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Abstract. The aim of this paper is to study a contact Riemannian submersion © : M — B between
almost contact metric manifolds such that its total space M admits an n—Ricci soliton. Here, we obtain
some necessary conditions for which any fiber of 7 and the manifold B are n—Ricci soliton, Ricci soliton,
generalized quasi-Einstein, quasi-Einstein, n—Einstein or Einstein. Finally, we study the total space M of 7t

equipped with a torqued vector field and give some characterizations for any fiber and the manifold B of
such a submersion 7.

1. Introduction

One of the current theories in modern physics is the study of Einstein’s theory of general relativity.
Besides, quasi-Einstein manifolds arose during the study of exact solutions of the Einstein field equations.

A non-flat Riemannian manifold (M, g) is said to be a generalized quasi-Einstein, if the Ricci tensor of
(M, g) satisfies

Ric(E,F) = ag(E,F)+ ba(E)a(F) + cB(E)B(F), (@)

where a,b, ¢ are the functions and «,  non-zero 1-forms, such that g(E, U) = a(E) and g(E, V) = B(E), for
unit vector fields U, V, tangent to M. For the equation (1), if the scalar b or c is zero, then M becomes a

quasi-Einstein manifold. Also, if both of the scalars b and c are zero in (1), M becomes an Einstein (for more
details, we refer to [2, 5, 8]).

On the other hand, the concept of Ricci flow was introduced by R. S. Hamilton in 1982 to obtain a

canonical metric on a smooth manifold. For the metrics on a manifold, the Ricci flow is an evolution
equation

d .
Eg(t) = —2Ric

which is called the heat equation. Also, he showed that the self similar solutions of such a flow are Ricci
solitons which are as natural generalizations of Einstein metrics [14].
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A Riemannian manifold (M, g) is said to be a Ricci soliton, if there exists a smooth vector field (so-called
potential field) v, such that

%$,9+Ric+)\g =0

is satisfied. Here, %, g is the Lie-derivative of the metric tensor g with respect to v, Ric is the Ricci tensor of
M and A is a constant. A Ricci soliton is denoted by (M, g, v, 1) and called shrinking, steady or expanding
according as A > 0, A = 0 or A < 0, respectively.

A more general notion of n—Ricci soliton was introduced by J.T. Cho and M. Kimura in [10]. According
to their definition, a Riemannian manifold (M, g) is called n—Ricci soliton if there exists a smooth vector
field v which satisfies

SCAGNE,E) + RicE, By + Ag(E,F) + in(EN(F) = O, @

for any E,F € I(TM). Here A and p are functions and 7 is a 1-form. Note that if u = 0, then the n—Ricci
soliton becomes a Ricci soliton.

Considering the geometric importance of these notions, the study of n—Ricci solitons has considerably
increased in many context for the last decades: on paracontact manifolds [1, 17], on Sasakian manifolds
[16], on Kenmotsu manifolds [20], on warped product manifolds [3], etc.

In the present paper, our goal is to classify any fiber and the manifold B of contact Riemannian sub-
mersion n. First, we give the Ricci tensors on the distributions # and # for such a submersion and by
taking the potential field of n—Ricci soliton horizontal or vertical, we obtain that such a fiber or B is Einstein,
n—Einstein, generalized quasi-Einstein, Ricci soliton or n—Ricci soliton. In the last section, we study the
total space M of m equipped with a torqued vector field .7 and obtain some characterizations for contact
Riemannian submersions.

2. Preliminaries

The authors recall the following notations from [4, 12, 13, 15]:

A Riemannian manifold M of dimension (2m + 1) has an almost contact structure (¢, &, n) if it admits a
vector field & (the so-called characteristic vector field), a 1-form 7 and a field ¢ of endomorphisms of the
tangent spaces satisfying:

&) =1, ¢*=-I+ne¢ (©)
As a consequence of (3), we note that (&) = 0and no ¢ =0.

If M is endowed with an almost contact structure (¢, &, 17), then it is called an almost contact manifold. Also,
a Riemannian metric g on M which satisfies

9PX,0Y) = g(X,Y)=nX)n(Y), (4)

for any vector fields X, Y. In this case, M has an almost contact metric structure and g is said to be a metric
compatible with the almost contact structure (¢, &, 17) and the almost contact metric manifold is denoted by

(Mr Qb/ 5/ 17/ !7)

On the other hand, the concept of Riemannian submersion between Riemannian manifolds is very
popular in Theoretical Physics as well as Differential Geometry, particularly, in general relativity and
Kaluza-Klein theory. For this reason, Riemannian submersions have been studied intensively (see [18, 19]).

