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Abstract. This paper is concerned with the singular dissipative conformable fractional Sturm-Liouville
operators. A completeness theorem for these operators is proved.

1. Introduction

In a boundary value problem if the differential expression and the coefficients are finite at each point
in the defined range, the problem is regular; the problem is named as singular problem if the range
is unlimited and at least one of the coefficients increases at least at one point of the range. In regular
differential expressions, the boundary conditions are given directly by the values at that point, where as in
the singular state these boundary conditions can not be given easily ([1, 9, 13]). Therefore, it is difficult to
solve singular problems. Another difficulty that arises in the analysis of singular problems is in which space
element will be the solution of the problem. This was overcome by H. Weyl’s analysis. Weyl showed that
a solution of a differential equation is necessarily quadratic integrable. In case all solutions are quadratic
integrable, in case of limit-circle to differential expression; otherwise it is called a limit-point case. In
the literature, there are many sufficient conditions for a differential equation to be in the limit-circle or
limit-point case ([1, 7-13, 30-32]).

A method used in the analysis of boundary value problems is the operator method. An operator that
is compatible with the problem is established and the problem is analyzed. The established operator can
be self-adjoint or non-self-adjoint. Dissipative operators constitute an important class of non-self-adjoint
operators. All eigenvalues of a dissipative operator are in the closed upper half plane; but this analysis
is not sufficient. There are some methods to complete the analysis. Some of these methods are Krein’s
method, Lidskii’s method and Livsic’s method. There are analyzes in the literature with these methods
([15]-[29]).

There are more and more applications of spectral problems that do not merge spontaneously. For
example, interesting non-classical wavelets can be derived from eigenfunctions and related functions for
non-self-adjoint spectral problems. Therefore, such problems are becoming more and more noticeable, in
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particular with regard to the separation of the spectrum and the completeness of eigenfunctions. One of
the most important problems for Sturm-Liouville operators is the completeness of the root function system
of these operators. Furthermore, creating a basis for the system of root functions is another important issue
for these operators. It can be said that there are few studies on the second issue, because it relates to the
asymptotic behavior of the eigenvalues of the individual operators and it is difficult to observe this asymp-
totic behavior in general. Interest in fractional differential equations has been increasing in recent years,
and the recently introduced definition of the appropriate fractional derivative includes a limit rather than
an integral. Khalil and et al. have redefined the definition of conformable fractional derivative and con-
formable fractional integral using the classical derivative definition. In their work, Khalil and et. presented
linearity condition, product rule, division rule, fractional Rolle theorem and fractional mean value theorem
for conformable fractional derivative [3]. Later in [4], Abdeljawad gave the definition of left and right
conformable fractional derivatives, the definition of higher order fractional integral, fractional Gronwall
inequality, chain rule and partial integration formulas for conformable fractional derivatives, fractional
force series expansion and Laplace transformation. Conformable fractional derivative, aims to broaden
the definition of classical derivative carrying the natural features of the classical derivative. In addition,
with the help of the conformable differential equations obtained by the definition of derivative aims at a
new look for differential equation theory [5]. In [6], the researchers have addressed the conformable frac-
tional Sturm-Liouville problem and formulated the self-associated conformable fractional Sturm-Liouville
problem for this problem. Then the eigenfunction of the conformable fractional Sturm-Liouville problem
was examined by examining the Green function. In [14], Gulsen et al. studied the conformable fractional
Sturm-Liouville equation with separated boundary conditions on an arbitrary time scale T and extended
some main spectral qualities of the standard Sturm-Liouville equation to the conformable fractional case. In
[13], the authors studied the singular conformable sequential equation with distributional potentials. They
established Weyl’s theory in the frame of conformable derivatives. In the present paper, using Livsic’s the-
orem, we shall show that the system of eigenfunctions and associated functions of a conformable fractional
Sturm-Liouville problem with one singular endpoint are complete in L2(I).

