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Abstract. In this paper, the notion of multivalued interpolative Hardy-Rogers-contractions using gener-
alized simulation functions is introduced. We establish some related fixed point results and we provide
some examples. We also prove data dependence of the fixed point sets. Moreover, we present strict fixed
point set, well-posedness and homotopy results.

1. Introduction and basic definitions

From now on, all considered sets and subsets are assumed to be non-empty. For a set M, the symbol
P(M) indicates all subsets of M. Further, the symbol Pc(M) (Pcb(M), respectively ) denotes the class of all
closed (all closed and bounded, respectively) subsets of M. The function d : M×M→ R+0 forms a standard
metric. Throughout this paper, the pairs (M, d) and (M∗, d) denote a metric space and a complete metric
space, respectively.

Let A and B be closed subsets of M. Consider the functional ∆,H : Pc(M)× Pc(M)→ R+0 that are defined
as

∆(A,B) = sup{D(υ,B); υ ∈ A},
H(A,B) = max{∆(A,B),∆(B,A)}

where D(υ,B) = inf{d(υ, τ); τ ∈ B}, A,B ∈ Pc(M). Here, H is known as the Pompeiu-Hausdorff distance, and
∆ is called a gap distance. Here, (M, d) is complete if and only if (Pcb(M),H) is complete, see e.g. [5], [6], [17]
and [19].

An auxiliary function, announced as a simulation function, defined by Khojasteh et al. [11] to merge
several results in fixed point theory. A function ζ : R+0 ×R

+
0 → R is called a simulation function if
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(ζ1) ζ(t, r) < r − t for all t, r > 0;

(ζ2) for {tn}, {rn} ⊂ R+0 , if limn→∞ tn = limn→∞ rn > 0 then

lim
n→∞

sup ζ(tn, rn) < 0.

We emphasize that in the original definition, there was a superfluous condition: ζ(0, 0) = 0.

Definition 1.1. [11] A self-mapping T on (M, d) is named as aZ-contraction with respect to ζ if

ζ(d(Tυ,Tτ), d(υ, τ)) ≥ 0 for all υ, τ ∈M.

Example 1.2. [11] Suppose that κ ∈ (0, 1), and φ : R+0 → [0, 1) is a mapping such that limt→r+ sup ψ(t) < 1 for all
r > 0; and ψ : R+0 → R

+
0 is a continuous function such that ψ(r) = 0⇔ r = 0. Let ζi : R+0 ×R

+
0 → R, i = 1, 2, 3 be

defined by

(i) ζ1(t, r) = κr − t,
(ii) ζ2(t, r) = rφ(r) − t,

(iii) ζ3 = r − ψ(r) − t.

Then ζi (for each i = 1, 2, 3) forms a simulation function.

By replacing (ζ3) by (ζ′3), the definition of a simulation function was extended by Roldán-López-de-
Hierro et al. [20]:

(ζ′3) : if {tn}, {rn} ⊂ R+0 so that lim
n→∞

tn = lim
n→∞

rn > 0 and tn < rn, then

lim
n→∞

sup ζ(tn, rn) < 0.

We say that G : R+0 ×R
+
0 → R is a C-class function [3] if:

(1) G(r, t) ≤ r;

(2) G(r, t) = r implies either r = 0, or t = 0, for all r, t ∈ R+0 .

Definition 1.3. [12] A mapping G : R+0 ×R
+
0 → R has the property CG, if there is CG ≥ 0 so that

(1) G(r, t) > CG ⇒ r > t;

(2) G(t, t) ≤ CG, for all t.

Immediate examples of C-class functions with CG-property are as follows:

(a) G(r, t) = r − t, CG = r, r ∈ [0,+∞);

(b) G(r, t) = r − (2+t)t
(1+t) with CG = 0;

(c) G(r, t) = r
1+kt for k ≥ 1 with CG = r

1+k , for r ≥ 2.

Definition 1.4. [4, 7, 12] A CG simulation function is a mapping ζ : R+0 × R
+
0 → R satisfying the following

conditions:

(1) ζ(t, r) < G(r, t) for all t, r > 0, where G : [0,+∞)2
→ R is a C-class function;

(2) if {tn}, {rn} are sequences in (0,+∞) such that lim
n→∞

tn = lim
n→∞

rn > 0, and tn < rn, then lim
n→∞

sup ζ(tn, rn) < CG;

(3) ζ(0, 0) = 0.
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In [4, 11, 12, 16, 20, 23], one can find a number of examples of simulation functions.