Now, we recall the following concepts:

Let (M™, g) and (B", g') be Riemannian manifolds and 7 : (M, g) — (B, g') be a surjective C*®-map. If 7 has
maximal rank at any point of M, then 7 is called a C*-submersion. A fiber over any x € B, n‘l(x), is a closed
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r—dimensional submanifold of M, r = m — n. For any p € M, putting ¥}, = kern.,, we have an integrable
distribution ¥ which corresponds to the foliation of M determined by the fibers of . Therefore, one has
¥, = T, (x) such that ¥ is called the vertical distribution. Also, ## be the complementary distribution of
¥ determined by g. Then, we have the orthogonal decomposition T,(M) = ¥, ® 7, p € M, such that 7 is
called the horizontal distribution. We note that for any X’ € I'(TB), the basic vector field —related to X' is
named the horizontal lift of X . Here, 7. X is denoted by the vector field X  to which X is i—related.

A map 7t between Riemannian manifolds M and B is called a Riemannian submersion, if the following
conditions hold:

(i) ™ has a maximal rank,
(ii) The differential 7t., preserves the length of the horizontal vector fields at each point of M.
For any E € I'(TM), we denote vE and hE the vertical and horizontal components of E, respectively. A
Riemannian submersion 7 : (M, g) — (B, ¢') has the following properties:
(i) 9XY)=9g(X,Y)om,
(if) h[X,Y]1is the basic vector field m-related to [X, Y],
(ii) h(VxY) is the basic vector field rr-related to V., Y’,
(iv) for any vertical vector field V, [X, V] is the vertical,

where V and V' denote the Levi-Civita connections of M and B, respectively and X, Y are the basic vector
fields, nt-related to X, Y.

Moreover, the tensor fields 7 and A are said to be the fundamental tensor fields on the manifold M
which are defined by

T(E,F) = TtF = h(VorvF) + 0(VoehF),
A(E,F) = ALF = 0(VyehF) + h(V),z0F),

for any E, F € I'(TM).
The fundamental tensor fields 7~ and A on M satisfy the following properties:

g(TeF,G) = —g(TeG,F) ®)
gAEG) = —g(AeG,F) (6)

and
TvW =TwV, )
ﬂxY = —ﬂyX = %‘U[X, Y], (8)

forany E,F,G € I(TM), V,We ¥,and X, Y € 7%, p € M.

Note the fact that the vanishing of the tensor field 7~ or A has some geometric meanings. For instance, if
the tensor A vanishes identically on M, the horizontal distribution /¢ is integrable. If the tensor 7 vanishes
identically, any fiber of  is a totally geodesic submanifold of M.

Using the fundamental tensor fields 7~ and (A, one can see that

VyW = Ty W + Vy W, )
VyX = h(VyX) + TvX, (10)
VxV = AxV + v(VxV), (11)

VxY = h(VxY) + AxY, (12)
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where V and V are the Levi-Civita connections of M and any fiber of 7t respectively, for any V, W € # and
XY e

The mean curvature vector field H on any fiber of Riemannian submersion 7 is given by

N =rH, (13)
such that
N =) TuU (14)

=1
where r denotes the dimension of any fiber of 7 and {U;, Uy, ..., U,} is an orthonormal basis of #'.

Using the equality (14), we get

r

9(VeN, X) = ) g(VeT(U;, U)), X)

j=1
forany E € I'(TM) and X € 7.
Denote the horizontal divergence of the horizontal vector field X by (X) given by

8 = ) a(VxX.Xy), (15)
i=1

where {X;}1<i<, is an orthonormal frame of .77, such that # is also the dimension of B.
On the other hand, any fiber of 7 is totally umbilical, if

TuW = g(UW)H, (16)
is satisfied. Here, H is the mean curvature vector field of 7 in M, for any U, W € 7.

Furthermore, the Ricci tensor Ric on M satisfies

Ric(X,Y) = Ric(X,Y)omn— %{g(va, Y) + g(VyN, X)] (17)
+2 Z G(AxX;, Ay X;) + Z 9(TuX, Tu,Y)
i=1 j=1
Ric(UW) = Ric(U, W)+ g(N, TuW) - Z g((Vx WU W), X)) (18)
i=1
- Z g(Ax U Ax, W)

i=1

where {X;} and {U;} are the orthonormal basis of .7#” and ¥ respectively, forany X,Y € 7 and U,V € 7.