2. Preliminaries

In this section, we provide some preliminaries for proving the main results. Let T denote the linear
non-selfadjoint operator in the Hilbert space with domain D (T). The element x € D(T), x # 0 is called a
root vector of T corresponding to the eigenvalue A if (T — AI)" x = 0 for some m € N := {1,2,...}. The root
vectors for A span a linear subspace of D(T), called the root lineal for A. The algebraic multiplicity of A is
the dimension of its root lineal. If a root vector is not an eigenvector, it is called an associated vector. The
completeness of the system of all eigenvectors and associated vectors of T is equivalent to the completeness

of the system of all root vectors of this operator. Let T be an arbitrary compact operator acting in the Hilbert
space H. Let {é j (T)}jEJN be a sequence of all nonzero eigenvalues of T arranged by considering algebraic
multiplicity and with decreasing modulus, and v (T) (< o0) is a sum of algebraic multiplicities of all nonzero
eigenvalues of T. If T is a nuclear operator, then Z}fg) |£ j (T)| < +oo and if T is a Hilbert-Schmidt operator,

then Z;g) |£ i (T)|2 < +o0. We will denote the class of all nuclear and Hilbert-Schmidt operators in H by o4
and o0, respectively. If T € g1, then Zyg) &;j(T) is called the trace of T and is denoted by TrT.

The determinant

»(T)

det(I-&T) = [ [[1-&&;(1)] where T € oy

=

where T € 0, is called the characteristic determinant of T and is denoted by Dr(&). Dr (&) is an entire
function of &.
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For any T € 05, the product

v(T)

Dr (@) =[] [1-&&m]es® (1)

j=1

is also an entire function of &, called the regularized characteristic determinant of T.

If the operator I — £T has a bounded inverse defined on the whole space H, then the complex number &
is called an F -regular point (regular in the sense of Fredholm) for T.

Let T; and T be linear bounded operators in H and T; — T, € oy. If the point ¢ is an F-regular point of
T,, then

(I-ET) (=T =1-&(T1 = B) (I~ &T) ™,
where & (T — T2) (I - ETZ)_1 € 01. Consequently, the determinant

Dy (&) = det[(I - £T) (1= €T2) ']
makes sense and is called the determinant of perturbation of the operator T, by the operator K = T1 — T».
Theorem 2.1 ([2], p.172). If Ty, T, € 02, T1 — T2 € 01 and u is an F-reqular point of T, then

D1, (&) = ?Tl (5)65%@2—%).
T2 Dr, (¢)

Definition 2.2. An operator T is called dissipative if Im (Tx,x) > 0, for all x € D(T).
Theorem 2.3 ([2], p.177). If Ty and T, are bounded dissipative operators and Ty — T, € o1, then for any By €
(O, %) , the relation

lim l1n’D71 (peiﬁ)‘ =0

holds uniformly with respect to p in the sector

{)\:)\:peiﬁ,0<p<oo, lg—ﬁ|<ﬁ0}.

Definition 2.4 (([2])). Let x be an entire function. If for each € > O there exists a finite constant C, > 0, such that
lx(A)| < Cee™, A e, 2)
then f is called an entire function of order < 1 of growth and minimal type.

From (2), it is clear that

<0. 3
[A]—> 00 |A| ( )

It is known that each function x, having properties (2) and x(0) = —1, has the representation

Aj=A

x(A) = —lim , 4)

r—00 /\]

A=<

and also the limit lim,_, H Al] exists and is finite ([7]).
|/\/|§r
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Theorem 2.5 (Livsic [2], p. 226). Let T be compact dissipative operator on H and let Tty € 01, where 2iTim, = T-T".
The system of all root vectors of T is complete in H, if and only if

w(T)
Z Im &; (T) = spTim.

=1

Definition 2.6 ([4]). Assume a be a positive number with 0 < a < 1. A function x : (0,00) — R : =(—o00, 00) the
conformable fractional derivative of order a of x at t > 0 was defined by

x (t + stl‘“) —x(t)
Tox(f) = lim . , ()

and the fractional derivative at O is defined

(Tyx) (0) = h%ﬁ Tox(e).
Definition 2.7 ([4]). The conformable fractional integral starting from 0 of a function x of order 0 < o < 1is defined
by

t t

(Inx) () = f s x(s)ds = f x(8)d,s.

0 0

Lemma 2.8 ([4]). Assume that x is a continuous function on (0,b) and 0 < a < 1. Then, we have
Tolax (t) =X (t) ’
forallt > 0.

Theorem 2.9 ([4]). Let x,y : [0,b] — R be two functions such that x and y are conformable fractional differentiable.
Then, we have

b b
ﬁy@h@WWﬂﬁﬁmmwwm%uxwwwﬁ@ww.

