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Existence and Uniqueness of Solutions to Some Classes of Nonlocal
Semilinear Conformable Fractional Differential or Integrodifferential
Equations
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@ Faculty of Science, Zagazig University, Zagazig, Egypt.

Abstract. The purpose of this paper is to give and prove the fundamental theorem of conformable
fractional calculus which is given only in previous associated papers for differentiable functions, and then
we scrutinize the existence and uniqueness of solutions to some semilinear Cauchy problems for nonlocal
conformable fractional integrodifferential or differential equations which their nonlinear terms include
fractional derivative or fractional integral. Two examples are investigated to elucidate the main results.

1. Introduction

Fractional calculus plays a pivotal role in applied mathematics and other scientific fields such as chem-
istry, physics, engineering, biology, economics as well as signal processing and telecommunication. It
describes the most diminutive details of natural phenomena, which is better than using the integer calcu-
lus. For the history and more details about applications and significant results on fractional calculus, we
refer to [4, 6,9, 12, 21, 23-26, 28].

A lot of definitions for fractional derivative have been given over the years [17], such as Riemann-
Liouville, Caputo, Grunwald-Letnikov, Hadamard derivative, etc. Conformable fractional derivative (CFD)
is similar to the directional derivative. It satisfies the classical formulas of the product and quotient of two
functions and it has a simple chain rule. For other properties of the CFD, see [1, 16]. The physical
interpretation of the CFD is given by D. Zhao and M. Luo in [30] as a special velocity in a specific direction.
Many authors used the CFD in modeling physical problems by using their properties to obtain exact and
approximate solutions, see for instance [2, 3, 7, §, 18, 20, 22].

Many authors are interested in studying nonlinear Cauchy problems which have fractional derivatives
or fractional integral in its nonlinear term, see [13, 15, 19, 29].

Nonlocal conditions have a main role in describing some peculiarities of chemical, biological, physical
or other processes that occur at assorted positions inside the domain, which is clearly not possible with the

end-point (initial or boundary) conditions. In fact, nonlocal conditions give accurate results, more precise
measurements, and better effects than the conventional conditions.
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M. Herzallah and A. Radwan [14] studied the existence and uniqueness of solutions to the nonlocal-
impulsive semilinear conformable fractional differential equation

Du(t) = A(u(t) + f(t,u®)), t € J" = J\{ti, to, .., tw}, ] =[0,k];
u(0) + g(u) = up;
u(th) =u(t))+yi, i=1,2,..,m

where A(t) is a bounded linear operator on a Banach space X, t; satisfy 0 <t <t < .. <t, <k, and
u(t’) = lim.oeu(t; + €) and u(t;) = lim.o-u(t; + ¢) represent the right and lift limits of u(t) at t = ¢;.

Motivated by [14], this paper aims to discuss the existence and uniqueness of solutions of the following
two nonlocal problems:

Du(t) = A(tyu(t) + f(t, u(t), Pu(t)), 0<p<a<1, te[0,T]; o
Yy ax u(ty) = uo, Yyoqax # 0.

and
Du(t) = A(tyu(t) + f(t,u(t), DPu(t)), 0<p<a<1, te[0,T]; o
Yoy ax ulte) = uo, Loy ax # 0.

where D®, DF refer to the CFD'’s of order a, B sequentially, I? denotes the CFI of order g, A(t) is a
bounded linear operator on a Banach space X with constant domain D(A) C X, up € D(A) and t; satisfies
O<h<bh<.<t,<T k=1,2,..,m.

This paper is organized as follows: In section 2, we demonstrate some notations, definitions, and
theorems with giving proof of the fundamental theorem of conformable fractional calculus. In section 3,
we discuss the existence and uniqueness of solutions to Problem (1). Section 4 deals with studying the
existence and uniqueness of solutions to Problem (2). Finally, section 5 has some examples to make clear
the validity and importance of the main results.

2. Preliminaries

Let ] :=[0,T], T > 0, and C(J, X) be the set of all continuous functions u : | —» X with the norm
[[ullc= max{|lu(®)l|: t € J}.