2.1. Contact Riemannian submersions

Let M?"*! and B?'*! be C*—Riemannian manifolds with the almost contact metric structures (¢, &, 1, 9)
and (¢, &, 1, g) respectively.
A Riemannian submersion 7 : (M?"*1,g) — (B**1,4) is called a contact Riemannian submersion if the
following conditions hold:

A)mE=E,

b)r.op=¢ om..
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For the contact Riemannian submersion 7 : (M?"*1, g) — (B?'*1, 4), the following properties are satisfied:

1. ¢X is the basic vector field n—related to ¢ X',
2. h(S(X,Y)) is the basic vector field —related to S'(X,Y),

3. h((Vx)Y) is the basic vector field n—related to (V,,¢)Y’,

where S = Ny +2dn®&and S’ = N;p’ +2dn' ® & are the normality tensor fields of the manifolds M, B such
that Ny and N;), are the Nijenhius tensors of ¢ and ¢, respectively and X, Y are basic vector fields on M,

ni—related to X', Y on B, respectively. Also, we here note that the vertical distribution ¥ and horizontal
distribution J# of dimension 2r and 2n + 1, respectively, such that r = m — n.

Considering above properties, note that the followings are satisfied:

(i) The distributions 7" and /¢ are ¢—invariant,
(ii) The characteristic vector field & is horizontal,

(iii) Since & is horizontal, we have n(U) = 0 for any U € ¥ and this implies ¥, C kern,, for any p € M (for
details, see [12]).

3. Contact Riemannian Submersions whose total space admits an n—Ricci Soliton

Now, we recall the following lemma from [11]:

Lemma 3.1. Let  : (M, g) — (B, g’) be a Riemannian submersion between Riemannian manifolds.The followings
are equivalent to each other:

(i) the vertical distribution ¥ is parallel,
(ii) the horizontal distribution J€ is parallel,

(iii) the fundamental tensor fields T~ and A vanish, identically.

Throughout this paper, we assume the following:

Assumption: A contact Riemannian submersion 7 : (M, g) — (B, ) is defined between almost contact metric
manifolds (M, ¢, &,1,9) and (B, ¢, &', 1, 9).

We note that {X;, Ch<icon and {Uj}1<j<or are the local orthonormal frames of .7#” and 7, respectively and using
(17)-(18), we can give the following:

Lemma 3.2. Let 1t : (M, g) — (B, g') be a contact Riemannian submersion between manifolds. Then, the Ricci tensor
of M satisfies
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2n

Ric(UW) = Ric(U W) +g(N, TuW) - Y {g((Vx (U W), X;) (19)
i=1
+9(Ax U, Ax, W)} = g((VeT)U W), £) = g( AU, AW),
Rie(X,Y) = Ric(X,Y)om— %(,,%Ng)(x, Y) (20)
2n 2r
2 ) (A, Ay X;) + 29(AxE, AvE) + Y | 9T X, Tu,Y),
i=1 =1
1 2n
Ric(X,€) = Ric(X,&)om—(Zng)(X &) +2 Y 9 AKX, AcX)) (21)
i=1
2r
Y 9T X, 7u8),
j=1
2n
Rie(&,&) = Ric(€,&)on=g(VeN, 8 +2) g(AX;, AX) (22)
i=1
2r
+ Z Q(TU,E/ TUfé)/
j=1

where Ric and Ric denote the Ricci tensors of B and any fiber of 7 respectively, for any U,V € ¥ and X,Y € 2,
ni—related to X, Y .

Using the equalities (19)-(22) in Lemma 3.2, we have the following characterizations:

Theorem 3.3. Let (M, g, V, A) be an n—Ricci soliton with vertical potential field V and let w: (M, g) — (B,g ) bea
contact Riemannian submersion. If one of the conditions in Lemma 3.1 is satisfied, then any fiber of m admits a Ricci
soliton with potential field V.

Proof. Since M admits an n—Ricci soliton with vertical potential field V, from (2), we can write

1 .

S{a(VuY, W) + g(VwV, L} + Ric(U, W) + Ag(U, W) + un(Ln(W) = 0, (23)
for any U, W € 7. Also n(U) = n(W) = 0, because & is horizontal. Using (9) in (23), it follows

1) » .

