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Abstract. The aim of the present paper is to give some spectral results about generalized Fredholm
operators and the so called S-generalized Fredholm operators, where S is a given bounded linear operator
acting on a Banach space X. When X possesses some properties, we provide then some sufficient conditions
for which a bounded linear operator will be a generalized Fredholm. The obtained results are applied to
characterize the so called generalized S-essential spectrum, in particular the generalized Jeribi S-essential
spectrum [17]. These results are formulated by means of measure of weak noncompactness.

1. Introduction

Throughout the paper, X and Y are two Banach spaces. The set of all bounded linear operators acting
from X into Y is denoted by £(X,Y). We denote by K(X,Y) (resp. W(X,Y)) the subset of compact (resp.
weakly compact) operators of L(X, Y). For a linear bounded operator T : X — Y, we denote by R(T), Y/R(T)
and N(T) the range, the co-kernel and the kernel of T respectively. The dual (resp. the second dual or
bidual) is denoted by X* (resp. X*), T* is the conjugate of an operator T and T** is the second conjugate.
For a non negative real number, the disc centered at 0 with radius r shall be referred by D(0, #), its closure is
5(0, r) and for r; < rp, we conventionally write C[ry, ;] = 5(0, r2)\D(0, 71). We denote by — for the strong
convergence and by — for the weak convergence. Now T € £(X, Y) is called tauberian if T*"!(Y) c X, also
T is co-tauberian when its conjugate T* is tauberian. This definition cannot be reversed as proved by T.
Alvarez and M. Gonzalez in [2]. Another definition of tauberian operator consists in T is tauberian if and
only if, T is injective where T is the residuum operator of T [15]. For more details on tauberian operators
we refer readers to the book of M. Gonzalez and A. Martinez-Abej6n [16] and for more examples to [2, 3, 15].
Tauberian operators have been useful in the study of real interpolation theory of (non reflexive) Banach
spaces and some questions related to the preservation of isomorphic properties between those spaces [22],
they have also some similar actions on weakly compact sets like upper semi Fredhlom operators whose

act on compact sets. The classes of tauberian and co-tauberian operators from X into Y are respectively
denoted by 7(X, Y) and 74X, Y).

In1976, K. W. Yang [26] introduced the class of generalized Fredholm operators for linear bounded operators
acting on a Banach space as some extension of the class of Fredholm operators. The sets of upper generalized
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semi-Fredholm operators and lower generalized semi-Fredholm operators are respectively defined and
denoted by @, (X, Y) and ®, (X, Y) as:

Dy (X, Y) :={T € L(X,Y) such that N(T) is reflexive and R(T) is closed in Y},

D, (X, Y) :={T € L(X,Y) such that Y/R(T) is reflexive and R(T) is closed in Y}.

The set ©y(X, Y) := @y (X, Y) N D;_(X, Y) is formed by all generalized Fredholm operators and ®@,.(X, Y) :=
Dy (X, Y)UD, (X, Y). Now, for S € L(X,Y), acomplex number A isin @y 75(X,Y), Py 15(X, Y), Pys1,5(X, Y)
or ®y75(X,Y) if AS =T is in @y (X, Y), Py (X,Y), Dy:(X,Y) or Oy(X,Y), respectively. Clearly, similarity
brings out the correspondence between reflexive Banach spaces and finite-dimensional spaces, generalized
Fredholm operators and Fredholm operators, tauberian operators with closed range and semi-Fredholm
operators. Identity operator is the simplest example of generalized Fredholm operator. We will present
some nontrivial examples of generalized Fredholm operators at the end of section 3.

Recently, C. Schmoeger [24, 25] presented different definitions of generalized Fredholm operators, we
mention the following ones: T is a generalized Fredholm operator if and only if T = Ty @ T», where Ty
is a Fredholm operator with vanish jump and T, is a finite-dimensional nilpotent operator, many other
definitions are also given but will be dropped in this paper.

In a Banach space which has no reflexive infinite dimensional subspace, the upper semi-Fredholm operators
(operators with closed range and finite dimensional kernel) are trivial examples of tauberian operators [20].
Furthermore, the class of upper generalized semi-Fredholm operators acting on a Banach space is strictly
contained in the class of tauberian operators. Indeed, it was proved in [19] that there exists a tauberian
operator (with non closed range) which cannot be an upper generalized semi-Fredholm. Finally, notice
that O(X, Y) C @y(X,Y), where O(X, Y) is the set of Fredholm operators from X to Y [17]. When X =Y, all
the sets L(X,Y), K(X,Y), W(X,Y), P(X,Y), Dy(X,Y), Dye (X, Y), Py (X, Y), T(X,Y), T4(X,Y) are replaced by
L(X), K(X), W(X), D(X), Py(X), Py (X), Dy—(X), T (X), T(X) respectively.

We recall the S-resolvent set and the S-spectrum of a closed linear operator T acting on a Banach space X,
when S # 0 is a bounded linear operator on X, respectively by

ps(T) := {A € C such that AS — T has a bounded inverse},

and
os(T) = C\ps(T).

Subsequently, the operator S should be taken as non invertible. Otherwise the S-resolvent coincides with
usual resolvent of the operator S~ T. Notice that relative spectra (or S-spectra) is introduced in [13] in order
to show the characterization of essential spectrum of the pencil operators. Finally, we recall that an operator
T € L(X) is weakly compact if T(M) is relatively weakly compact set for every bounded subset M C X. Note
that W(X) is a closed two-sided ideal of £(X) containing K (X), we refer to [10, 14] for more details.

Our motivation to use the class of generalized Fredholm operators is to describe the generalized S-essential
spectra of a bounded linear operator acting on a (non necessary reflexive) Banach space. In particular,
the generalized Wolf and the generalized Gustafson S-essential spectrum. These results may extend some
results established by Jeribi in [17] for the Fredholm theory’s frame.