Definition 2.1 (CFD [1, 16, 30]). Given a function u : [0, c0) — R. The CFD of u of order o € (0, 1) is given by

t+ et —u(t
D“u(t)zlin&u( ¢ - ) u(), t>0.
&

If lim;_,o+ D*u(t) exists, we set D*u(0) = lim;_,o+ D*u(t).

Definition 2.2 (CFI [1, 16, 30]). Given a function u : [0,00) — IR. Then for t > 0 and a € (0,1), the CFI of u of
order a is defined by

t
I*u(t) = f s u(s)ds,
0
where the integral is the usual Riemann improper integral.

Proposition 2.3 ([1, 5, 16, 30]). Let a € (0,1] and f,g : | — R be a-differentiable functions at a point t > 0. Then

1. The CFD and CFI are linear operators;
2. If f is a-differentiable at ty > 0, then f is continuous at to;
3. The function f could be a-differentiable at a point but not differentiable;
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4. The CFD satisfies

f

D (fa)(t) = FOD g(H) + (D" FB)g(0), mdD%ﬁm:“mDﬂm’ﬂmm“m-

g7() '
5. If f, in addition, is differentiable, then ~ D“ f(t) = tl‘“(%) and [*Df(t) = f(t) — f(0).
Theorem 2.4 ([1, 16]). Leta > 0and u : [a,b] — R be a given function that satisfies

1. wuis continuous on [a, b];
2. wuis a-differentiable for some o € (0,1). Then, there exists c € (a, b) such that

Theorem 2.5 (Conformable Gronwall inequality [1]). Let u be a continuous, nonnegative function on an interval
[0, b] and 1, ¢p be nonnegative constants such that

u(t) <o+ ybfot s lu(s)ds, te].

Then forall t € [0, 1],

th
u(t) < pexp (¢—)
a
Theorem 2.6 (Fundamental theorem of conformable fractional calculus). Let f : [0,b] — R, then we have the
following

(a) If f is an a—differentiable function where a € (0, 1]. Then I*D* f(t) = f(t) — f(0).

(b) If f is an Riemann integrable function on [0, b] and f is continuous for ¢ € (0, b) then I* f(t) is a—differentiable
at ¢ and D*I* f(c) = f(c).

Proof. Let {ty, 1,1, ..., tu} be an arbitrary partition of [0, t], then we get from the conformable fractional mean
value theorem that there is u; € (t;_1,t;) where

[ 1
t) = f(tic) = D f(u) | = - =].
£ = fiti) ﬂm@ a)
Using the ordinary mean value theorem, we get v; € (t_1, ;) where

f(t) = f(tic) = D* fui)o ™ (¢ — tiz1)
Thus, we get

n
FO = £0) = Y D* fluof 7 (t: — tin)
i=1
Let n — oo, we get (a).

Now, let F(t) = I*f(t), where f(t) is Riemann integrable for ¢ € [0, b], and is continuous at ¢ # 0, we get
that the function #*! f(t) is Riemann integrable and is continuous at c. From the fundamental theorem of
calculus, we get that F(t) is differentiable at the point ¢ and satisfies that F'(c) = ¢! f(c) but we have if the
function is differentiable, we get its fractional conformable derivative in the form

DF(c) = ¢! "F'(c) = """ 1 f(c) = f(c).
O

Theorem 2.7 (Schaefer’s fixed point theorem [10, 11, 27]). Let X be a Banach space and F : X — X be a completely
continuous operator. If the set E(F) = {x € X : nFx = x} for some n € [0,1] is bounded, then F has at least one fixed
point.
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3. Existence and uniqueness of solutions to Problem (1)

Consider the following assumptions:
(H1) A(t) is a bounded linear operator on a Banach space X where t — A(f) is continuous in the strong
operator topology and M = max{||[A(#)l|: t € J} .
(H2) f:]xXxX — Xiscontinuous. N = max{f(t,0,0) : t € J} and there exist positive constants 1,y such
thatforallt € Jand u,v € X:

If(t, ua(t), va(t)) = f(t, ua(t), o1 pllua(t) — ur(Bll+yllo2(t) — v1 ()]l

Lemma 3.1. Problem (1) is equivalent to the integral equation

m f
u(t) = =2 - ml Zak f s A(s)u(s)ds
k1 L Jo

m

1 e
a s f(s, u(s), IPu(s))ds
L),

ZZI:1 Ak 7=

' a—1 t a-1 B
+f(;s A(s)u(s)ds+j;s f(s,u(s), [Pu(s))ds. (3)