S1ITuV, W) + g(OwV, W + Ric(U, W) + Ag(U, W) = 0. (24)

Applying (19) to the equation (24), it gives

2n

S(AgU W) + RieU W) + gON, TuW) = Y {a(Tx T (U, W), X)

i=1
+g(Ax U Ax, W)} = g((VeT)(U W), &) = g( AU A W) (25)
+Ag(U, W) = 0.
Since one of the conditions in Lemma 3.1 is satisfied, the eq. (25) is equivalent to
1 .
5 (&)U W) + Rie(U, W) + AgU, W) = 0,

which means any fiber of 7 is a Ricci soliton. [
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Example 3.4. Let (M, ], g) be an almost Hermitian manifold and (M ,¢', &', 1, g') be an almost contact metric
manifold. We consider the Riemannian product manifold M X M’ and we set

(X, X) = (X, ¢ X),
ﬁ(X/X ) = n (X),
£=(0,&),
for any (X, X') € TI(TM x TM'). Then, (¢, &, 7, §) is an almost contact metric structure on M x M, where
(X X)X Y)=gX Y +g(X,Y),
forany (X, X),(Y,Y) e (TM X TM).
Now, we consider a projection map
n:MxM - M
(x,x) —x.

Thus, we have

m@XX) = mX¢'X)=¢X
= ¢ (m(X, X)),
for any (X, X') € T(TM x TM'). Then, it follows
nd = ¢
(for details, see [9]).

Let M = S°(1) be a hypersphere with radius 1 centered at the origin O. It is known that S° has the canonical nearly

Kaehlerian structure. Also, let M' = 55($) be a hypersphere with radius %5 centered at the origin O of the almost
Hermitian manifold (RS, ], <,>), where | and <,> is the standart complex structure and Euclidean metric on R®,
respectively.

Let N be a unit normal vector field of S° (%5). Then, JN € T(TS%) and we set

’

& =-JN
JX = ¢'X +n (X)N.

Therefore, one can see that (¢p', & ,n',g') is an almost contact metric structure on Ss(g). We here note that g is the

induced metric on S°( %5) from R.

On the other hand, we consider the Riemannian product
M" = §"(r1) X §"(rp) X ... X 5" (rp),

m -1 —_ nz—l

7
"

mp—1 1y
— = ...

; r2—1' Chen and Deshmukh showed that (M", §,x7, A) is a shrinking

2 [
Ricci soliton. Here, xT is the tangential part of position vector field x with respect to origin (see [6]).

where ny,ny, ..., Ny 2 2 and

Considering all the above statements, we have

7 S8(1) x 55(§) - 55(§)

is a contact Riemannian submersion such that the total space S°(1) x S° (%g) is a Ricci soliton.

Theorem 3.5. Let (M, g, V, A) be an n—Ricci soliton with vertical potential field V and let 7w : (M, g) — (B,g)) be a
contact Riemannian submersion. If one of the conditions in Lemma 3.1 is satisfied, then B is an n—Einstein.
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Proof. Case 1. For any horizontal vector fields X, Y # &, we can write

%{g(VXV, Y) +g(VyV, X)) + Ric(X, Y) + Ag(X, Y) + un(X)n(Y) = 0. (26)
Also, using (11) in Lie derivative, one has

g(VxV,Y) + g(VyV, X) = g(AxV, Y) + g(AyV, X) (27)
and using the equalities (6) and (8) in (27), then

(XY =0
is found. Using (20) in the Eq. (26), it gives

Ric' (X, Y') o 1t = J(Lng) (X, Y) + 2 £ L) g(AxX;, AyX)) + 29(AxE, AvE)
+ 270 9(Tu X, T, Y) + Ag(X, Y) + pn(X)n(Y) = 0. (28)

Since one of the conditions in Lemma 3.1 is satisfied, the Eq. (28) becomes

Ric (X, Y) o+ Ag(X,Y) + un(X)n(Y) = 0.
The last equation is equivalent to

(Ric' (X, Y) + Ag (X, Y) + un (X (Y)) et = 0,
which gives

Ric(X,Y)+Agd (X, Y)+un X)m(Y) = 0, (29)
where X, Y # & € # are m—related to X, Y € I'(TB).
Case II. For any horizontal vector field X # &, the Eq. (2) becomes

STV, + VLV, X))+ Rie(X,€) + 90X, &) + pn(X0n(&) = 0 (30)

Using (11) in (30), one obtains

S(AKV,€) + gAY, X)) + Ric(X, ) + Ag(X, £) + p(n(€) = 0 &)
Considering the equalities (6), (8) in (31), it gives

Ric(X, &) + Ag(X, &) + un(X)n(€) = 0.
Indeed, applying (21) to the last equality, it follows

Ric (X, &) o 1= Y L)X, &) + 2 L2 9(AxXi, A:X;) (32)
+ X7 9(Tu, X, Tu,€) + Ag(X, &) + un(X)n(€) = 0.