Let L2(I) be the space of all complex-valued functions defined on I = [0, b) such that

b
o= [ Iy dut <o,

where 0 < b < co. The space L2(I) is a Hilbert space with the inner product

b —
mw:ﬁxmwmn

where x, y € L2(I).

Theorem 2.10 ([4]). Let x be a continuous, nonnegative function on an interval I and 6 and k be nonnegative
constants such that

t
x() < (S+kf x(s)dys, wheret € 1.
0

Then for all t € I, we have

x () < 6655 (6)
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3. Main Results
We consider the following conformable fractional Sturm-Liouville problem
Iyl = ~Talp®Ta)y(®) +q(Oy() = Ay, on 1, 7)

where I = [0, b). The coefficients p(.) and g(.) are real-valued functions on I and satisfy the conditions F%, q(.)€
Lt (I). Throughout this paper, we assume that the endpoint b is singular.

a,loc
The maximal operator corresponding to (7)is defined as follows:

Lmaxy = l[y]/
with
Dimax = {y € L2(D) : y, Tay € ACpe (D), Iyl € L2(D)},

where ACj, (I) denotes the class of complex-valued functions which are absolutely continuous on all
compact sub-intervals of I.
Let

Dmin = {]/ € Drax : y(o) = P(O) Ta]/ (0) =0, []//X](b) = 0} .
for arbitrary x € Dmax, where
[y, x1(8) = p(®) {y(OTex(®) - Tay(HX D), t € L.

The operator Ly, that is the restriction of the operator Lyax t0 Dpin is called the minimal operator and the
equalities L.y = L . holds. Further, Ly, is closed symmetric operator with deficiency indices (d, d), where
d=1ord=2([1,12, 13, 30]).

Theorem 3.1 ([6]). For y1, y2 € Dmax, we have the following Green’s formula

b - b -
fo My ](t)y2()dat — fo yiy21(t)dat = [y1, y2] 0) = [y1,y2] (0). 8)

In this study, we will assume that the Weyl’s limit-circle case holds for the expressions I[.], i.e., Lmin has
the deficiency indices (2,2) . In this context, we first give a sufficient condition for the expression I[.] to be
limit-circle case. We employed Everitt’s method in the following theorem (see [11]).

Theorem 3.2. Let the coefficients p and q satisfy the following conditions:

(i) q€CW),Tap, Taq € ACioc (I) and Top, Tog € L2, (D),

(ii) B <0andp(® >0 foralltel, .
(i) (-pa)* € 120), ©)
(iv) TalpTa(pg)(=pq)~2} € L3(D),

then I[.] is in the limit-circle case at b.

Proof. This proof is based on the ideas in ([10, 11]). It follows from Green’s formula that lim,_,;-[y, z](f)
exists and is finite for all y,z € Dpax. Furthermore, it is known that I[.] is limit-point at b if and only if
lim,_,,- [y, z](t) = 0 for all i,z € Dpax ( see ([10]) ). Thus to establish that [[.] is limit-circle at b it is sufficient
to produce one pair y, z of elements of Dp,x such that

lim [y, z](t) # 0. (10)
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We take y = z and determine y by

t 1
Y = (OO} exp [i f {—}%} das‘, 1)
0

where t € I. A calculation shows that

- [i(—q)z L1 T“(”q)]exp[...]

1 1 T
p: A (-pg):
and
_(*q)% i Talpg) i Tap :il(—q)%Tap
T2y = p2 ’ gt teppr 4 pi [.]
«r 1 ) | 5 (Tapo)P expl...].
ti Tt 1
(=p9)2 (-pg)2
From these results we obtain
[y, yI(t) = -2i, (12)

where t € I and, with details of the calculation omitted,

1 .
Iyl = —pT2y — Tapy +qy = —ZTa{pTa(Pq)(—Pq)‘f bexpl...]. (13)

From (11) and conditions (ii) and (iii) of the Theorem we see that y € L2(I); from (11) and condition (i) we
have T, f € ACq joo(I); from (13) and condition (iv) that I[y] € L2(I); thus y € Dayx. From (10) and (12) it now
follows that the differential expression [[.] is in the limit-circle case at b. [

Let ¢ (t,A) and ¢ (t, A) two linearly independent solutions in L2(I) of the equation. (7) and satisfy the
initial conditions

¢ (0,A) = cos B, p(0)T,¢p (0,A) =sinp, 14
¥ (0,A) = —sinf, p(0)To (0, A) = cosf, (14)

where € R. They are entire functions of A ([6]). Further, they are real functions for real values of A. Since
the operator Lin has the deficiency indices (2, 2), the solutions ¢ (t, A) and ¢ (¢, A) belong to LA(D).