The paper is organized as follow. In Section 2, we present some basic facts of weakly compact operators
and their connections with tauberian operators and some measurement tools. We suggest in Section 3,
some Banach spaces X having some properties, denoted for instance by (H;) and (H>) or one of them to get
some results concerning generalized Fredholm operators. Therefore, we obtain extensions of some results
in [1, 6, 11, 21]. In particular, we provide some sufficient conditions for a linear bounded operator to be
generalized Fredholm. In Section 4, we introduce and investigate the generalized S-essential spectrum and
so we provide a characterization of the generalized S-essential spectral radius via the concept of measure
of weak noncompactness.
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2. Basic facts

The notion of a measure of weak noncompactness was introduced by De Blasi [8] and subsequently
used in topology, functional analysis and theory of differential and integral equations, (see [4, 5, 12] for
instance). Let X be a Banach space, and My (resp. K“ (X)) stands to the set of bounded sets of X (resp. the
set of all weakly compact subsets of X). Let B, = B(0,r) be the open ball centered at 0 and with radius r.
Finally we denote by conv(A) the convex hull of the set A, A C X.

The De Blasi measure of noncompactness of a non empty bounded subset A C X, denoted by w : Mx —
[0, +oo[ is defined as follow: _

w(A) = inf{r > 0, there exists N € K™(X) such thatA c N + B,}.
This definition can be also reformulated as axiomatic statements [5, 18].

Definition 2.1. A function u : Mx — [0, +09[ is said to be a measure of weak noncompactness in X if it
satisfies the following conditions.

(i) u(A) = 0if, and only if, A is relatively weakly compact set,

(if) if A C B, then u(A) < u(B),

(i) p(cono(A)) = u(A),

(i0) p(A U B) = max{u(A), u(B)),

(v) (A + B) < u(A) + u(B),

(vi) p(AA) = |A|u(A), for A € C.

From [5], the measure of weak noncompactness, guarantees the Cantor intersection condition, and the
following inequality for any measure u

w(A) < p(B,)w(A).

We also can define the measure of weak noncompactness of a bounded linear operator T, denoted by w(T),
as follow:

@(T) = inf {k such that w(T(A)) < kw(A), forall A € Mx}.
The following proposition collects some similar properties of w(-) showed in Definition 2.1.
Proposition 2.2. Let X be a Banach space, T and S € £(X) and let B € Mx. Then, we have the following
properties:
(1) w(T) = 0if, and only if, T is weakly compact.
(i) w(T(B)) < w(T)w(B).
(iii) w(TS) < w(T)w(S).
(i) (T + S) < w(T) + w(S).
() W(AT) = [AMw(T), for A € C.
Definition 2.3. Let X be a Banach space. We say that X has the property (H;) (resp. (Hy)) if every closed
reflexive subspace admits a closed complementary subspace (resp. if every closed subspace with reflexive

quotient space admits a closed complementary subspace).
We say that X has the property (H), if it satisfies both properties (H;) and (H>).

A basic example of space having the property (H;) is given in [23]. Indeed, for 1 <p < oo, p # 2, L,(0,1) has
the property (H;). Moreover, L;(u) and C(S) the space of all bounded (real or complex valued) continuous
functions on an infinite compact Hausdorff space S do not have it [10, 16].

Now, let us recall a characterization of a generalized Fredholm operator using a definition due to K. W.
Yang [26].

Theorem 2.4. Let X and Y be two Banach spaces satisfying the properties (H;) and (H,) respectively, and
let T € L(X,Y). Then the following assertions are equivalent.

(i) T is a generalized Fredholm operator .
(i) There exist weakly compact operators Wy € W(X), W, € W(Y) and an operator Ty € L(Y, X) such that
ToT =1+ Wi and TTy =1+ W;, and R(T) is closed in Y.
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Definition 2.5. [1] Let X and Y be two Banach spaces. An operator T € L(X, Y) is said to be strictly singular
if there is no infinite dimensional subspace M of X such that T : M — T(M), the restriction of T to M, is an
isomorphism.

Notice that singular operators need not to be compact, as shown in [1] where the natural embedding
J: 1, — I, (for 1 < p < r < o0) is a non-compact singular operator.

The following is a simplest characterization of singular operators [1].

Theorem 2.6. For T € L(X,Y), the following statements are equivalent.

(i) T is strictly singular.

(ii) For every infinite dimensional closed subspace X; of X, there exists an infinite dimensional closed
subspace X, of Xj such that T : X, — Y is a compact operator.

3. Main results

Let X be a Banach space and let T € £(X). Recall that M is the set of bounded sets of X. We introduce
the following non-negative quantities:
T(A
T) = sup {% such that A € My and w(A) > 0} — @(T),

E(T) = inf {a)c(quf))

such that A € My and w(A) > 0}.

We set ay(T) (resp. EO(T)) as the limit of the sequence a(T”)% (resp. E(T”)%). These limits exist (see [[21],
Lemma 1.21]). The following result gives some properties of these functions.

Proposition 3.1. Let X be a Banach space. Let T, S € £(X) and A € C, then the following properties hold:
(1) a(AT) = |Ala(T) and B(AT) = |AIB(T).

(@) [a(T) — a(S)| < (T + S) < a(T) + a(S).

(iii) B(T) — a(S) < B(T + S) < B(T) + «(S).

(iv) U(TS) < a(T)a(S) and B(TS) = B(T)A(S).

(v) a(T) = 0 & T is weakly compact.