Example 1.5. (1) ζ(t, r) = r
r+1 − t for all t, r > 0;

(2) For a lower semi-continuous function ϕ : R+0 → R
+
0 , the function ζ(t, r) = r−ϕ(r)− t for all t, r > 0, forms a CG

simulation function, whenever ϕ(r) = 0⇔ r = 0.

Very recently, the concept of interpolative contraction mappings has been introduced in [9] to enrich
fixed point theory.

Theorem 1.6. [9] Suppose that T is a self- mapping on (M∗, d). If

d(Tυ,Tτ) ≤ κ[d(υ,Tυ)]α[d(τ,Tτ)]1−α (1)

for all υ, τ ∈M with υ , Tυ, where α ∈ [0, 1), κ ∈ [0, 1), then T possesses a unique fixed point.

Interpolation theory is very deep and has been used widely in several research fields, see e.g. [1, 2, 10, 13, 14].
Karapınar, Agarwal and Aydi [8] indicated the gap on the proof of the uniqueness in Theorem 1.6.

Theorem 1.7. [8] Suppose that T is a self- mapping on (M∗, d). If

d(Tυ,Tτ) ≤ c1[d(υ, τ)] + c2[d(υ,Tυ)] + c3[d(τ,Tτ)] + c4[
1
2

(d(υ,Tτ) + d(τ,Tυ)],

for all υ, τ ∈ M∗, where c1, c2, c3, c4 are non-negative reals such that c1 + c2 + c3 + c4 < 1, then T possesses a fixed
point in M∗.

In this study, we define the notion of multivalued interpolative H-R-contractions via a simulation function
ZG and prove some related fixed point results. Here, the notation H-R is the abbreviation of Hardy-Rogers.
Basically, we revisit the renowned interpolate H-R- contraction for multivalued mappings via a generalized
simulation function.

2. Main results

Definition 2.1. Let (M, d) be a metric space. We say that T : M → Pcb(M) is a multivalued interpolative H-
R-contraction via a simulation function ZG , if there exist κ ∈ [0, 1) and α, β, γ ≥ 0 with α + β + γ < 1 such
that

ζ(H(Tυ,Tτ),R(υ, τ)) ≥ CG (2)

where
R(υ, τ) = κ [d(υ, τ)]α · [D(υ,Tυ)]β · [D(τ,Tτ)]γ · [

1
2

(D(υ,Tτ) +D(τ,Tυ))]1−α−β−γ,

for all υ, τ ∈M \ Fix(T).

The following example supports Definition 2.1.

Example 2.2. Let M = {0, 1, 2, 3, 4} and d(υ, τ) = |υ − τ|. Define

Tυ =


{0, 2} if υ = 4
{1, 2} if υ = 0
{1, 4} if υ = 3
{1, 3} otherwise.

Take υ, τ ∈ M \ Fix(T) such that υ , τ. Let ζ(t, r) = 12
13 r − t and G(r, t) = r − t for all r, t ∈ R+0 , C(G) = 0. Then at

υ = 4, τ = 0 and κ = 0.9, we have

ζ(H(Tυ,Tτ),R(υ, τ)) =
12
13

R(υ, τ) −H(Tυ,Tτ) = 1.5184 (3)
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where α = 0.7, γ = 0 and β = 0.2. Note that

G(R(υ, τ),H(Tυ,Tτ)) = R(υ, τ) −H(Tυ,Tτ) = 1.728 . (4)

So, from (3) and (4), one writes

0 ≤ ζ(H(Tυ,Tτ),R(υ, τ)) < G(R(υ, τ),H(Tυ,Tτ)). (5)

Hence, from (5), at υ = 4 and τ = 0 the operator T is a multivalued interpolative H-R-contraction via the simulation
functionZG .

Theorem 2.3. Let (M, d) be a complete metric space. If T is a multivalued interpolative H-R-contraction operator
via the simulation functionZG, then T possesses a fixed point in M.

Proof. We start by letting υ0 ∈M and taking{υn} as υn ∈ Tnυ0 for each n ∈N. In the case that there is a number n0
so that υn0 = υn0+1, the point υn0 is a fixed point of T. It terminates the proof trivially. Attendantly, we assume that

υn , υn+1 for all n ≥ 0.

By taking υ = υn and τ = υn−1 in (2), we will get

ζ(H(Tυn,Tυn−1),R(υn, υn−1)) ≥ CG.