Let #(t) = ¢ (t,0) and v(t) = ¢(t,0). So r(t) and v(t) are solutions of the equation I[y] = 0, satisfying the
initial conditions

7(0) = cos B, p(0)T,r (0) = sinf,
v(0) = —sin B, p(0)T,v (0) = cosB.
Then, we have r,v € L2(I); moreover 7,0 € Dyax. Consequently for each v € Dpax the values [y, 7] (b) and
[y,v] (b) exist and are finite. Let D(L) denote the set of all functions y € Dpax satisfying the boundary
conditions

y(0)cos B+ p(0)Toy(0)sinB =0, [y, r] (b) —h[y,v] () =0, (15)

where h € C and Imh > 0. In L3(I) we define the operator L with the domain D(L) and Ly = I[y] for all
y € D(L).

Lemma 3.3. ker L = {0}.
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Proof. Lety € D(L) and Ly = 0. Then, we get

—Ta(p(OTa)y(®) + q(B)y(t) =0 (16)

and the function y satisfies the boundary condition (15). Therefore, there exists the constants a; and a, , such
that y(t) = a1r(t) +apv(t). Substituting this in the boundary conditions (15), we find a; = a, = 0; consequently
y=0. O

From Lemma 3.3., we get that there exists the inverse operator L™!. Let us consider the functions v(t)
and u(t) = r(t) — ho(t). These functions belong to L2(I). The first satisfies the boundary condition at 0 in (15)
and the second at b. The functions v(t) and u(f) form a fundamental system of solutions of (16).

Let Y denote the integral operator defined by the formula

Yf= | Gt x)fdx, 17
f fo (t, %) (o a7
where f € L2(I) and

_J o(hu(x), 0<t<x
G(t,x) = { v(x)u(t), x<t<b. (18)

Since

b b
f f IG(t, x)|2 dptd,x < oo
0 0

we get that Y € 05 ([6]). It is easy to verify that Y = L71([6]). Consequently, the root lineals of the operators
L and Y coincide and, therefore, the completeness in L2(I). of the system of all eigenvectors and associated
vectors of L is equivalent to the completeness of those for Y. Since the algebraic multiplicity of nonzero
eigenvalues of a compact operator is finite, each eigenvector of L may have only a finite number of linear
independent associated vectors.

Theorem 3.4. Every nontrivial solution y of (7) in [0,c], ¢ < b, and its conformable fractional derivative T,y are
entire functions of A of order at most §.

Proof. Letv = pT,y then T,y = (3—A)y. Fix A and let prime T, s denote conformable fractional differentiation
with respect to t. Then

To ANy + 0] = TodIAYy + o0]

- I yv + vy) +3(q = )y + 0@ - N)y.
From thls and the elementary inequality

|Allal* + b1

2lab| <
VAl

, AL #0,

we get

Ay + o

o] 1
Ty illA 2+UZS—(/\—+ +A)

and hence

Tat [log(AllyP + o] < \/_ +—Iq| + Al
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An integration yields

t t
L [lgldas VIAT [(E+1)das
Al R + ot R < ce i e,

IA

< BeMVA

where M and B are positive constants such that
t
1
0<M:fﬁ+|w|)das<oo
0

and

t
1
(V5 Of laDdas

e < B < o0.

Then, we have

ly(t, 1) BMW 0<t<e [A|26>0,

IN

(P Tay)(t, M)l BMW 0<t<c [A]>6>0.

This completes the proof. [J

IA

Let

c1(A) = [P, A), ()] (b), c2(A) = [Y(t, A), ()] (D),
where (¢, A) the solution of (7). It is clear that

o4(L) ={A € C: c(A) =0},

where 0,4(L) denotes the set of all eigenvalues of L and

c(A) = c1(A) = hea(A). (19)
Theorem 3.5. The functions c1(A) and cy(A) are entire functions of order < 1 of growth and minimal type.