Proof. Proofs of (i), (i) and (iii) are standard when applying definitions of & and ,E together with Definition
2.1 and Proposition 2.2.
(iv) From the properties of w (see Definition 2.1 and Proposition 2.2), we have

w((TS)(A)) < w(T)w(S)w(A),

then, rova
up {% W(A) > o} <@BT)@(S),
thus,
HTS) < FTHA(S).
It follows that
w((TS)(A)) < w(T(S(A)))
w(A) - w(A)
— . w(5(A))
< OC(T)W/
e inf{M W(A) > o} > &(T) inf{‘”(s(A)) W(A) > 0}
oA z w(A) ‘
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thus,
B(TS) = a(T)B(S). 1)
Consequently,
B(TS) = BTIB(S):
(v) Let A be a bounded set. w(A) = 0 implies that A is relatively weakly compact, hence T(A) is relatively
w(T(A) = 0, implies that w(T(A)) = 0 which also

w(A)
implies that T(A) is relatively weakly compact. Conversely, let A be a bounded set such that w(A) > 0. If

weakly compact. Now for w(A) > 0, if a(T) = 0, then

T(A) is relatively weakly compact, then wc(u];fg)) =0, and so
w(T(A)) } oy
sup{ Sy A€ Myand w(4) > 0} =&(T) =0,

Which concludes the proof. [

Remark 3.2. In relation (1), we can deduce that w(TS) > B(TS) > E(T)B(S).

Now, let us introduce the following definition needed in the sequel.

Definition 3.3. Let X and Y be two Banach spaces and T € L(X,Y). We say that T is weakly proper if for
every K € K“(Y), T"}(K) € K(X).

The following lemma gives a characterization of weakly proper operator see also (Definition 28, [7]).

Lemma 3.4. Let X be a Banach space, T € £(X). If B(T) > 0, then T is weakly proper on bounded sets.

Proof. Let K be weakly compact set of X and B a bounded subset of X. We prove that A = BN T~(K) is
weakly compact. Suppose the opposite, we have then w(A) # 0. Observe that

T(A) = T(BN T Y(K)) c T(B) n T(TY(K)) c T(B) N K,
then

w(T(A)) w(T(B) N K)

w(K)(= 0).

It follows that w(T(A)) = 0. Now, since E(T)a)(A) < w(T(A)) and w(A) # 0, then E(T) = 0, which is a
contradiction whence the result. [

IA A

Theorem 3.5. Let X be a Banach space and T € £(X). If for any bounded subset B of X and for any compact
Kof X, the set {x € B : Tx € K} is weakly compact, then T € @, (X).

Proof. Let B := B(0,1) denote the closed unit ball. Obviously, N(T) N B = T"}0} N Bis weakly compact,
then N(T) is reflexive. Suppose that R(T) is not closed, then there exists a sequence (x;,), in X such that
(Tx,), converge to a point y € X\R(T). Note we may suppose for all # € N that x, ¢ N(T). For each
n € N, put d, = dist (x,, N(T)). Clearly, d, > 0. We claim that d, — o asn — oo. To see this, suppose
otherwise. Then there exist A > 0 and a subsequence (dy())» 0f (d,), such that dy,) < A for all n € IN. Since
dpm) = , EIE(fT)HX(P(H) — ylI, there exists a sequence (yy,(:))n C N(T) such that for all n € IN, [[xp) — Yol < 2A.

Hence, (xpn) — Yom))n C B(0,2A). Now, observe that

{T(xpmy = Yom)),n € N} C {Txpm),n € N} U {y} := K.
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It follows that
(o) = Yom)n € T~H(K) N B(0,24).

Since K is compact, then T-}(K) N B(0,24) is weakly compact, then there exist a subsequence (Xgoym) —
Yopoyp(n) neN Of (Xp(m) — Ypem)n and x € X such that Xpop(m) = Ypop) — X. Thus,

T(Xpop(n) = Ypoum) — Y-

It follows that y = Tx, which is a contradiction. Hence, d,, — 0.
Now let us define the sequence (z,), by:

(%o = Yom)

n — , € IN.
o) = Yol
Clearly,
1
ITzull = ————Txpwll
! o — Youll
1
< —||Tx ()H.
d@(n) o
Thus,
1
ITzull < —ITIIXpm) = Youll + 1YeumD- ()
dp(n)

Since (Ypm))n C B(xpm), 24) N N(T) is weakly compact, then there exist a subsequence (Ygoy(n))nen and M > 0
such that [|yyey ()|l < M for all n € IN. By Inequality (2), we obtain

1
HTZ)/(n)” <
dwoy(n)

ITII2A + M).

Thus, Tzy;) — 0. Since ||zyyl| = 1 and Tz, ) — 0, then (zy))nen C B(0,1) N T~Y(K') where K’ is the compact
set defined by K’ := {Tz,(,, n € N} U {0}. Taking into account that B(0,1) N T-(K') is weakly compact, then
there exist a subsequence (z,0g(m))n Of (z)(m))n and z € X such that z,0¢;) — 2, then Tzy0¢() — Tz. It follows
that z € N(T).

But for alln € IN,

| x(poyoé(n) - y(poyog(n) _ Z”
X poyocn) = Ypoyostnll

1

= epoyecen — Jompozogll Porec = Yporece) = Zgpeyectn = Ypeyezenlll
oyol oyo.

“Zyoé(n) - ZH

1
2 ﬁ(d(poyofi(n) - ”Z”d(poyoé(n))
1
> (= IEDdgeyocin.
Since dyoyoz(m) — ©0, it follows that ||zgo) () — z|| = o0, which is a contradiction. [J

Theorem 3.6. Let X be a non-reflexive Banach space and T € L(X). The following statements hold.

(i) If B(T) > 0, then T € @y (X).
(if) Assume that X satisfies the property (H;) and T € @, (X), then E(T) > 0.
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Proof. (i) By Lemma 3.4 and Theorem 3.5 we conclude the result.