By using Definition 1.4, we find

CG ≤ ζ(H(Tυn,Tυn−1),R(υn, υn−1)) < G(R(υn, υn−1),H(Tυn,Tυn−1)).

From Definition 1.3, we have

H(Tυn,Tυn−1) < R(υn, υn−1). (6)

Recall that

D(Tυn, υn) ≤ H(Tυn,Tυn−1). (7)

Therefore,

D(υn,Tυn) < R(υn, υn−1) = κ [d(υn, υn−1)]α · [D(υn,Tυn)]β · [D(υn−1,Tυn−1)]γ

·[
1
2

(D(υn,Tυn−1) +D(υn−1,Tυn))]1−α−β−γ

≤ κ [d(υn, υn−1)]α · [d(υn, υn+1)]β · [d(υn−1, υn)]γ

·[
1
2

(d(υn, υn) + d(υn−1, υn) + d(υn, υn+1))].1−α−β−γ.

(8)

Suppose that d(υn−1, υn) < d(υn, υn+1) for some n ≥ 1. Thus,

1
2

(d(υn, υn) + d(υn−1, υn) + d(υn, υn+1))] < d(υn, υn+1).

Consequently, from (8) we get
d(υn, υn+1)α+γ < κd(υn−1, υn).α+γ

So, we get that d(υn−1, υn) > d(υn, υn+1),which is a contradiction. Thus, we have d(υn, υn+1) ≤ d(υn−1, υn) for all n ≥
1. Hence, {d(υn−1, υn)} is a non-increasing sequence with positive terms. Let lim

n→∞
d(υn−1, υn) = L. Since

1
2

(d(υn, υn) + d(υn−1, υn) + d(υn, υn+1))] ≤ d(υn−1, υn) for all n ≥ 1,
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and by using (8), we find that

d(υn, υn+1)1−β < κd(υn−1, υn)1−β for all n ≥ 1.

This implies that
d(υn, υn+1) < κd(υn−1, υn) < κ2d(υn−2, υn−1) < ... < κnd(υ0, υ1)

for all n ≥ 1. Recall that κ < 1, so as n → ∞, d(υn, υn+1) → 0. Thus, L = 0. Now, we assert that {υn} is a Cauchy
sequence. For this purpose, let n,m ∈N with m > n. Employing the inequality

d(υn, υm) ≤ d(υn, υn+1) + ... + d(υm−1, υm)
< κnd(υ0, υ1) + ... + κm−1d(υ0, υ1)

≤
κn

1 − κ
d(υ0, υ1), (9)

thus, on account of (9), the sequence {υn} is Cauchy. Regarding the completeness, we guarantee the existing of υ ∈M∗

so that lim
n→∞

d(υn, υ) = 0. Suppose υ < Tυ. It means that υn < Tυn for each n ≥ 0. By taking υ = υn and τ = υ in
inequality (2) and Definition 1.4, one writes

CG ≤ lim
n→∞

supζ(H(Tυn,Tυ),R(υn, υ)) < CG, (10)

which is a contradiction. It terminates the proof, that is, υ ∈ Tυ.

Example 2.4. Let M = [0, 1] and d(υ, τ) = |υ − τ|. Define

Tυ = [
6 + 2υ

12
,

7 + 2υ
12

] (11)

for all υ, τ ∈M. Let ζ(t, r) = 12
13 r− t, G(r, t) = r− t for all r, t ∈ [0,∞) and C(G) = 0. Then, for υ, τ ∈M \ Fix(T) and

υ , τ and κ ∈ [0, 1), we get

R(υ, τ) = κ [d(υ, τ)]α · [D(υ,Tυ)]β · [D(τ,Tτ)]γ

·[
1
2

(D(υ,Tτ) +D(τ,Tυ))]1−α−β−γ. (12)

Therefore,

ζ(H(Tυ,Tτ)),R(υ, τ)) =
12
13

R(υ, τ) −H(Tυ,Tτ),

and
G(R(υ, τ),H(Tυ,Tτ)) = R(υ, τ) −H(Tυ,Tτ).

The nonnegative values of α, β, γ are such that α + β + γ < 1, so we get that

0 ≤ ζ(H(Tυ,Tτ),R(υ, τ)) < G(R(υ, τ),H(Tυ,Tτ)). (13)

Thus, from (13), it is clear that T is a multivalued interpolative H-R-contraction operator via the simulation function
ZG and all the axioms of Theorem 2.3 are satisfied. Here, Fix(T) = [0.6, 0.7].