Proof. Acting I* on both sides of the fractional integrodifferential equation of (1) with applying part (a) of
Theorem 2.4, we obtain

t ¢
u(t) = u(0) + f s TA(s)u(s)ds + f s"“lf(s,u(s), IPu(s))ds, 4)
0 0

Putting ¢ = f; in (4) with applying the nonlocal condition of (1), we have

u() 1 - ftk -1
u0) = = - = a s A(s)u(s)ds
© Zk=1 ax Zk=1 ak;‘ ¢ 0
m fe
s [ s ), Puo)ds. ©)
k=1 g k=1 0

From (5) into (4), we get (3).
Conversely, if we a-differentiate (3) with applying part (b) of Theorem 2.4, we get

D%u(t) = D*I*A(t)u(t) + DI f(t, u(t), IPu(t))
= A(Du(t) + f(t, u(®), Pu(t)),

which is the fractional integrodifferential equation of (1) . Putting ¢ = t; in (3),

m m e m e
Z au(ty) = up — akf s*TA(s)u(s)ds — akf s (s, u(s), IPu(s))ds
k=1 k=1 0 k=1 0
+ Y a " s TA®GS)u(s)ds + Y a " sY (s, u(s), Pu(s))ds
Lo, Lo,

= Up.
which completes the proof. [

Definition 3.2. By a solution of Problem (1), we mean a function u € C(J, D(A)) which is a-differentiable and
satisfies (3).
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Consider the nonempty, bounded, convex and closed set B;:

2NT*
pllngl] + 2 }

B, =3ueC(0, T, X) : lullc £r, r=
12 ks

her = e .
WREIE 0= $m il

Theorem 3.3. If the assumptions (H1)-(Ha) are satisfied, and % (M +u+ %Tﬁ) < 1, then Problem (1) has a unique
solution u € B,.

Proof. Define the operator L : C(J,X) — C(J, X) such that

m

)
m T ym
Yio1 @k Lo Ok P
m

t
! Zakfo s“_lf(s,u(s),lﬁu(s))ds

T ym
L= 455

t t
+f(;s“‘1A(s)u(s)ds+j;s“‘lf(s,u(s),lﬁu(s))ds. (7)

Lu(t) = akfks“‘lA(s)u(s)ds
0

Due to the continuity of u, f and A(t), L is well defined. For u, v € B,, we have

m te
L < ploll+p Y Jad [ s IAG s
k=1 0
m fi
+p Yol [ 6, 9, Pt = £6,0,0)ls
k=1

m L t
+p Yl [ s*UIfG,0,0)ds + | s*HAG)u(s)lds
k=1 0 0

t

t
+fs“‘lllf(s,u(s),lﬁu(s))—f(510,0)||d5+f5“_1||f(5/0f0)”d5'
A 0

Then,

o B
N+r(M+y+£)}:n (8)

p

2T
Ll < plluoll + —

Thus, L maps B, into itself. Furthermore,
m fe
ILu(t) — Lo(®)l| < PZ|ﬂk|f s IAS)lllu(s) — v(s)|lds
k=1 0
m £
e Yl [ ), Pu(o) - 16,06, Pl
k=1 0

t
+ fo s A@)Illu(s) - o(s)llds

+ fo s (s, u(s), IPu(s)) — £, 0s), FPo(s)lds.
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Then,

a

2T
[|Lu — Lo|| <
a

B
(M+y+ %)Ilu—vll. 9)

Since 2= (M +u+ %) < 1, then as a consequence of Banach’s fixed point principle, L is a contraction

mapping and has a unique fixed-point which is the unique solution of Problem (1). [

Theorem 3.4. If the assumptions (H1) and (Hy) are satisfied, then Problem (1) has at least one solution u € B,.

Proof. Consider the operator L defined by (7). In view of Schaefer’s fixed point theorem, the proof will be
given in four steps.

Step 1. (L is continuous)

Let {u,} be a sequence in C(J, X) which converges to u € C(J,X) as n — oo forall t € ].

As in proving (9), we get

2T 6
Wity = Ll < = (M Tt %) ity = ull (10)

The right hand side of (10) tends to zero as n tends to co. Therefore, L is continuous.

