G € LP(ID) with supports in the support of H,

F(G;1) == tH- QD) VYr1e[0,1] (21)

which satisfies hypothesis H1-H3 of Theorem 1 in [13], see Proposition 1. Indeed:

H1). First of all, by Lemma 1 the function F(G; 1) € Lf{(]D) forallt € [0,1] and G € LZ(C) because the
function Q(D},) is continuous and, furthermore, the operators F(-; 7) are completely continuous for each
7 € [0,1] and even uniformly continuous with respect to the parameter 7 € [0, 1].

H2). The index of the operator F(-;0) is obviously equal to 1.

H3). Let us assume that solutions of the equations G = F(G; 1) is not bounded in Lg(]D), i.e., there is a

sequence of functions G, € LZ(]D) with [|G,||, — o0 as n — oo such that G, = F(Gy; 7,,) for some 7, € [0, 1],
n=1,2,.... However, then by Remark 3 we have that, for some constant M > 0,

IGully < 1l Q- (M IGully)
and, consequently,

QMIIGully) 1
MI|Gull,  — MIHI|,

> 0 (22)

for all large enough n. The latter is impossible by condition (20). The obtained contradiction disproves the
above assumption.

Thus, by Theorem 1 in [13] there is a function G € Lﬁ(D) with F(G; 1) = G, and by Lemma 1 the function
U := Dy, gives the desired solution of (18). [

Remark 4. Moreover, by the proof of Theorem 1, U = D, where D, is the Dirichlet operator described
in the last section, Lemma 1, and the support of G is in the support of H and the upper bound of ||G||,
depends only on ||HJ|, and on the function Q.

In addition, the source G : ID — C is a fixed point of the nonlinear operator Q¢ :=h - Q(Dy,) : LZ(]D) -
LZ(]D), where Lg(]D) consists of functions G in L?(ID) with supports in the support of H.

5. The case of rectifiable domains

In this section we extend the result from the last section to arbitrary domains with rectifiable boundaries.

Theorem 2. Let D be a Jordan domain with a rectifiable boundary and let a function ¢ : ID — R be measurable
over the natural parameter.
Suppose that H : D — R is in LP(D) for p > 1 with compact support in D and Q : R — R is a continuous
function with
t
lim Qb _ 0. (23)
t—00 t
Then there is a locally Holder continuous solution U : D — R in the class Wﬁf_ N Wll(;Z(D) with some q > 2 of the
semi-linear Poisson equation

AU(E) = H(S)-QU(E)  ae inD, (24)
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with the angular limits

%im Ue) = p(w) a.e.on oD . (25)

Furthermore, this solution U belongs to the class Cll(;‘z(D) witha = (p —2)/p if p > 2 and with any « € (0,1) if

p:OO_

Proof. Let ¢ be a conformal mapping of D onto ID that exists by the Riemann mapping theorem, see e.g.
Theorem 11.2.1 in [9]. Now, by the Caratheodory theorem, see e.g. Theorem 11.3.4 in [9], c is extended to a
homeomorphism ¢ of D onto D. Set ¢, = &lyp. If dD is rectifiable, then by the theorem of F. and M. Riesz
length ¢;1(E) = 0 whenever E C dD with |E| = 0, see e.g. Theorem IL.C.1 and Theorems II.D.2 in [12].
Conversely, by the Lavrentiev theorem |c.(E)| = 0 whenever & C JdD and length & = 0, see [16], see also the
point III.1.5 in [20].

Hence c, and c;! transform measurable sets into measurable sets. Indeed, every measurable set is the
union of a sigma-compact set and a set of measure zero, see e.g. Theorem II1(6.6) in [24], and continuous
mappings transform compact sets into compact sets. Thus, function ¢ : D — R is measurable with respect
to the natural parameter on dD if and only if the function ¢ = p o ;! : ID — Riis so.

Now, set H = |C’[>-H o C, where C is the inverse conformal mapping C := ¢! : D — D. Then itis clear by
the hypothesis of Theorem 2 that H has compact support in ID and belongs to the class L7 (D). Consequently,

by Theorem 1 there is a locally Holder continuous solution U: DD — R in the class Wﬁ;’; N Wll(;Z(D) with
some g > 2 of the semi-linear Poisson equation

Al(z) = H(z)-Q(U(z)) ae inD (26)
with the angular limits

lirrcl Uz) = ¢(Q) a.e.on dD, (27)

and, furthermore, this solution U belongs to the class Cll(’)‘z(D) with @ = (p = 2)/p if p > 2 and with any
a€(0,1)if p = oo.

Moreover, by Remark 4, U = D, where Z)*G is the Dirichlet operator described in Section 3, see
Lemma 1, and the support of G is in the support of H and the upper bound of ||G||, depends only on
|H ll, and on the function Q. In addition, the source G:DD — Cis a fixed point of the nonlinear operator
Q:=H- Q(D’é) : Lg(]D) - Lg(]D), where LE(ID) consists of functions G in LP(ID) with supports in the
support of H.

Next, setting U = Uoc, by simple calculations, see e.g. Section 1.C in [1], we obtain that AU = |¢’[*- Al oc

and, consequently, the function U : D — Cis a locally Holder continuous solution in the class Wi;’c’ N Wll(;Z(D)

with some g > 2 of the equation (24), and, furthermore, this solution U belongs to the class Cll(;i(D) with
a=(p-2)/pifp>2and withany a € (0,1) if p = co.