3. Strict fixed points and well-posedness

The set Fix(T) := {υ ∈ M|υ ∈ T(υ)} is called the fixed point set of T. SFix(T) := {υ ∈ M : {υ} = T(υ)} is
called the strict fixed point set of T. Notice that SFix(T) ⊆ Fix(T). Before starting, let us state the definition
of the well-posedness of a fixed point problem (in short, FPP).
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Definition 3.1. [18, 22] Let (M, d) be a metric space, Y ∈ P(M) and T : M → Pc(M) be a multivalued operator.
Then FPP is well-posed for T with respect to d when:
(a2) SFix(T) = {υ};
(b2) If {υn} ∈ Y, n ∈ N and H(υn,Tυn)→ 0 as n→∞, then d(υn, υ)→ 0 as n→∞.

Moţ and Petruşel [15] proved the following theorem.

Theorem 3.2. [15] Let (M, d) be a complete metric space and T : M → Pc(M) be a multivalued operator. Assume
that
(i) T is an a-KS multivalued operator, that is, if a ∈ [0, 1) and

υ, τ ∈M with
1

1 + a
D(υ,Tυ) ≤ d(υ, τ) implies H(Tυ,Tτ) ≤ ad(υ, τ),

(ii) SFix(T) , ∅.
Then
(a) Fix(T) = SFix(T) = {υ};
(b) FPP is well posed with respect to H.

Inspired by Theorem 3.2, we propose the following result.

Theorem 3.3. Let (M, d) be a complete metric space. Assume that
(i) T : M→ Pc(M) is a multivalued interpolative H-R-contraction via the simulation functionZG, with γ = 0;
(ii) SFix(T) , ∅,
then
(a) Fix(T) = SFix(T) = {υ};
(b) FPP is well posed with respect to H.

Proof. (a) We will prove that Fix(T) = υ. We suppose that u, υ ∈ Fix(T) with u , υ. Since

ζ(H(Tu,Tυ),R(u, υ)) ≥ CG,

we find using Definition 1.4,

CG ≤ ζ(H(Tu,Tυ),R(u, υ)) < G(R(u, υ),H(Tu,Tυ)).

From Definition 1.3, we have

H(Tu,Tυ) < R(u, υ). (14)

Therefore,

D(Tυ,u) = d(υ,u) ≤ H(Tu,Tυ) < R(u, υ)
κ [d(u, υ)]α · [D(u,Tu)]β · [D(υ,Tυ)]γ

·[
1
2

(D(u,Tυ) +D(υ,Tu))]1−α−β−γ = 0.

This implies that 0 < d(υ,u) < 0, which is a contradiction. Hence, u = υ and so Fix(T) = {υ}.
(b) Let υ ∈ SFix(T) and {υn}n∈N be such that D(υn,Tυn) → 0, as n → ∞. Since T is a multivalued interpolative
H-R-contraction via the simulation functionZG with γ = 0, by taking υ = υn and τ = υ in (2), one writes

ζ(H(Tυn,Tυ),R(υn, υ)) ≥ CG.

By using Definition 1.4, we find

CG ≤ ζ(H(Tυn,Tυ),R(υn, υ)) < G(R(υn, υ),H(Tυn,Tυ)).
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Using Definition 1.3, we have

H(Tυn,Tυ) < R(υn, υ). (15)

Also,

d(υn, υ) = D(υn,Tυ) < R(υn, υ) = κ [d(υn, υ)]α · [D(υn,Tυn)]β

·[
1
2

(D(υn,Tυ) +D(υ,Tυn))]1−α−β

≤ κ [d(υn, υ)]α · [D(υn,Tυn)]β

·[D(υn,Tυn)]1−α−β

d(υn, υ) < κ[D(υn,Tυn)]. (16)

Letting n→∞ in (16), we find that d(υn, υ)→ 0.

4. Data dependence of the fixed point set

This section is devoted to the work on the data dependence of fixed point sets for the multivalued
interpolative H-R-contraction operator via the simulation functionZG .