Step 2. (L maps bounded sets into bounded sets in C(J, X))

It is enough to show that for any r > 0 there exists [; > 0 such that for each u € B, we have ||[Lu|| < [;. Let
t € J and u € B,. By using (7), we get

o )/Tﬂ
N+rM+y+? <lhL, 11>0. (11)

Ll < plluoll + —

Step 3. (L maps bounded sets into equicontinuous sets of C(J, X) )
Lette ], 0<t <t <T and u € B,. Consider then,

tr t>
ILu(ta) - Lu(t)]| < f S AG)u(E)llds + f s £(s, 0, 0)ds

ty 51

ty S
+f S“‘lllf(s,u(s)/f P Nu(r)dr) - £(s,0,0)lds
0

3}
|t’1 _ t“| |t/3 _ t/3|
2 _LIN+r|M+u+ Zﬁ L. (12)

Letting f, tends to ¢, the right hand side of (12) tends to zero. Therefore, the class of functions {Lu(t)} is
equicontinuous. As a consequence of Steps 1-3 together with Arzela-Ascoli theorem, we can conclude that
the operator L is a completely continuous operator.

Step 4. (A priori bounds)

We have to show that E(L) = {u € C([0,T], X) : nLu = u}, for some 1 € [0, 1], is bounded. Let u € E(L) and
there exist some 7 € [0, 1] such that nLu = u.
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Using (7) with applying (H;) and (H;), we have
lu@®Il = lInLu®)ll

m te
nelluoll +np Zlaklf s AG)Illu(s)lds
k=1 VO

IA

m t

cap Y ol [ 5060, [ o utodn - 160,01
k=1 0 0
m ty t

wap Yl [ s fs, 00+ [ s A@IIHOs
k=1 0 0

t S t
+17 fo s7HIf(s, u(s), fo ™ u(t)dr) - £(s,0,0)|lds + n fo s If(s,0,0)|lds

m ty m 1y
< nplluoll + nMilullp Y Jail f s ds + npllullp Yo f s 1ds
k=1 0 k=1 0

B m Fe m e t
+ nyllulIT—p Zlaklf % ds + nNp Zlaklf % ds + an s%1ds
pria Jo k=1 V0 0

T[; t t
+m/||u||F f s s + (M + p) f s u(s)|lds
0 0

then [[u(t)ll < ¢1+11 fot s*|u(s)||ds where P11 =7 [(plluOH + %) + %Hull (M +u+ 2);? )] and 7 = n(M+p).

Applying Gronwall inequality (Theorem 2.3), we get [lu(t)|| < ¢1 exp (lp] L ) Therefore, E(L) is bounded. As

[2%
a consequence of Schaefer’s fixed point theorem, we deduce that the operator L has at least one fixed-point

which is a solution of Problem (1). O

4. Existence and uniqueness of solutions to Problem (2)
Lemma 4.1. For 0 < B <a <1, everyan a-differentiable function is a B-differentiable.

Proof. Let 0 < B<a <1 and u be an a-differentiable function. Since DPu(t) = lirr(} M, then
£

u(t + et Py —u(t)
cta~p '

tF=2DPu(t) = lim
e—0

Let h=et*PF. Ife -0, weget h — 0. Hence, t#=DFu(t) = lim et ) -ul) D%u(t).
8 h—0 h
Then,
Dfu(t) = t*PDu(t). (13)
Thus, the proof is completed. []
To facilitate our discussion. let
Up 1 “

Lit1 ok Yk ka

where y(t) is the solution of the integral equation

ti
K: a f sﬁ‘ly(s)ds, (14)
0

¢ ¢
y(t) = 1 PA() (K + f sﬁ_ly(s)ds) + t“‘_ﬁf(t,K + f sﬁ_ly(s)ds, y(t)). (15)
0 0
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Lemma 4.2. Problem (2) is equivalent to the integral equation

¢
u(f) =K+ f P71y (s)ds, (16)
0
Proof. Let u be a solution of Problem (2) and
y(t) = DPu(t). (17)