(i) Let X be a non-reflexive Banach space having the property (H;) and T € £(X). Since T is an upper
generalized semi-Fredholm operator then it is left invertible modulo a weakly compact operator and so
there exist Ty € £(X) and W € ‘W(X) such that TyT =1+ W.

If B(T) = 0, then for all ¢ > 0, there exists a bounded subset D, with w(D;) > 0 and % < e Takee < ﬁ
Then,

w(T(D¢)) ew(Dy)

ew((ToT — W)D,)

ew(ToTD,) + ew(WD,)
ew(To)w(T(Dy)) + ew(W)w(D;)
ew(To)w(T(De)).

INIA IN N TA

It follows that
(1 - ew(Ty))w(T(D,)) < 0.

Since €w(Ty) < 1, then w(T(D;)) = 0 ie., T(D,) is relatively weakly compact set. Since T is left invertible
modulo weakly compact operator, then ToTD, = ((I + W)D,) is relatively weakly compact. Hence D, is
relatively weakly compacti.e., w(D,) = 0, which is a contradiction. [

Now, we present the following remark.

Remark 3.7. It easy to check that, T € ®,,(X) if and only if, T* € ®,_(X"), where X is a Banach space.

Theorem 3.8. Let X be a non-reflexive Banach space and T € L(X). The following statements hold.

(i) If B(T*) > 0, then T € ®,_(X).
(i) If B(T) > 0 and B(T*) > 0, then T € ®y(X).

Proof. (i) B(T*) > 0, then by Theorem 3.6 (i), we conclude that T* € ®,, (X"). Hence, T € ®,_(X).
(if) Combining assumption (i) and Theorem 3.6 (i), we obtain the result. O

As proved in ([21], Theorems 5,6,9), we can extend these results to generalized Fredholm operators.

Theorem 3.9. Let X be a non-reflexive Banach space having the property (H;) and let T,S € L(X). The
following statements hold.

(i) If ST € @, (X), then T € @, (X).

(i) If ST € @, (X) and X" satisfies the property (H;), then S € @, (X).
(i1i) If ST € @,4(X) and X" satisfies the property (H;), then S € @, (X) and T € @, (X).

Proof. (i) Let ST € ®,,(X). Since X satisfying the property (H;), then there exist A € £(X) and W; € W(X)
such that AST = I — W; which implies that E(T) > 0 and so by Theorem 3.6 (i) we infer that T € @, (X).

(ii) The proof of (ii) can be checked in a dual way as (i).
(iif) The proof of (iii) follows from (i) and (if). [

As a consequence result of Theorems 3.6 and 3.9 (i), we have the following remark.

Remark 3.10. Let X be a non-reflexive Banach space having the property (H;) and let T € £(X). If T is left
and right invertible modulo the weakly compact operators, then T is a generalized Fredholm operator on
X.

We can get now, some perturbation results under properties (H;), (Hz) and both of them.
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Theorem 3.11. Let X, Y and Z be three non-reflexive Banach spaces and let T € £L(X,Y), S € L(Y,Z). The
following statements hold.

(i) Assume that X, Y and Z satisfy the properties (H;), (H) and (H>) respectively. If T € ®,(X,Y) and
S € @y(Y, Z), then ST € Oy(X, Z).

(i1) Assume that X and Y satisfy the properties (H;) and (H;) respectively. If T € ®,(X,Y) and W € W(X,Y),
then (T + W) € ®y(X,Y).

For X =Y = Z, we have the following assertions:

(iii) Assume that X has the property (Hy). If T € ®;,(X) and W € W(X), then (T + W) € @, (X).

(iv) Assume that X" satisfies the property (Hy). If T € @, (X) and W € W(X), then (T + W) € O, (X).

(v) Assume that X has the property (H1). If T € @, (X) and S € @y, (X), then ST € @, (X).

(vi) Assume that X* has the property (H;). If T € @, (X) and S € @, (X), then ST € @, (X).

Proof. (i) Since X, Y and Z satisfy the properties (H;), (H) and (Ha) respectively and T € ®,(X,Y) and
S € @y(Y,Z), then by Theorem 2.4 there exist To € L(Y,X), So € L(Z,Y) and W; € W(X), W, W3 € W(Y)
and Wy € W(Z) such that

ToT =1Ix+W; onX, TTo=1Iy+W; onY.
SoS=Iy+ W3 onY, SSo=I;+W; onZ.

Then,
ToSoST = T()(Iy + W3)T =Ix+ Wy + ToW3T =Ix + W5, W5 € W(X),

and
STTySy = S(Iy + Wz)So =17+ Wy + SW,5) =1, + W, W € W(Z)

Now, by using Remark 3.10, we deduce that ST € ®,(X, Z).
(i1) The proof of (ii) is similar to (7).
(iti) Since X has the property (H1), T € @,4(X) and W € W(X), then by using assertions (iii) and (v) from
Proposition 3.1, we get E(T+ W) = B(T) > 0. It follows from assertion (i) of Theorem 3.6 that (T+ W) € @, (X).
(iv) Since X* has the property (H;) and T* € @,, (X"), then there exist Tp € £L(X") and W; € W(X") such that
ToT* = I+ W;. Hence,

To(T + W)* =1+ Wy +TyW7,
where W* € W(X"). Implies that (T + W)Tj; € ®,_(X). It follows from Theorem 3.9 (ii) that (T + W) € ®,_(X).
(v) Since X having the property (H;) and T, S € ®,,(X), then by assertion (i) of Theorem 3.6, we conclude

that ‘E(T) > 0 and E(S) > 0. Taking into account that ‘E(ST) > B(T),[_S(S) > 0, we deduce that ST € @, (X).
(vi) Assume that X* having the property (H;). Since T%, §* € ®,,(X"), then by the previous assertion (v), we
deduce that T*S" € @, (X*) and consequently, ST € ®, (X). O

Theorem 3.12. Let X and Y be two non-reflexive Banach spaces having the properties (H;) and (H;) respec-
tively. Assume that S € ®,(X,Y). Then there is an n > 0 such that for any T € L(X,Y) satisfying [[T]| < 7,
one has

(§+T) € Dy(X,Y).