Proof. We set

¢y, 1(A) = [P, A), 7O (0r) , cp,2(A) = [(E, A), o(D)] (be) ,

where by € L.

It follows from Theorem 3.4. that the functions (b, A) and T,y(bk, A) are entire functions of of order %
for arbitrary fixed b;. Hence, the functions a ¢, 1(A) and cp, 2(A) are entire functions of of order % Now we
shall prove that the entire function ¢, j(1) converges to cj(A) as by — b, uniformly in A in each compact set
of the complex plane C.

Let y = y(t, A) be a solution of (7); then

y=[yolt)r=[y,r] (0. (20)

If we define

fl(t,/\) = [y,i’] (t)r fz(t,/\) = [y'v] (t)/
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then following ([9]), we get that fi(t, A) and f,(f, A) satisfy a system of first order conformable fractional
equations

Tatfi(t, A) = Ay(t, A)r(t), Taifat, A) = Ay(t, A)o(t), t € 1.
Using (20), we obtain
Ta,tf(t/ /\) = /\Q(t)f(t/ /\)/ tel (21)

T tf(t /\) =T t[fl(t, /\)] _ [Ay(t, /\)T’(i’):|

L] Ay, Do)

1 [y, vl = [y, rlor| _ A for? — fror
[[y, v]or - [y, r]vz] B [fzvr - flvz]

S

where
_[AEA) | -ttty ()
= [fzof, A)]’ 00 = [—zﬂ(t) r(t)vw]’

and the elements Q(t) are in L}(I). For

w= ,
w»
we put |lw]| = |wq| + |w2| and the norm of a square 2 X 2 matrix will be denoted by ||.||. The inclusion

QO € LL(I) holds.
If y(t, A) = P(t, A), then the system (21) is equivalent to the integral equation

f(t, A) = f(bk, A+ A ft Q(S)f(s, ANd,s, tel, (22)
by
where
_ fi(b, /\)] _ [[y, r] (bk)] _ [Cbk,l(/\)]
S ) [fzavk, W = ol 0] = o200
1RO [ <0>H—1]
/ (O’A)‘[fzwm]‘[[y,v] oo

_fc1(A)
fo= (cz(A>)'

From (22) and (6), we find to

t
£, V|| < [|£ @, A>||exp(|A| j; ||Q<s>||das);

hence
b b
£, ) - Fbe, || < |A|exp{m| fo ||Q<s>||ds} fb 1) das (23)
b
If@ 1) < exp(w fb ||Q<s>||das))1f(bk,A>||. (24)
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It follows from (23) that ¢y, j(A) converges to cj(A) as by — b (k — ), uniformly in A in a compact set.
Consequently c j(1), j = 1,2, are entire functions.
For by = 0, from (24) we get

b
|£®,D)|| < exp [w ||Q(x)||daxJ;
/

hence c j(A) are of not higher than the first order. Since, for arbitrary fixed b, the functions ¢ j(1), j = 1,2, are
entire functions of A of order %, from (24) we obtain that the entire functions c j(A), j = 1,2, are of minimal
type. O

Using Green’s formula (8), we have

b
ca(Ad) = [¢@,A), ()]0 = -1 +Aj(; Y(t, Ar(t)dat (25)

Q
N
=

~
N

Il

b
[0(t,A), o] (B) = A fo Wit o(Odat. (26)

From (19), (25) and (26) we find that ¢(0) = —1.
We will use the well-known formula

[y1, y21(®) = [y, 0] O [r, y2] (O = [y, 11O [0, 121 #), L€ L, (27)
where y1, 2 € Dmax.
Theorem 3.6. The operator L is dissipative.
Proof. If y € D(L), then by the formula (8) we get

Ly, y) =<y, Ly) = [y, y1(b) - [y, y1(0). (28)
From the boundary condition (15) we have [y, 7] (b) = h[y, v] (b) and [y, y] (0) = 0. From (27) we obtain

[y, y1() = Ly, 01 0) [, y1 (V) - Ly, 1 (V) [0, y1 (b)
= —Hlly, ] () P + hly, 0] 0) [ = 2i(Im W)][y, 0] ()
and this proves
Im(Ly, y) = (ImA)|[y, 0] (b) P > 0.
|