From Lemma 3.1, the equation (32) is equivalent to

Ric' (X', &) o 7+ Ag(X, &) + un(X)n(&) = 0,
which means

Ric' (X, &) +Ag (X, &)+ (XIn'(€) = 0, (33)
where & € 7, m—related to & € T(TB).
Case III. Finally, choosing X =Y = ¢, the Eq. (2) gives

g(VeV, &) + Rie(E, &) + Ag(&, &) + un(&n(€) = 0. (34)
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Using (11) in (34), one has

gAYV, &) + Ric(&, &) + Ag(&, &) + un(&n&) = 0. (35)
Indeed, using (22) in (35), it follows
J( AV, E) + Ric' (&, &) ot — g(VeN, &) + 2 X7 9(A: X, A: X)) (36)

+ X7 9(Tu,E, Tu) + Ag(E, &) + un(En(&) = 0.

Since A& vanishes identically and one of the conditions in Lemma 3.1 is satisfied, the Eq. (36) is equivalent
to

Ric' (£,&) o+ Ag(&, &) + un()n(€) =0,
which gives

Ric' (&,&) + Ag (&, &) +un (€)' (€) =0. (37)
As a result of the equalities (29), (33) and (37), it is obtained that the almost contact metric manifold B is an
n—Einstein. [J

Theorem 3.6. Let (M, g, Z, A) be an n—Ricci soliton with horizontal potential field Z and let 7 : (M,g) — (B, ')
be a contact Riemannian submersion with totally umbilical fibers. If the horizontal distribution 2 is integrable, then
any fiber of T is an Einstein.

Proof. Since the total space of m admits an n—Ricci soliton, putting the equality (10) in (2), we have
ITUZ, W) + (T Z, W) + Rie(U, W) + Ag(U W) + pn(Un(W) =0,
forany U, W € . Since & is horizontal, we get n(U) = n(W) = 0 and using the equalities (5) and (7), the last
equation gives
—9(TuW, Z) + Ric(U,W) + AglU W) = 0.
Applying (19) to the last equation, we get

2n
—g(TuW, 2) + Ric(U W) + gN, TuW) = Y {g((Vx T)(U, W), X)

i=1
+9(Ax U Ax, W)} = g(VeT)(U W), &) - g(A: U, A W) + Ag(U, W) = 0.

If any fiber is a totally umbilical, we note that

2n 2n
Y AV DUW), X) + g(VTUW),E) = Y gV H, Xi)g(U, W)
i=1 i=1
where H is the mean curvature vector field, for any U, W € ¥. Since ¢ is integrable and using (38), it
follows
2n
~9(Z, H)g(U, W) + Kic(U, W) + g(N, H)g(L, W) = )" g(Vx.H, X)g(U, W)
i=1
—g(V:H, &)g(U, W) + Ag(U, W) = 0. (39)

Putting the equality (15) in (39), it is equivalent to
Rie(U, W) + {2rIHIP = 9(Z, H) = 8(H) + A}g(U, W) = 0.

Therefore, any fiber of 7 is an Einstein. [J
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Particularly, if we choose the potential field Z = &, we obtain:

1904

Corollary 3.7. Let (M, g,&, A) be an n—Ricci soliton and 1 : (M, g) — (B, g') be a contact Riemannian submersion
with totally umbilical fibers. If the horizontal distribution ¢ is integrable, then any fiber of 1t is an Einstein and its

Ricci tensor is given by
Ric = —QrlHI? - n(H) = 5(H) + A)g,

where H is the mean curvature vector field.

Theorem 3.8. Let (M, g, Z, A) be an n—Ricci soliton with horizontal potential field Z and 7 : (M,g) — (B, g) be
a contact Riemannian submersion. If one of the conditions in Lemma 3.1 is satisfied, then the almost contact metric

manifold B admits an n—Ricci soliton with potential field Z', such that n.(Z) = Z .
Proof. Casel. Let X,Y # & be horizontal vectors. From the Eq. (2), we can write

1 .

S(9VXZ ) + 9(Vy Z, X)) + Rie(X, Y) + Ag(X, Y) + pn(X)n(Y) = 0.
Using (12), it follows

1 .

S (9((Vx2), ) + 9(h(Vy Z), X)) + Ric(X, V) + Ag(X, Y) + pun(X)n(Y) = 0,
which gives

1 v v .