Proof. Since S € ®4(X,Y), then by Theorem 2.4 there exist So € L(Y, X), W1 € W(X) and W, € W(Y) such
that SoS = I+ W; and SSg = I + W, and so,

So(S+T) =I+W;+S5T onX

(S+T)Sg=1+W,+TSy onY.
We have
(ISoTIl < ISollllTI and  [[TSoll < [[T1llISoll-

Take 1 = [|Sol|™!, hence ||SoT|| < 1 and ||TSpl| < 1. Thus the operators I + SoT and I + TSy have bounded
inverses and so,
(I+SoT)So(S+T) =1+ (I+SyT)"'W; onX,
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(S+T)So(I+TSo) ' =1+ Wo(I+TSp)™" onY.
Thus, by using Remark 3.10 we infer that (S + T) € @y(X,Y). O

Proposition 3.13. Let X and Y be two non-reflexive Banach spaces having the properties (H;) and (H>)
respectively and let T, S € £L(X,Y) where S is a nonzero operator. Then, ®, 75 is open.

Proof. Let Ay € @, 1,5, then by Theorem 3.12 there exists 7 > 0 such that for all « € C with |a| < ﬁ, the

operator (1S — aS — T) € ®,(X, Y). Consider |A — Ag| < oL, then (AS = T) € ®,(X, Y). So, D, 15 is open. [
P 7 TSl g 9.T, p

The following result is an extension to weakly proper operator of the Lemma 4.2 in [11].

Lemma 3.14. Let X be a Banach space and let T € £(X). Suppose that for some n € N\{0}, @(T") < 1. Then
for any closed bounded B C X and for any weakly compact K C X, the set {x € B : (I — T)x € K} is weakly
compact, i.e., I — T is weakly proper on closed bounded sets.

Proof. Set M := {x € B: (I - T)x € K}, M is closed and bounded and K is weakly compact. It remains to
prove that w(M) = 0. For this purpose let x € M, then there exists y € K such that x = Tx + y. Thus,
(I-T)Tx+y)=Tx+y—T?x—Ty = y. Hence,
x=Tx+Ty+y.
When calculate (I — T)(T?x + Ty + y) = y, we get
x=Tx+T?y+Ty+y.

More generally, for any n € IN, we obtain:

n-1
x:T”x+Zij 3)
j=0
n-1 )
Let Ky := Z T/(K). Since T is continuous then Kj is weakly compact, and from Eq. (3), we deduce that
j=0

M c T'(M) + Ky,
then,
w(M) < w(T"M)) < o(T")w(M).
Thus, (1 — w(T"))w(M) < 0 and consequently, (M) =0. O

We can now present a new generalization of Theorem 4.4 in [11]. Before that, let us present the following
useful lemma. The proof can be found in [16].

Lemma 3.15. Let X,Y be two Banach spaces and Z ¢ X. For an operator T € L(X,Y), the following
statements are equivalent.

(1) T is co-tauberian.
(ii) Every operator S € L(Y, Z) is weakly compact whenever ST is weakly compact.

Theorem 3.16. Let X be a Banach space and let T € £(X) such that w(T") < 1 for some n € IN\{0}. Then,
(I-T) € Dy(X).
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Proof. By Theorem 3.5 and Lemma 3.14, we show that
(I-T) € ©pu(X). @)
Let S € L(X) such that S(I — T) is weakly compact. We have to prove that S is weakly compact. S(I — T") is
weakly compact thanks to S(I = T") = SU—=T)(I+ T +---+ T" '), where (I + T + - - - + T""!) is bounded. From
the expression S = S — ST" + ST" = S(I — T") + ST", we deduce that
@(S) < w(ST") < w(S)w(T")

and thus, (1 — w(T"))w(S) < 0, which implies that @(S) = 0 and so S is weakly compact. Then, from Lemma
3.15, we infer that (I — T) is co-tauberian and according to Eq. (4) we conclude that R(I - T) is closed. Hence,

(I-T) € Dy(X). ®)
In view of Egs. (4) and (5), we obtain the desired result. [

Theorem 3.17. Let Xbeanon-reflexive Banach spaceandletT, S € L(X). Ifa(T) < E(S), then (T+5) € @ . (X).

Proof. By statement (iii) of Proposition 3.1, we prove that §(T + S) > 0, the result is then obtained from
statement (i) of Theorem 3.6. [

Definition 3.18. Let X be a Banach space and let T, S € L(X), we define the non-negative quantity:
W(T) = sup{B(T + S) such that B(S) = 0}.
We denote by @O(T) the limit of the sequence @(T ”)37,

Theorem 3.19. Let X be a non-reflexive Banach space having the property (H;) and let T, S be two com-
muting bounded linear operators on X.

(i) If P(T) < B(S), then (T + S) € Dy (X).

(ii) If Y(T") < B(S"), then (T + S) € @y, (X).

Proof. (i) Suppose that (T + S) ¢ @, (X), so by assertion (i) of Theorem 3.6 we get B(T + S) = 0. Then,

B(S)

BT — (T +9))
sup{B(T — (T + S)) such that (T + S) = 0}
sup{B(T + (=(T + S))) such that B(—(T + S)) = 0}.