Theorem 4.1. (cf [15]) Let (M, d) be a metric space and T1,T2 be two operators. Assume that
(a1) Ti is an ai-KS multivalued operator for i ∈ {1, 2};
(b1) There exists a real number κ′ > 0 such that H(T1υ,T2υ) ≤ κ′ for all υ ∈M.
Then
(a2) Fix(Ti) ∈ Pc(M), for i ∈ {1, 2};
(b2) T1 and T2 are weakly multivalued operators and

H(Fix(T1),Fix(T2)) ≤
κ′

1 −max{a1, a2}
.

Inspired by the above result, we propose the following theorem.

Theorem 4.2. Let (M, d) be a metric space and T1, T2 be two operators so that

1. Ti is a multivalued interpolative H-R-contraction via the simulation functionZG for i ∈ {1, 2};
2. There exists a real number κ′ > 0 such that H(T1υ,T2υ) ≤ κ′ for all υ ∈M.

Then

1. Fix(Ti) ∈ Pc(M), for i ∈ {1, 2};
2. T1 and T2 are multivalued interpolative H-R-contractions via the simulation functionZG and

H(Fix(T1),Fix(T2)) ≤
κ′

1 −max{r1, r2}
.

Proof. From Theorem 2.3, Fix(Ti) is nonempty for i ∈ {1, 2}. First of all, we will show that set of fixed points of the
multivalued interpolative H-R-contraction operator T via the simulation functionZG is closed. Let {υn} be a sequence
in Fix(T) such that υn → u as n→∞, and

ζ(H(Tυn,Tυn−1),R(υn, υn−1)) ≥ CG. (17)

By using Definition 1.4, we find that

CG ≤ ζ(H(Tυn,Tυn−1),R(υn, υn−1)) < G(R(υn, υn−1),H(Tυn,Tυn−1)).
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From (1)) of Definition 1.3, we have

H(Tυn,Tυn−1) < R(υn, υn−1). (18)

Since

D(Tυn, υn) ≤ H(Tυn,Tυn−1), (19)

we have

D(υn,Tυn) < R(υn, υn−1) = κ [d(υn, υn−1)]α · [D(υn,Tυn)]β · [D(υn−1,Tυn−1)]γ

·[
1
2

(D(υn,Tυn−1) +D(υn−1,Tυn))]1−α−β−γ

≤ κ [d(υn, υn−1)]α · [d(υn, υn+1)]β · [d(υn−1, υn)]γ

·[
1
2

(d(υn, υn) + d(υn−1, υn) + d(υn, υn+1))]1−α−β−γ. (20)

As n → ∞, we get that 0 < D(u,Tu) < 0. Thus, D(u,Tu) = 0. Since Tu ∈ Pcb(M), we get that u ∈ Tu. Hence
u ∈ Fix(T). Secondly, from Theorem 2.3, the multivalued interpolative H-R-contraction operator via the simulation
function ZG possesses a fixed point. Let q > 1 be a real number and υ0 ∈ Fix(T1) be arbitrary. Then, there
exists υ1 ∈ T2υ0 such that d(υ0, υ1) ≤ qH(T1υ0,T2υ0). Next, for υ1 ∈ T2υ0 there exists υ2 ∈ T2υ1 such that
d(υ1, υ2) ≤ qH(T2υ0,T2υ1). Since υ1 ∈ T2υ0,D(υ1,T2υ0) = 0 ≤ d(υ0, υ1), we have

d(υ1, υ2) ≤ qH(T2υ0,T2υ1) ≤ qr2d(υ0, υ1).

Similarly, we find a sequence of successive approximations for T2 starting from υ0 and satisfying the following
assertions:

υn+1 ∈ Tυn and d(υn, υn+1) ≤ (qr2)2d(υ0, υ1) for all n ≥ 1.

Hence, for all n ≥ N and p ≥ 1, we have

d(υn+p, υn) ≤ d(υn, υn+1) + d(υn+1, υn+2) + ... + d(υn+p−1, υn+p)

≤ (qr2)nd(υ0, υ1) + (qr2)n+1d(υ0, υ1) + ... + (qr2)n+p−1d(υ0, υ1)

≤
(qr2)n

1 − qr2
d(υ0, υ1). (21)

Choosing 1 < q < min{ 1
r1
, 1

r2
} and letting n → ∞, we find that the sequence {υn} is Cauchy in (M∗, d). Then there

exists u ∈ M such that υn → u as n −→ ∞. We will prove that u is a fixed point for T2. Suppose, on the contrary,
that u < T2u and υn(k) < T2υn(k). By taking υ = υn(k), τ = u in inequality (2) and using Definition 1.4,

CG ≤ lim
n→∞

Sup[ζ(H(T2u,T2υn(k)),R(u, υn(k)))] < CG. (22)

From this contradiction, we easily find that u ∈ T2u. Hence, u ∈ Fix(T2).
By Taking p→∞ in (21), we have d(u, υn) ≤ (qr2)n

1−qr2
d(υ0, υ1) for each n ∈ N. Then d(υ0,u) ≤ 1

1−qr2
d(υ0, υ1) ≤ qκ′

1−qr2
.