S(Z2g)X,Y) o7+ Ric(X, Y) + 4g(X,Y) + pn(0n(Y) = 0.
Moreover, applying (20) to (40), we get

%(fz/ g)X,Y)om+Ric(X,Y)omr~ %(ZNg)(X, Y)

2n 2r
2) " (A, AyX,) + 29(AxE, AvE) + Y | 9T X, Tu,Y)
im1 =1
+Ag(X,Y) + un(X)n(Y) = 0.
From Lemma 3.1, the equation (41) is equivalent to
(532X Y )+ R (X, Y) 4 Ag (XY )4 ] (K (V) o =0,
which means

1 ’ ’ 7 L ’ 7 ’ ’ 7 ’ ’ ’ ’
(L), Y) +Rid (X, Y) +Ag (X, Y) +un (X' (¥) = 0.

Case II. For any horizontal vector field X # &, considering the Eq. (12) in (2), it follows

1
5@0(Vx2), &) + g(h(VeZ), X)) + Rie(X, &) + Ag(X, &) + un(X)n(E) = 0.
Using (21) in above (43)
2L g)X,&)om+Ric(X, &) om— 3(Lng) X, &)
+2 L g(AxX;, AX) + L 9(Tu, X, Tué) + A9(X, &)
+un(X)n(&) =0

(40)

(41)

(42)

(43)

(44)
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is obtained. Also, because Lemma 3.1 is satisfied, the equation (44) gives
1 ’ ’ ’ . ! ’ ’ ’ ’ ’ ’ ’ ’ ’
(522X, &)+ Ric (X, &) + Ag (X, &) + pn (X' (€)) o =0,
which implies

1 ’ ’ ’ . ’ ’ ’ 7 ’ ’ ’ ’ ’
(L), &) +Ric (X, )+ g (€, &)+ pn X(€) = 0. (45)

Case III. Choosing X = Y = ¢, the Eq. (2) becomes

g(VeZ, &) + Ric(&, &) + Ag(&, &) + un(€n€) = 0. (46)
Putting (12) in (46), we have

g(Ve), &) + Ric(E, &) + Ag(E, &) + un(€n(&) = 0.

Moreover, using (22), it follows
5Lz 9)E ) om+Ric (& ,&) om—g(VeN, &) + 2 L g(A:Xi, AX)
+ X7 9(Tu,E, T ) + Ag(E, &) + un(En(&) = 0. (47)
On the other hand, since one of the conditions in Lemma 3.1 is satisfied, the equation (47) gives
]. ’ ’ ’ . ’ ’ ’ ’ ’ ’ ’ ’ ’

(5229, &)+ Ric (€,€) + Ag (€,&) + ] € () o =0
which means

(L7 g)E, &)+ Ric'(E,E) +Ag (£, &) +un (€)' () =0. (48)
The equalities (42),(45) and (48) give the almost contact metric manifold B is an p—Ricci soliton with potential
field Z'. O

Taking the potential field N of an n—Ricci soliton, we obtain a characterization as follows:

Theorem 3.9. Let (M, g, N, A) be an n—Ricci soliton with horizontal potential field N and 7 : (M, g) — (B,g ) bea
contact Riemannian submersion with totally umbilical fibers. If the horizontal distribution is integrable, then B is a
generalized quasi-Einstein manifold.

Proof. Since the total space M admits an —Ricci soliton, putting (20) in (2), we have

2n
SLDE ) +Ric (X, ) o1 2(Eng)(X, V) +2 ) g(AxX; AvX)
i=1
2r
¥29(AE, AvE) + Y 9(Tu,X, Tu Y) + Ag(X, Y) + un(X)n(¥) = 0 (49)
=1

for any X, Y € . Since the horizontal distribution ¢ is integrable, the tensor field A = 0. Then (49) is
equivalent to

2r
Ric (X, Y)om + Z 9 Tu X, Tu,Y) + Ag(X, Y) + un(X)n(Y) = 0. (50)
j=1
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On the other hand, using (5) we can express

2r 2r
Y 9 TuXTuY) = Y g(TuX Ug(Tu,Y, Udg(Us, Uy)
j=1 i,jk=1

2r
= Z 9(Tu; Ui, X)g(Tu, Ui, Y)

i,j=1
2r
=Y 9(Tu,X, UDg(Tu, Y, Uy), (51)
i,j=1

where {Uj, ..., Uy} denotes a local orthonormal frame of #'. Since 7 has totally umbilical fibers, applying
(16) to (51) and using (13), we have