IN

Put§ := —(T +S), then

B(S) < Sup{E(T + §’) such that E(S’) =0}.

(7).

Hence,

B(S) < Y(T).

(if) Suppose /_S(T + S) = 0. By assertion (ii) of Theorem 3.6 and since X satisfies the property (H;), we infer
that (T + S) ¢ @, (X). We have

(T"+8") = (T =TS+ T"°S + .- + S I)(T +5).
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Since (T + S) ¢ @, (X), then from Theorem 3.9 (i), we deduce that (T" + §") ¢ @, (X) and so E(T” + 5" =0.
Therefore,

B(S™ = P(T"—(T" +S")
< sup{B(T" + (=(T" + S"))) such that B(T" + S") = 0}
= sup{B(T" + (—(T" + $"))) such that B(—(T" + S")) = 0}.

Take A := —(T" + S"), then
B(S")

IA

sup{B(T" + A) such that §(A) = 0}
P(T").

Thus,
B(SM) <P(T"). O

The following result consists to a generalization of [[6], Proposition 3.1].

Proposition 3.20. Let X be a non-reflexive Banach space having the property (H) and let T € £(X) and
S € @y(X). If So € L(X) is an inverse of S modulo weakly compact operators, then we have the following.
(1) If @(TSp) < 1, then (T — S) € Dy(X).

(i) If @(SeT) < 1, then (T - S) € Py(X).

Proof. (i) According to Theorem 3.16, we show that (I — TSp) € ®,(X). Since X has the property (H) and
S € ®4(X), then by Theorem 2.4, there exist Sop € £(X) and W; € W(X) such that SoS = I + W;. Thus,
(I =TSp)S € ®y(X). This implies that (I — TS)S = (S —TS5S) = (S =T — TW1) € ©y(X), hence (T - S) € Dy(X).
(i) The proof of (ii) is similar to (i). O

We are able now to give a singular perturbation result of generalized Fredholm operators which extends
the Theorem 4.63 in [1].

Theorem 3.21. Let X be a non-reflexive Banach space having the property (H;) and let T € £(X) and
S € L(X). If T is a generalized Fredholm and S is strictly singular, then T + S is a generalized Fredholm
operator.

Proof. S is strictly singular, then from Theorem 2.6, there exist closed subspaces X; of X and X, of X; such
that S; : Xo — X is compact. Consider S as a composite mapping as follow:

X% B x 2 x
in order to obtain S = S; o P, o P;. Then,
a(S) = a(S1P2P1) < a(S1)a(P2Pr). (6)

Since S € K(X) ¢ W(X), we get a(S1) = 0. This result, combined with the use of Eq. (6) allow us to
conclude that a(S) = 0. Using the fact that T € @, (X), then by Theorem 3.6 (i), we deduce that B(T) > 0. To
prove that (T +S) € @, (X), it suffices to show that B(T +S) > 0. For this purpose, we have from Proposition
3.1 (iii) that B B

B(T +5) = B(T) - &(S).
Since B(T) > 0 and &(S) = 0, then we infer that B(T + S) > 0. Therefore, by assertion (i) from Theorem 3.6 we
obtain that

(T +S) € Dy (X). @)
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Now, by using Lemma 3.15, it remains to prove that T + S is co-tauberian. For this purpose let A € L(X)
such that A(T + S) is weakly compact. It is enough to show that A is weakly compact. We have,

@(A(T + S)) = @(A)B(T + S).

Since E(T +8) > 0and @(A(T + S)) = 0, then @(A) = 0. Hence (T + S) € 79(X). From Eq. (7), it follows that
R(T + S) is closed. Consequently,

(T +S) € D, (X). 8)
According to Egs. (7) and (8), we deduce the result. 0O

Now, we shall present an example of tauberian and co-tauberian operator from [15] which is not a general-
ized Fredholm.

Example 3.22. Let X be a non-reflexive Banach space and let T an operator in X defined by
T:hX) — LX)
() = (a/n).

is not a generalized Fredholm. Indeed,
firstly, we have that for any normed linear space X, the dual of /5(X) is [,(X*). Hence, T* maps [»(X*) into
itself and T* maps [,(X*) into itself. Indeed, the isomorphism P from [»(X*) to I(X)* is defined by:

P:h(X) — LX)
e = Y (),
n=0
for all (x,,), € [o(X). It is not difficult to prove that P is linear and bijective.
Secondly, clearly T is bounded. Furthermore, we have
(T™) Y (1a(X)) = {x; € I,(X™) such that (x;*/n) € L,(X)}.
Since (x}’/n) € [,(X), then x;; € X, for each n. Moreover,
x,; € h(X")and x}; € X, for eachn.

Thus, x;7 € I,(X) and so T is tauberian. Now, using the fact that T is co-tauberian whenever T* is tauberian
and applying the same way as above, then we conclude that T is co-tauberian. However, the range of T is
not closed. Hence, we infer that T is not a generalized Fredholm operator.

4. Generalized S-essential spectra

In this section we investigate the generalized S-essential spectrum of a bounded linear operator acting
on a Banach space X and present some generalization of results obtained in [17]. We begin with the a
classical definition:

Definition 4.1. Let X be a Banach space and let T and S be two bounded linear operators on X. We
respectively define the generalized Wolf S-essential spectrum and the generalized Gustafson S-essential
spectrum of T by:

05e,g(T) = {A € Csuchthat (AS - T) ¢ ®,(X)}, and
05e,,9(T) 1= {/\ € Csuchthat (AS-T) ¢ ®g+(X)}.

The generalized S-resolvent ps ,(T) is C\os,, 4(T). The generalized S-essential spectral radius of T is defined
by:

7se,4(T) := sup{|A| such that A € os,, 4(T)}.
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Note that for S = I, the two previous generalized essential spectra of T will be respectively denoted by
Oe,,9(T) and o, 4(T) and ps 4(T) (resp. s.4(T)) will simply be denoted by p,(T) (resp. .,4(T)).

