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Abstract. In this paper, we present some refinements of reverse Young’s inequalities. Among other results,
a refinement of reverse operator Young inequalities says

AV,B + 2A(AVB — A#B) < VM 4y p
mﬁAM
where 0 < ml < A,B < MI, A = min{v,1 — v} and v € [0, 1], extending a key result in [J. Math. Anal. Appl.
465 (2018) 267-280] and [Linear Multilinear Algebra 67 (2019) 1567-1578]. Furthermore, we give a reverse
of Young’s inequalities due to [Math. Slovaca 70 (2020), 453-466]. Moreover, we give a generalization of
reverse Young-type inequality, and we also show a new Young-type inequality which is either better or not
uniformly better than the main results in [Rocky Mountain J. Math. 46 (2016), 1089-1105]. As applications of

these results, we obtain some inequalities for operators, Hilbert-Schmidt norms, unitarily invariant norms
and determinants.

1. Introduction

Let (H, (-, -)) be a complex Hilbert space and let B(H) denote the algebra of all bounded linear operators
acting on H. A self adjoint operator A is said to be positive if (Ax, x) > 0 for all x € H, while it is said to be
strictly positive if A is positive and invertible. As usual, we say that A > Bwhen A—B > 0and A > B when
A - B > 0, respectively.

Moreover, M,, denotes the space of all n X n complex matrices. The unitarily invariance of the || - ||, on
M,, means that [[UAV]|, = [|Al|, for any A € M,, and all unitary matrices U, V € M,,. For A = [4;;] € M,, the
n

Hilbert-Schmidt norm of A is defined by [|A|3 = ¥ |a;j|?, it is well know that || - ||, is unitarily invariant. The

ij=1

singular values of A, that is, the eigenvalues of the positive semi-definite matrix |A| = (A*A)? , is denoted

by sj(A),j=1,2,---,n,and arranged in a non-increasing order.

In addition, the Kantorovich constant and the Specht’s ratio are defined by

1

’ Wi he (0,1) U (L, o),
K(h):(h+1) forh>0 and  S()={ etog(n) 0,1)U (1, 0)
4h ‘

1 if h=1.
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For the notations adopted in this paper, we denote v-weighted operator arithmetic mean (AM) and geometric
mean (GM) as follows

AV,B=(1-v)A+0B and A#,B=A2(A"2BA 2)’A?,

where A, B € B(H) are strictly positive operators and v € R. Denoted by AVB and A#B for brevity respec-
tively when v = 1 for the sake of our convenience.
The operator Young's inequality or v-weighted AM-GM mean inequalities states that

Af,B < AV,B, 1)

where A, B € B(H) are strictly positive operators and v € [0,1]. Refining this inequality has taken great
attention of a considerable number of researchers in this field.
Furuichi [6] and Tominaga [21] obtained respectively a refinement and reverse with Specht’s ratio

S((h'))A#,B < AV,B < S(h)A#,B, (2)

where 0 <ml<A<mI<MI<B<MILHNI = ’\mi,/,hz %,r:min{v,l—v} and v € [0,1].
Later, Zuo et. al. [25] and Liao et. al. [13] proved that if A, B € B(/H) are such that 0 < mI < A <m'I <
MI<B<MlorO<ml<B<m'l<MI<A<MI,then

K(W')' A,B < AV,B < K(h)?A#,B, (3)

where I/ = IXI—,:, h = %, r = min{o,1 — v}, R = max{v,1 — v} and v € [0,1]. The authors [25] also showed
S(h") < K(h)" for h > 0, which implies the first inequality in (3) is better than the first one of (2).
Recently, Furuichi et. al. [8] and Giimdis et. al. [9] showed

i Af.B, (4)

where 0 <ml < A,B < MI, A =min{v,1 — v} and v € [0, 1]. Furthermore, they [9] also explained that (4) is

better than the corresponding one in (3) and the constant % is best possible.