2r
Zg(’fu,-X,T uY) = g(2rH, X)g(2rH,Y)
j=1
= gN, X)g(N., Y). (52)

Denoting the dual 1-from of N by o, then (52) yields

2r

Y 9 TuXTuY) = o(X)(Y),

j=1
for any X, Y € JZ. Putting the last equality in (50),

Ric (X, Y)Y ot + Ag(X,Y) + o(X)a(Y) + un(X)n(Y) = 0 (53)
it follows

Ric' (X, Y)Y+ Ag (X, Y)+0 (X))o (Y)+un X)n'(Y) = o.
Therefore, the manifold B is a generalized quasi-Einstein. []
In a particular case of Theorem 3.9, choosing the potential field N = &£, we obtain:

Corollary 3.10. Let (M, g, &, A) be an 1-Ricci soliton and 1t : (M, g) — (B, g) be a contact Riemannian submersion
with totally umbilical fibers. If the horizontal distribution S is integrable, then B is an n-Einstein manifold.

As another result of Theorem 3.9, we get:

Corollary 3.11. Let (M, g, N, A) be a Ricci soliton and 7 : (M, g) — (B, g') be a contact Riemannian submersion
with totally umbilical fibers. If the horizontal distribution J¢ is integrable, then B is a quasi-Einstein manifold.

4. Contact Riemannian submersions whose total space is endowed with a torqued vector field

A vector field 7 on a Riemannian manifold M is said to be a torqued, if the following equalities are
satisfied

VeZ = fE+y(E)T, y(7)=0 (54)

for any E € I'(TM), where f is a function, y is a 1-form and V is the Levi-Civita connection of M. If the
1-form y in (54) vanishes identically, then .7 is called concircular vector field (see also [7, 8]).



E. Kilig, S.Eken Meri¢ / Filomat 36:6 (2022), 1895-1910 1907

Theorem 4.1. Let 7t : (M, g) — (B, g ) be a contact Riemannian submersion between almost contact metric manifolds
such that the total space M is endowed with a torqued vector field 7. Then we have the followings:

(i) If 7 is vertical, 7 is also torqued on any fiber of 7 and T ;7 vanishes identically, for any U € V.

(ii) If 7 is horizontal, & "is torqued on B, where 7 is the basic vector field, m—related to T " and the Ax T vanishes
identically, for any X € .

Proof. 1If the vector field .7 is vertical, using (54), we can write

Vu7 = fu+yU)7, y(7)=0,
and combining it with Eq. (9), it follows

VuZ +TuT = fU+yU).7, y(T)=0, (55)
for any U € #'. By comparing the horizontal and vertical parts of (55),

VuZ = fUu+yU)7, v(7)=0,
TuZ =0,

are obtained. Hence, the first equality above gives that the vector field .7 is torqued on any fiber and (i) is
satisfied.

If the vector field .7 is horizontal, using (54), one has

Vx7 = fX+yX)7, y(7)=0,
and combining it with Eq. (12), it follows

AxT +W(VxT) = fX+y(X)7, v(T)=0, (56)
for any X € J¢. By comparing the horizontal and vertical parts of (56), we obtain

hVx7) = fX+y(X).7, y(7)=0, (57)
AxT =0.

Hence the first equation gives
Vo T =fX +y(X)7, y(7)=0,

which means the vector field .7 is torqued on the manifold B, such that .7 is the basic vector field n-related
to .7". Therefore, the condition (ii) is obtained. [J

From now on, we suppose that the total space M of contact Riemannian submersion 7 is equipped with
the torqued vector field &.

Lemmad.2. Let m : (M,g) — (B,g') be a contact Riemannian submersion with totally umbilical fibers and
(M,g,&,A) be an n—Ricci soliton. If the horizontal distribution S is integrable, then the Ricci tensor Ric of
any fiber of T is given by

Ric = ~((A+f)=58(H) +21lHF)g, (58)

where H is the mean curvature vector field.
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Proof. Firstly, since £ is a torqued on M, using (54) we can write
Vué = fu+yUs, (&) =0,
for any U € ¥'. From (10), it follows
Tué+h(Vué) = fU+yU)E, y(&) =0
and then

Tué = fU,
h(Vué) = p(U)E,

are found.

On the other hand, since M admits an n—Ricci soliton, one has
SCLNU W) + Ric(U, W) + Ag(U, W) + pn(U)p(W) = 0,

Here we note that n(U) = n(W) = 0.Then, applying (10) to (61), we have
%{g(frug, W) + g(Tw&, U)} + Ric(U, W) + Ag(U, W) = 0.