In a similar way, we get that for each u0 ∈ Fix(T2), there exists υ ∈ Fix(T1) such that d(u0, υ) ≤ 1
1−qr2

d(u0,u1) ≤ qκ′

1−qr2
.

Hence,

H(Fix(T1),Fix(T2)) ≤
qκ′

1 −max{qr1, qr2}
.

Letting q→ 1, we find the conclusion. Moreover, we get that Ti is 1
1−ri

operator (for i ∈ {1, 2}).
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5. Homotopy result

The main result of this section is the following.

Theorem 5.1. Let υ0 ∈ (M∗, d) and a > 0. If T : B(υ0, a)→ Pcb(M) is a multivalued interpolative H-R-contraction
via the simulation functionZG so that d(υ0,Tυ0) < a(1 − κ), then T possesses a fixed point in B(υ0, a).

Proof. Set 0 < a1 < a in a way that B̃(υ0, a1) ⊂ B(υ0, a) and d(υ0,Tυ0) < (1 − κ)a1 < (1 − κ)a. Let υ1 ∈ Tυ0 be
such that d(υ0, υ1) < (1 − κ)a1. Then, for h = 1

√
κ
> 1 and υ1 ∈ Tυ0 there exists υ2 ∈ Tυ1 such that

d(υ1, υ2) ≤ h H(Tυ0,Tυ1).

Since for υ = υ1 and τ = υ2 in (2), we will get

ζ(H(Tυ1,Tυ2),R(υ1, υ2)) ≥ CG.

By using Definition 1.4, we find

CG ≤ ζ(H(Tυ1,Tυ2),R(υ1, υ2)) < G(R(υ1, υ2),H(Tυ1,Tυ2)).

From Definition 1.3, we have

H(Tυ1,Tυ2) < R(υ1, υ2). (23)

Therefore,

d(υ1, υ2) ≤
1
√
κ

H(Tυ0,Tυ1)

<
1
√
κ

R(υ0, υ1) =
1
√
κ
κ [d(υ0, υ1)]α · [D(υ0,Tυ0)]β · [D(υ1,Tυ1)]γ

·[
1
2

(D(υ0,Tυ1) +D(υ1,Tυ0))]1−α−β−γ

≤
√
κ [d(υ0, υ1)]α · [d(υ0, υ1)]β · [d(υ1, υ2)]γ

·[
1
2

(d(υ0, υ0) + d(υ0, υ1) + d(υ1, υ2))].1−α−β−γ (24)

Suppose that d(υ0, υ1) < d(υ1, υ2). Thus,

1
2

(d(υ0, υ1) + d(υ1, υ2))] < d(υ1, υ2).

Consequently, from (24) we get
d(υ1, υ2)α+β <

√
κ d(υ0, υ1).α+β

So, we conclude that d(υ0, υ1) > d(υ1, υ2). It is a contradiction. As a result, we find d(υ1, υ2) ≤ d(υ0, υ1). So,

1
2

(d(υ0, υ1) + d(υ1, υ2))] ≤ d(υ0, υ1).

Hence, from inequality (24),
d(υ1, υ2) <

√
κ d(υ0, υ1) <

√
κ (1 − κ) a1.

Also, we have υ2 ∈ B(υ0, a) because

d(υ0, υ2) ≤ d(υ0, υ1) + d(υ1, υ2) < (1 − κ)a1 +
√
κ(1 − κ) a1 = (1 − κ)(1 +

√
κ) a1.

In this way, we find inductively a sequence {υn}n∈N satisfying:
(i) υn ∈ B(υ0, a) for each n ∈N;
(ii) υn+1 ∈ Tυn for each n ∈N;
(iii) d(υn, υn+1) < (

√
κ)n(1 − κ)a1.

From (iii), the sequence {υn}n∈N is Cauchy, and so it is convergent to some υ ∈ B(υ0, a). By following the
same steps as in Theorem 2.3, we find υ ∈ Tυ.
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