Now, let us start with the following classical result concerning the invariance of spectra.

Proposition 4.2. Let X be a non-reflexive Banach space and let T and S be two bounded linear operators on
X.

(i) If S is an invertible operator, then o, ,(T) = GEW(S‘lT).
(i1) Assume that X having the property (H) and S € ®,(X). Then,
0e4,g(T) = GSE4,g(TS) = 0564,g(ST)-

Proof. (i) A & 0¢,o(S™'T) implies that (AI — S7'T) € @y(X). Since S is invertible, it follows that S € O(X) C
@,(X), then S(AI — S7'T) = (AS — T) € ®y(X). We infer that A ¢ g, 4(T). Conversely, if A ¢ 0, 4(T), then
(AS = T) € ®y(X). Since S is invertible, we obtain (Al — ST e Dy(X), thus A ¢ 064,g(5_1T).

(i) Let us prove the first equality o, 4(T) = 0se, 4(ST). If A € 0, 4(T), then (Al = T) € @y(X). Since S € Dy(X),
then by Theorem 3.11 (i) we deduce that S(AI-T) € ®,(X). Hence, A ¢ 0., ,(ST). Conversely, if A ¢ os,, 4(ST),
then (AS — ST) € ®,(X). Since S € ®y(X), then by Theorem 2.4 there exist Sy € L(X) and W; € W(X) such
that SoS = I + Wy. Then, So(AS = ST) = (AI = T + AW; — WiT) € @,(X), and so by statement (ii) of Theorem
3.11 we conclude that (AI — T) € ®,(X). Thus, A € o, 4(T). Similarly we prove that o, 4(T) = 0s,, 4(TS). O

Now, we can give the second main result concerning the generalized S-essential spectrum of T.

Theorem 4.3. Let X be a non-reflexive Banach space having the property (H;) and T and S be two bounded
linear operators on X. Then,

Osg(T) =[] Tseyg(T+ W),
WeW(X)

Proof. Let A ¢ 0s,,4(T), then (AS — T) € @,,(X). Since X satisfies the property (H;) and (AS — T) € ®@,.(X),
then by Theorem 3.11 (iii) we deduce that

(1S =T = Wi) € Dyu(X), )

where, W; € W(X). It remains to show that (AS — T — Wy) is co-tauberian. Let A € L(X) such that
A(AS — T — W) is weakly compact. By Lemma 3.15, it is enough to show that A is weakly compact.
We have

D(AAS = T = Wy)) 2 B(AS = T — Wy)w(A). (10)
Since (AS — T — Wj) € @, (X), then by Theorem 3.6 (ii), we have
B(AS — T — Wy) > 0.

Taking into account that w(A(AS — T — W;)) = 0, then the use of Eq. (10) leads to w(A) = 0. Hence, A is
weakly compact, and then (AS — T — W;) € 74(X). From Eq. (9), we obtain that R(AS — T — W) is closed.
Thus,

(AS = T = W1) € D, (X). (11)

From Egs. (9) and (11), we conclude that (AS — T — Wy) € ®,(X), which yields to A ¢ (\yew(x)se,,9(T + W).
Conversely, let A ¢ (e x)05e,,9(T + W), then there exists W € W(X) such that A € ps,(T + W). Thus,
(AS=T-W) € ®y(X) and so (AS —T - W) € @, (X). Since X has the property (H;) and (AS-T - W) € @, (X),
then by Theorem 3.11 (iii) we deduce that (AS — T) € ®,,(X) and consequently, A ¢ ds, ,(T). O

Now, given a bounded linear operator S acting on a Banach space X, we introduce the following definitions.
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Definition 4.4. LetT € L(X). The generalized Jeribi essential spectrum and the generalized Jeribi S-essential
spectrum of T are respectively defined by:

0ig(M) = (| Geg(T+W)and osig(T) i= (] Gseygl(T + W).
WeW.(X) WeW,(X)
Here, W.(X) stands for each one of the sets ‘W(X) or S(X), where S(X) is the class of strictly singular
operators [17].

Definition 4.5. Let X be a Banach space and T € £(X). The generalized Jeribi S-essential spectral radius of
T is given by:

r5j4(T) = sup{|A|such that A € 05;,(T)}.
Note that when S = I, 75;,(T) is simply denoted by ;,(T).
As for the essential spectral radius defined in [6], we introduce the generalized essential spectral radius

Definition 4.6. [26] Let X be a Banach space. The generalized Calkin algebra of X (the quotient space
L(X)/W(X)) is denoted by I'(X) and let Il the (canonical) quotient map of £(X) onto I'(X).

: LX) — T(X)
T — IKT)=[T]=T+WX.

For instance, We say that an operator T € £(X) is generalized essentially invertible if I1(T) is invertible in
the generalized Calkin algebra. When X is non-reflexive has the property (H;), we see that the generalized
essentially invertible operators are precisely the generalized Fredholm operators. This is simply restatement
of Remark 3.10.

Remark 4.7. Let X be a non-reflexive Banach space having the property (H). An operator T € L(X) is
generalized essentially invertible if and only if, is a generalized Fredholm. Then, the generalized Wolf
essential spectrum of T, o, 4(T), is the spectrum of I(T) in the algebra I'(X). So, the generalized essential
spectral radius 7,,4(T) of T is equal to the spectral radius (I(T)) of I(T) that is,

Feg(T) = r(T(T)) = lim [IT"|lw]", where

ITllw == inf {IT + W, W € W)},

Now, we can give an extended notion of generalized S-essential spectral radius of a bounded operator:
Let X be a non-reflexive Banach space has the property (H). We consider the operators T € £(X) and
S € @y(X). Then, by Theorem 2.4, there exist So € L(X) and Wi, W, € W(X) such that SSp = I + W; and
50S = I+ W,. We start with the following proposition.