Very recently, Beiranvand and Ghazanfari [4] gave a new refinements of (1), which reads as
21-1

An
(K07™) " AtB < Y[+ 1 - 2"0) Ak B + @70 - DA B, < AVLB, (5)
=0

wheren € NUO, v € [0, 1], A, B are two invertible positive operators in B() and / is a positive real number

2'-1
such that either A <hB <BorA>hB>B,and A, = ¥, min{i+1-2"0,2"v —i}xa,,.
i=0
Moreover, Bakherad, Krni¢ and Moslehian [3] presented a reverse Young-type inequality

(1-v)a+vb<a™", (6)
where a,b > 0 and v € (—00,0) U (1, 00). In the same paper, the authors [3] also showed
(1—o)a+ovb—ov(Va— Vb)* <a o, 7)

where a,b > 0 and v € (—o0,0) U (%, o). It is clear that the inequality (7) can be regarded as a refinement of
(6) when v € (—o0,0).

For more information about Young’s inequalities, we refer the readers to [1, 2, 7, 10-12, 14-20, 22-24]
and references therein.

In this paper, we shall present a further refinement of reverse operator Young inequality (4). Moreover,
we also give some reverses of the first inequalities in (5). In addition, we show a new Young-type inequality,
which is either better or not uniformly better than (7) under the same conditions. In the end of this paper,
we give a generalization of the inequality (6). As applications of these results, we obtain some inequalities
for Hilbert-Schmidt norms, unitarily invariant norms and determinants.
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2. Main results
First of all, we present a further refinement of reverse AM-GM operator inequality (4).
Theorem 2.1. Let A, B € B(H) be such that 0 < mI < A, B < MI for some scalars 0 < m < M. Then

AV,B + 2A(AVB — AtB) < "M 4 5
mﬁ/\M

where A = min{v,1 — v} and v € [0, 1].

Proof. For the sake of our convenience, we define

1-0)+ox+ A(Vx —1)2
x° ’

) ="

where v € [0,1] and x > 0. Then we have

f’(X) = —o-1 1S =
(1 —v)(Vx — 1)(vx + 20)x for 3 <v<1.

So, f’(x) > Owhenx > 1and f’(x) < 0 when 0 < x < 1. Therefore, f(x) < max{f(ﬁ),f(%)}. We now compare
between f(§;) and f(%), letting

(1-v)+oh+A(Vhi-1? (1-ov)+oh !+ A(Vi - 1)

g(h) = v =

Direct calculations show that

) = o( Vi = 1)(@2 = 20)% + 1 = (2= 20)h% = 23> for 0 <
TWZ =0 (Vi- 1)k} + 20k - 20m20+s — 20 )y-o-2 for 1 <

Without lose of generality, we may assume h = 4 > 1.

Putting 51(0) = (2 — 20)h7 +h — (2 = 20)h% — h%*1 and s,(v) = h? + 20k — 20h%*3 — B2,

Then we have s}(v) = —2h? + 2h% — 2(2 - 20)h% log h — 2h%°*1 log , and s/ (v) = 4h2”(2(1 —logh) + 2v -
\/E)logh)logh <0Owhen0<v< % and h > 1. So s (v) < s1(0) = —2h2 +2—4logh—2\/ﬁlogh < 0. Then we
have s;(0) > s1(3) = 0; Similarly, we get s,(v) = 2h — 2h2%1 — 4vh?*+1 logh — 2h% logh < 0 when 1<v<1
and 1 > 1, we have s,(v) < s(3) = 0.

Thatis g’(h) > 0 when 0 < v < % and g’(h) < 0 when % < v < 1. Therefore, we have g(h) > g(1) = 0 when
0<v< %, and g(h) < g(1) = 0 when % < v < 1. It follows that

mV,M 1
WEM for 0<v < 5
max f(x) =
xe[%,M] MV,m 1
" M for 5<v<l

Which is equivalent to saying

1-v)+ox+A(x+1-2vVx) < —2x7, (8)

putting0 < il < x = A"IBA"1 < MI, we can get Theorem 2.1 by (8) with a standard functional calculus. [

Putting x = (5)2 in (8), we can get the following corollary.



Y. Ren, P. Li / Filomat 36:8 (2022), 2541-2550 2544

Corollary 2.1. Let0 <m <a,b <M, A =min{v,1 — v} and v € [0, 1]. Then we have
(m?)VA(M?)
(mfrM)>
In the next result, we give inequality (9) for Hilbert-Schmidt norms.

Theorem 2.2. Let A,B, X € M, be such that 0 < ml < A,B < MI. We have

(m*)V (M?)
(mf#M)>?

(1-v)a+ vb)2 +(A+v-0®)@-b?< ( )(al‘”b”)z. 9)

(1 - 9)AX + 0XBJ; + (A + v — V)||IAX — XBJl; < ( )||A1-DXBD||§,

where A = min{v,1 — v} and v € [0, 1].