Since u(t) = r(t) — ho(t), setting h = hy + ih, we get from (17) in view of (18) that Y = Y + iY>,, where

b b
nf= [ Gnfo, vaf = [ G0

and

_ | v(Blr(x) —ho(x)], 0<t<x
Gilt,x) = { oIr(E) —ho(f)], x<t<b,

Go(t, x) = —hov(t)o(x), hp, =Imh > 0.
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Then we get

b
Yaf, ) = fo Galt, (Dt f)

- fo b {( fo h Gal(t, x) f(t)dat)m} dox
- iy fo b {( fo b v<t>v<x>f<t>)m} dat

b b
— fo V() f()ax fo OO f ()t

2

= —hy <0

b
fo o) f (Bt

The operator Y is the self-adjoint Hilbert -Schmidt operator in L2(I) and Y; is the self-adjoint one-
dimensional operator in L2(I), and (Y2f, f) < 0 for all f € L2(I).
Let Lidenote the operator generated in L2(I) by the expression /[y] and the boundary conditions

y(0)cos B+ p(0)T,y(0)sinf = 0,
[y, 7] (®) = [y,0](b) = O.

It is easy to verity that Y; is the inverse of L; : Y = LIl. Let Z = =Y and Z = Z; + iZ,, where
Z1 = —Yl, Z2 = —Yz.
We will denote by A; and & the eigenvalues of the operators L and L, respectively. Then the eigenvalues

of Z are (A—?) and eigenvalues at Z; are (;—:) . Since L; is a self-adjoint operator, therefore Im o, = 0 for all k.

Theorem 3.7. spZ, =}, Im (—Ai/)
j

Proof. Using Theorem 2.1 for A = T; and B = T we obtain

DZl(E) i& TrZ
Dz (&) = =——e """ 29
5O =55 29)
and by (1) we get

We set

c(&) = c1(é) = hea(8), d(&) = (&) = ea(E),



B. P. Allahverdiev et al. / Filomat 36:7 (2022), 2461-2474 2472
where the functions ¢1(£) and cp(&) are given by (25) and (26). The eigenvalues of Y and Y7 coincide with

the root of the functions c(&) and d(€), respectively. By Theorem 3.5, the functions c(&) and d(€) are entire
functions of order < 1 of growth and minimal type and ¢(0) = d4(0) = —1; thus, by (4), we have

(&) = —H(Af;j‘f), ao =-T](2%)
i ¥

Then we get

1 L)

L -EX(%) . - sk
Dz(&) = —c(=&e 7 ', Dz,(&) = —d(- 5)6
It follows from (29) that

d(=¢) ((,Z,\ e +15Trzz)
a(=¢&) 5)

If we take & = it (Where 0 < t < o0), then we get

Dz1 &) =

Dy (€)= 5 ex .sZA——aZ—HaTrzz

and

1 .

Flog|D2, ()(t)

z

= 1lo |d(=it)| - 1lo lc(—it)] - Zlm 1_ spZ. (30)

8 o8 A pea
From Theorem 2.3 and (3) we get

pn%ngﬁwﬁ:Q @31)
and

hm nsup — log lc(—=it)| <0, hm nsup - log |d(—it)] < 0. (32)

On the other hand, fort>0,
Aj+it]
Aj

Oy + it 2
Ok

>1,

= s

and we have |[d(—it)| > 1, |c(=it)| > 1 for all t > 0. Consequently, we have
%log le(=it)] = 0, %log |d(=it)| = 0.
It follows from (32) that
tlgg % log la(—it)| = tlgg % log |d(—it)| = 0. (32)

By (30), (31) and (32), we deduce that

Z Im (—l) = spZ,.
7 A
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Thus the operator Z carries out all the conditions of Theorem 2.5. Hence we have
Theorem 3.8. The system of all root vectors of the dissipative operator Z (also of Y) is complete in L2(I).

Since the completeness in L2(I) of the system of all root vectors of the dissipative operator Z is equivalent
to the completeness of L, we have

Theorem 3.9. The system of all eigenvectors and associated vectors (or root vectors) of the dissipative operator L is
complete in L2(I).
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