Putting (19) and (60) in the last equality gives

2n
(UL W) + Rie(U, W) + gN, TuW) = ) g(Vx, T)(U, W), X))
i=1

2n
—g((VeT)(U, W), &) = Y g(Ax U, Ax, W) = g(A:U, A W) + Ag(U, W) = 0.

i=1

Since 1 has totally umbilical fibers and ¢ is integrable, the Eq. (62) is equivalent to

2n

Ric(U, W) + 2r1IHIP(U, W) - Y {(Vx ) (U W)g(H, Xi) + 9(Vx H, X)g(U, W)

i=1

=(Veg)(U, W)g(H, &) — g(VeH, E)g(U, W) + (A + f)g(U, W) =0,
for any U, W € #. Applying (15) to (63), we obtain
Ric(U, W) + 2r|[H|Pg(U, W) — 8(H)g(U, W) + (A + f)g(U, W) = 0,
which gives (58). [

The proof of the next lemma is given by the similar way of Lemma 4.2:

1908

(59)

(60)

(61)

(62)

(63)

Lemma4.3. Let w : (M,g) — (B,g) be a contact Riemannian submersion with totally umbilical fibers and let

(M, g, &, A) be an n—Ricci soliton. If S is integrable, then B is Einstein.

Theorem 4.4. Let 7 : (M, g) — (B, g') bea contact Riemannian submersion between almost contact metric manifolds.

Then, we have the following:

(i) The vector field & is a torqued on the distribution D', such that TB = D' @ Span{&'} and 1.& = &.

(ii) The vector field &' is a concircular on the distribution Span{é/}.
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Proof. Since & is a torqued on M, we get
Vxé = fX+yX)e, 7€) =0,
for any X € J2. Also, using (12) in the last equality, it gives
AxE +h(VxE) = X +y(XE, y(E) =0. (64)

If we choose the horizontal vector field X # & and compare of the horizontal and vertical components of
(64), it gives

Axé =0,
h(Vxé) = fX+y(X)E. y(€) =0,

Hence, the last equality follows
Ve = fX +y(X)E, Y(E) =0,
which means &' is a torqued vector field on the distribution D'
On the other hand, if we take X = & in (64), one has
Vel = AL+ (V) = fE+Y(E)E, (&) =0
and it follows
h(V&) = fE. (65)
Since h(VE) is the basic vector field m—related to V"g, &', the Eq. (65) is equivalent to

v.e = fE,
which is nothing but & is a concircular on the distribution Span{&'}. O

Theorem 4.5. Let  : (M,g) — (B, g') be a contact Riemannian submersion and let (M, g,&, A) be an n—Ricci
soliton. If any condition in Lemma 3.1 is satisfied, then the Ricci tensor on D' is given by

Ric = —((A+f)+ %(y' ®n +1®y)-unen)s.
Proof. Since M admits an n—Ricci soliton, we can write
S(Zg) (X, 1) + Ric(X, 1) + Ag(X, V) + pn(n() = 0, (66)
for any X, Y € 2. Using (54) the Lie-derivative of (66), it gives
HZDXY) = 3{o7xE M) +g(VrE, X))
= 2 {otxO), V) + vy, X))
= o+ YX0E ) + g +yE X))
= FX )+ X)) + nym),

Putting the last statement in (66), we have

f9X,Y) + %{y(X)n(Y) + (X))} + Ric(X, Y) + Ag(X, Y) + pn(X)n(Y) = 0.
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Applying the Eq. (20) to the last equation, it gives

21
. ’ ’ 1
Ric (X, Y) o 1= S(Lug)(X, V) +2 ) g(AX;, AYX) + 29(AxE, Ar)
i=1

2r
+ Y g(Tu X, TuY) + foX,Y) + %{y(xmm + 1)y} + Ag(X, V)
j=1

+un(X)n(Y) = 0.

Since one of the conditions of Lemma 3.1 is satisfied, we get

Ric' (X, Y'Y ort+(A+ f)g(X, ) + %{y(xmm + n(X)y(N} + un(X)n(Y) = 0,

for any horizontal vectors X, Y # . Therefore, the last equation is equivalent to

Ric (X, Y)+ (A + f)g (X, Y) + %{y’ X () + 1/ (X )y ()
+un (X' (Y) =0,

for any vector fields X', Y" # & and the proof is completed. [
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