Since 1, A(t), and f are continuous, then D*u is continuous and by Lemma 4.1, we have DPu is continuous.
Therefore, y is also continuous. From (17), we get

t
u(t) = u(0) + f s y(s)ds. (18)
0
Putting t = t; in (18) with applying the nonlocal condition of (2), we obtain
" b
u(0) = f s 1y(s)ds = K. (19)
ket Zk 1 kz‘

From (19) into (18), we get (16).
By using (17), Lemma 4.1 and (2), we have

y(t) = DPu(t)
1 PDu(t)

t t
= 1*PA®) (K+ f sﬁ-ly(s)ds)+ta—ﬁf(t,1<+ f sPly(s)ds, y(t)).
0 0

Thus, u is a solution of (16) where y(f) is the solution of (15).
Conversely, we have to show that if u is a solution of (16), u satisfies problem (2).
Putting ¢ = f in (16) and using (14), we have

m

m e m ti
Zaku(tk) = ug— Z akf sﬁfly(s)ds + Z akf sﬁily(s)ds = Uy,
k=1 0 k=1 0

k=1

which is the nonlocal condition of Problem (2).
If we p-differentiate (16), we get DPu(t) = y(t). Using Lemma 4.1 and (15), we have

D*u(t) = t#~oDPu(t)
=y ()
t t
B-1 B-1
A(t)(K+fos y(s)ds)+f(t,l<+‘f(;s y(s)ds, y(t))
A(bu(t) + f(t, u(t), DPu(t)).

Therefore, u is a solution of Problem (2). O

Definition 4.3. By a solution of Problem (2), we mean a function u € C(J, D(A)) which is a-differentiable and
satisfies (16).

Consider the nonempty bounded set B,:

ToH[pllugll(M + 1) + Nl} (20)

= {y €eC(0,TL,X):llyll <o, 0= 1- [%(M+M) +v]
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Theorem 4.4. Let the assumptions (Hy) and (Hy) are satisfied. Then Problem (2) has a unique solution u € B, if
Ta
5 M+ p) +yT*F < 1.

Proof. Consider the operator P : C(J, X) — C(J, X) such that

¢ ¢
Py(t) = t*PA() (K + f sﬁ_ly(s)ds) + t“‘ﬁf(t,K + f sﬁ_ly(s)ds, y(). (21)
0 0

Due to the continuity of u, y, f and A(t), P is well defined.
Lett € Jand y,z € B,. By using (13) and (21), we have

m f
Pyl < pt* PIA®) ol +Pt“_ﬂ||A(t)||Z|ﬂk|f S y(s)llds
k=1 0

t
+t“‘ﬂllA(f)||f S Hly(s)lids + Pl f (2, 0,0l
0

t
+EBIfCE K+ f S y(s)ds, (1) - £(2,0,0)].
0

Then,
2T¢

IPyll < T*F [plluoll(M + u) + N] + 0 8 (M + ) + 7/] =o0.

Furthermore,
m fi
IPy(®) - Pl < pEPIAGIY f U ly(s) — 2(s)lds
k=1 0
t
+ B PLA| f U y(s) - 2(6)lds
0
m fi
Yl [ e) - 20l
k=1 0

+ ute b fo S Mly(s) = 2(s)llds + yt*Plly(s) — 2(s)Il

Then,

2T¢%
IPy - Pz < (
Y B

(M + ) +VT“_ﬁ)||y—ZII. (22)

Since %(M +u)+yT*F <1, the operator P is a contraction. P has a unique fixed-point which is the unique
solution of Problem (2). Thus, the proof is completed. []
Theorem 4.5. If the assumptions (H1) and (H) are satisfied, then Problem (2) has at least one solution u € B,.
Proof. Consider the operator P defined by (21). Let {y.},, be a sequence in C(J, X) which converges to
y€C(J,X)as n — oo forall t € ]. Asin proving (22), we can easily get
2T _
1Py = Pyll < | == M+ o) + T PYllyn = yll-

Letting n tends to oo, we get Py, tends to Py . Thus P is continuous.



M. A. E. Herzallah, A. H. A. Radwan / Filomat 36:8 (2022), 2717-2728 2726

Now, we show that for any ¢ > 0 there exists I, > 0 such that for each y € B, we have ||Py|| < I;. Let
y € B, . By using (14) and (21), we get

0%

2T
IPyll < T [plluoll(M + u) + N] + [ B M+ +ylo < b, L>0.