It remains to show that f has the angular limits as £ — @ € dD and satisfies the boundary condition (25)
a.e. on dD. Indeed, by the Lindelof theorem, see e.g. Theorem II.C.2 in [12], if dD has a tangent at a point
w, then arg [c.(w) — ¢(£)] — arg [w — £] — const as & — w. In other words, the images under the conformal
mapping c of sectors in D with a vertex at w € JD is asymptotically the same (up to shift and turn) as sectors
in ID with a vertex at C = c.(w) € dD. Consequently, nontangential paths in D are transformed under ¢ into
nontangential paths in ID and inversely a.e. on dD and JID, respectively, because the rectifiable boundary
dD has a tangent a.e. and ¢, and ¢, keep sets of the length zero. Thus, (27) implies (25). [

Remark 5. Moreover, by the proof AU = G a.e., where the support of G is in the support of H and the
upper bound of [|G||, depends only on ||H||,, the function Q and the domain D.
In addition, G = Gocand U = Dy, o ¢, where ¢ is a conformal mapping of D onto ID, G:D->C

is a fixed point of the nonlinear operator Qg, := H - QD) - Lg(]D) - Lg(]D), where LE(ID) consists of
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functions G. in LP(ID) with supports in the support of H:= Ho C-C’,C = ¢, Dy is the Dirichlet operator

described in Section 3 and associated with ¢ = ¢ o c;!. Here ¢, : dD — JD is the homeomorphic boundary
correspondence under the mapping c.

6. The Dirichlet problem in physical applications

Theorem 2 on the Dirichlet boundary-value problem with arbitrary measurable boundary data over the
natural parameter in Jordan domains with rectifiable boundaries can be applied to mathematical models of
physical and chemical absorption with diffusion, plasma states, stationary burning etc.

The first circle of such applications is relevant to reaction-diffusion problems. Problems of this type
are discussed in [5], p. 4, and, in detail, in [2]. A nonlinear system is obtained for the density U and the
temperature T of the reactant. Upon eliminating T the system can be reduced to equations of the type (24),

Al = o-QU) (28)

with o > 0 and, for isothermal reactions, Q(U) = UF where g > 0 that is called the order of the reaction. It
turns out that the density of the reactant U may be zero in a subdomain called a dead core. A particularization
of results in Chapter 1 of [5] shows that a dead core may exist just if and only if € (0,1) and ¢ is large
enough, see also the corresponding examples in [10]. In this connection, the following statement may be of
independent interest.

Corollary 1. Let D be a Jordan domain in C with a rectifiable boundary and let a function ¢ : dD — R be
measurable over the natural parameter.
Suppose that H : D — R is a function in the class LP(D) for p > 1 with compact support in D.

Then there is a locally Holder continuous solution U : D — R in the class le(;f_ N Wll(;Z(D) with some q > 2 of the
semi-linear Poisson equation

AUE) = HE)-UPE), 0<Bp <1, aeinD (29)
with the angular limits

%im Ue) = p(w) a.e.on dD. (30)

Furthermore, this solution U belongs to the class Cll(')‘j(D) witha = (p = 2)/p if p > 2 and with any « € (0,1) if

p=oco

Note also that certain mathematical models of a thermal evolution of a heated plasma lead to nonlinear
equations of the type (28). Indeed, it is known that some of them have the form Ay (u) = f(u) with ¢’(0) = oo
and ¢’(u) > 0 if u # 0 as, for instance, P(u) = |u|7'u under 0 < g < 1, see e.g. [5]. With the replacement
of the function U = ¢(u) = |u|7 - signu, we have that u = ue - signU, Q = 1/g, and, with the choice
f(u) = |ul?” - signu, we come to the equation AU = |UJ7 - sign U = y(U).

Corollary 2. Under hypotheses of Corollary 1, there is a locally Holder continuous solution U : D — R in the
class Wﬁ;’z N Wll(;Z(D) with some q > 2 of the semi-linear Poisson equation

AUE) = HE)-UE@©F'UuE), 0<p<1, aeinD (31)

such that all the conclusion of Corollary 1 hold, i.e., U is a regular nonclassical solution of the Dirichlet problem for
(31) in the given sense.

Finally, we recall that in the combustion theory, see e.g. [3], [18] and the references therein, the following
model equation

J t
u;’)Z%'Au+e”, t>0,z€D, -
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takes a special place. Here u > 0 is the temperature of the medium and 6 is a certain positive parameter.
We restrict ourselves here by the stationary case, although our approach makes it possible to study the
parabolic equation (32), see [10]. Namely, the corresponding equation of the type (24) is appeared here with
the function Q(u) = e that is bounded at all.

Corollary 3. Under hypotheses of Corollary 1, there is a locally Holder continuous solution U : D — R in the
class lejz N Wllc;Z(D) with some q > 2 of the semi-linear Poisson equation

AUE) = H(E)-e U ge inD (33)

such that all the conclusion of Corollary 1 hold, i.e., U is a regular nonclassical solution of the Dirichlet problem for
(33) in the given sense.
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