Proposition 4.8. Let the space X and the operators T and S defined as above. Then, according to the
notations mentioned in the definition above, the generalized S-essential spectral radius of T is given by the
formulas:

rseg(T) = im [@((TSo)")]" = lim [@((SoT)")]".
Proof. Let A € C. If|A| > @(TS). In view of Proposition 3.20 (i), we see that (T - AS) € ®y(X)i.e., A & s, 4(T).

Hence, 75.,4(T) < @(TSo). Now, set r := lim [E((TSO)”)]%. The limit of [E((TSO)”)]% exists for all T € L(X) (see
[[11]: Lemma 2.16]). We have, according properties of w : w(TSg) < ||TSollw, and so
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lim [@((TSo)")]" < kim [I(TSo)"llw]" -
Since
r(II(TSp)) = 1,3(TSo) = 75e,5(TS0S)
and

756,9(TS0S) = 75e,9(T + TW1) = 150,4(T), W1 € W(X),

it follows that,
Bim [@((TSo) )7 < rse(T). (12)

In the other side, let A € C. If |A| > 7, then there exists n € IN* such that [A|* > @((TSp)"). By assertion (i) of
Proposition 3.20, we get (T — AS) € ®,(X) and thus A ¢ os,, 4(T). This shows that

rseg(T) < lim [@((TSo)")]". (13)
From Inequalities (12) and (13), we obtain the desired result. The other equality can be proved similarly. [

Following notations of previous results, we give some strong arguments to locate the generalized S-essential
spectra.

Theorem 4.9. Let X be a non-reflexive Banach space having the property (H;) and let T, S € £(X) such that
S is non vanishing nonzero and non weakly compact operator.

() If 0 & 0¢,,4(S), then 0, 4(T) C 5(0, 1%(? )

i By $o(D
(D TFO € 0 5(5) U 01, (T), then as.,(T) < C| B2, 20|

(iii) If O € 0,,4(T), then a,, 4(T) € D(0, Py (T)).

Proof. (i) Let A € C, such that A ¢ 5(0, %’((ST)) ), means that I/XIE(S) > EO(T), then there exists n € IN* such that
IAI"B(S™) > P(T").
By using Theorem 3.19 (ii), we deduce that (T — AS) € @, (X), which implies that A € ose, 4(T).

(i1) Let A € C, such that A ¢ C[%g)), %((ST))], ie., |/\@(S) < EO(T). Then, there exists n € IN* such that

IAI"(S™) < B(T™),

then using once more Theorem 3.19 (i), we conclude that (T — AS) € @, (X) and thus, A € o5, 4(T).

(iif) Let n € IN* and suppose that |A]" > E(T“). Since E(I) = 1, then by assertion (ii) of Theorem 3.19, we
infer that (AI — T) € ®,,(X). This fact and by using Lemma 3.15 we obtain that (A - T) € 7" 4(X). Hence,
(AI = T) € ®4(X) and consequently A ¢ g, 4(T). O

Theorem 4.10. Let X be a non-reflexive Banach space satisfying the property (H;) and let T and S be two
bounded linear operators on X such that S is a non weakly compact operator.

(i) If 0 ¢ 0, 4(S) then as;4(T) © 5(0' EB((ST)) )

y ‘ Bo(D)  $y(T)
(i) £ O ¢ 04, 4(S) U ey o(T) then a5j(T) € c[ A0 G ]
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Proof. As ‘W.(X) contains W(X) and by applying Theorem 4.3, we get

() seugT+MW)C () Tsupg(T+ W),

WeW.(X) WeW(X)
then we deduce that

05j,9(T) C 0se,,4(T). (14)

(/) Combining relation (14) and Theorem 4.9 (i), we get that 05;,(T) C 5(0, JEU((ST)) ), if 0 ¢ 0e,4(S) .
(ii) It suffices to use Eq. (14) together with assertion (ii) of Theorem 4.9 to obtain the desired result. [

Theorem 4.11. Let X be a non-reflexive Banach space having the property (H;) and let T, S € £(X). Then,
05j,g(T) = 05e,,4(T).
Proof. Clearly, 0sj,(T) C 0se, 4(T). Now, we will show the following inclusion
05e,,9(T) C 05,4(T).
Let A ¢ 05;,(T), then there exists W € ‘W.(X) such that A € ps,(T + W). This implies that
(AS =T - W) € Dy(X). (15)

Taking into account that W.(X) is a two-sided ideal of £(X), we have in the two following cases:
1% case: If W € ‘W(X), then we can write

AS=T=AS-T-W+W (16)
Since X satisfies the property (H;) and (AS — T — W) € @,,(X), then by applying Theorem 3.11 (iii) to Eq.
(16), we deduce that (AS — T) € @, (X) and then A ¢ o, 4(T).

2™ case: If W € S(X), then (AS—T—-W)'W € S(X), it follows from Theorem 3.21 that (I+(AS—T-W)'W) €
@, (X). Implies that

(I+(AS—-T—=W)'W) € Dy (X). (17)
On the other hand, we have from Eq. (15) that

AS-T-W) € Dy (X). (18)
Furthermore, we have

(AS=T) = (AS =T - W)(I + (AS — T — W)"'W). (19)

Again, the use of Egs. (17),(18),(19) and Theorem 3.11 (v), enables us to conclude that (AS — T) € ®,,(X),
and so A € s, 4(T). O

Remark 4.12. In Theorem 4.11, when S = I we get

0j4(T) = 0e,,4(T).
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