That is, P maps bounded sets into bounded sets in C(J, X).
Let te], 0<t <t <T and y € B,. Since tg_ﬁ > t‘f_ﬁ, then

0T\ o _ oy, O o
IPy(t2) — Py(t)ll < M || plluoll + 5 t, "=t T+ 5 It, — £l

S G fo Ly, (k) - fit, K+ fo S Iy(s)ds, yE.

Since f is continuous, the right hand side of the above inequality tends to zero as f, tends to t;. Therefore,
the class of functions {Py(t)} is equicontinuous. As a consequence of steps 1-3 together with Arzela-Ascoli
theorem, we can conclude that the operator P is a completely continuous operator.

Finally, for some 1 € [0, 1], We have to show that E(P) = {y € C([0,T], X) : nPy = y} is bounded. Let
y € E(P) and there exist some 7 € [0, 1] such that 7Py = y. Consider then,

ly®Il = linPy@ll

m fi
npt* PIA®llluoll + ﬂPt“_ﬁ||A(t)||Z|ﬂk|f S ly(s)llds
k=1 0

IA

t
+ ntFIA)| f sy (s)llds + nt* Pl f(t, 0, 0)]]
0

t
+ e PIIf(E K+ fo s 71y(s)ds, y(t) - f(£,0,0)l

IA

m i‘k
NPT P(M + )luoll + npT* M + wllyll Y o f S
k=1 0
t
+ TP llyll + N) + nT*P(M + ) f 5" ly(s)lids.
0

Then, [ly(t)ll < 2+ 2 [ P iy)lds where ¢ = nT*F[(M + w(plluoll + Zliyl) + llyll + N| and 4, =

nT*F(M + u) . By applying Gronwall inequality, we get [|y(f)Il < ¢2exp (%ﬁTﬁ). Thus, E(P) is bounded.

Now we have the operator P is completely continuous and the set E(P) is bounded which prove, by using
Schaefer’s fixed-point theorem, that P has at least one fixed-point u € B, which is a solution of Problem
2. O

5. Examples

Example 5.1. Consider the nonlocal problem:

{D0~8u(t) = Ltu(t) + 5 [0.5u(t) + 0.250()], t € [0,1]; )

1(0.2) + u(0.8) = 1.

where A > 0 is a constant.
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We deduce that a = &, M = &, f(t,u(t),o(t) = &5 [05u(t) + 0.250()], N =0, up = 1, k € (1,2}, t =

02, t, =08, Y7 ay =2 and ] =[0,1]. Let u,v € C([0,1], R), we have

ATl 1
10, 01(0) = £t 120, 220 < 1 | 5 a(®) = w0 + 7 o 0) = 2200
e M1 1
< -3 @ - w1+ 5 1) - a0,
Then, u = E% andy = %M. Letting, for example, v(t) = I*®u(t) and choosing some A > 0 large enough, we get (in

view of Theorem 3.2) that Problem (1) has a unique solution.

Example 5.2. Consider the nonlocal problem:

D% u(t) = [ u(tdt + S [ 1200 + O], te[0,1];

= [T+l T o) (24)
u(0.3) + u(0.7) = 1.

where A > 0 is a constant.

We deduce that a = f’I,M = 0.2, f(t,u@®), o)) = % [1%5()1» + 1%()1”],”0 =1, kef{l,2}, hH =03, t, =

07, Yi axr=2, N=0 and J=[0,1]. Let u,v € C([0,1],R), we have
[f(t (), v (#)) = f(t, u2(t), v2(H))]

e M @) |ua(f)] N ()l oDl
T4t \1+ ()] 1+ [ua(t)l 1+o(t) 1+ o)

e‘“[ O = Ol llon®)] = 2O ]
(

T 14t [T+ m@ODA+ @) @+ o@D + [oa(B)])
—At
< g [ () = wOl+o1 (1) ~ 0]

oAt
- [lu1(t) = ua(t)|+lo1(t) — v2(B)I] -

IA

Then, u =7y = %‘t Let v(t) = D*5u(t) and choosing some A > 0 large enough, we get (in view of Theorem 4.3) that
Problem (2) has a unique solution.
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