Proof. Since A, B are positive definite matrices, it follows by spectral theorem that there exist unitary matrices
UV e M,,suchthat A = UA U and B = VA, V*, where Ay = diag(Aq, Ay, - -+, Ay)and Ay = diag(vy, va, -+, vy)
for A;,v; are eigenvalues of A, B respectively, so A;,v; > 0, i = 1,2,--- ,n. Let Y = U'XV = [y;]. Then
(1-0)AX +0vXB = U[(1-0)A1Y +0YA;]V* = U[((1 - 0)A; + ov)ya]V* and ATV XB" = U[(A}~*v")ys]V*. By (9)
and the unitarily invariance of the Hilbert-Schmidt norm, we have

(B o = (SR 1)
=1

(g M2 (mf\M)?
_ NV [(AVAM o]
= ;[(M—M)z)(ﬂ} vy )Z]Iyzzl2
> i[((l —0)A; + vvl)2 +(A+v-0)\; - vl)2]|yﬂ|2
il=1
= Z((l -0\ + UV])2|y1']|2 +(A+v— UZ)Z(/\i —v)?lyal?
i1=1 i1=1

= |I(1 — v)AX + vXBI5 + (A + v — ¥*)||AX — XBJf3.
Here we complete the proof of Theorem 2.2. [J
Next, we show a unitarily invariant norm inequality involving operator monotone functions.

Theorem 2.3. Let 0 < ml < A,B < Mland f : [0, 00) — [0, 00) be an operator monotone function. Then for every
unitarily invariant norm || - ||,,, we have

Il £ (Ao f(B)Ilu . mVuM Hf(Aﬁv
||AﬁvB||u B ﬂ”lﬁ)\M Aﬁv

where A = min{v, 1 — v} and v € [0,1].

Proof. Compute

LAY BI _ Niss fALB)
lARBIL  ~ 4&BI,
< HmVAM f(A#.B)
mfM  Af,B
_ mVAMHf(AﬁUB)
mﬁ)\M AﬂvB

where the first inequality is by Theorem 2 in [9], and the second one is due to the submultiplicativity
property of unitarily invariant norm. [

u

u
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Next, we present inequalities (8) for determinants.
Theorem 2.4. Let A,B € M,, be such that 0 < mI < A, B < MI. Then we have

mv/\M
mﬁ)\M

det(AV,B) + A" det(2AVB — 2A#B) < ( ) det(At,B),

where A = min{v, 1 — v} and v € [0,1].

Proof. It is a fact that the determinant of a positive definite matrix is product of its singular values, by (8),
we obtain

(B dettatBahy = det(S2M (aA-tpa~ty?)
mi M mf\M
- Hsj(vaM (A—%BA—%)U)
=1 ﬂ’lﬂ/\M

WS?(A_EBA_E))

(1-0)+ vsj(A—%BA-%)) + H (/\(sj (A3BA Y - 1)2)

=1

(

2 ((1 —0) +0s(A"IBATE) + /\(sf (A3BA™?) - 1)2)
(
( ’

I
Q.
()
-

o
|
S
=
+
S
o

M=
os]
>

ol
+
=

N
Q.
[¢°]
@

~—~~
=

Nl
os]
o

NI=

i

|

=
-

Multiplying det(A?) on both sides of inequalities above, we can get Theorem 2.4 directly, as desired. []
Next, we give some reverses operator Young's inequalities (5) as promised. Before that, we list a lemma

due to Dragomir [5].

n
Lemma 2.1. Fori=1,2,---,n, we consider p; > 0 with Y, p; = 1. I f is a convex function on a fixed closed interval
i=1
I, then
n n n 1 1 n
Dyt = AL pi) < n/\[; —fx) - f(;;xi)],

where A = max{p1,p2,- ", Pn}-

If we take f(x) = —log x in Lemma 2.1, then we obtain the following corollary.

Corollary 2.2. Letx; €I C[a,bland Y p; = 1 with0 <a < b, p; > 0. Then we have
i=1

nA

n 1 n

Zpixi _in
n 1
i=

i=1 < ( ) ,
n ) n 1
[T [T
i=1 i=1

where A = max{py, p2,- -, putandi=1,2,-- -, n.
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Following an idea of Beiranvand and Ghazanfari [4], we suppose that f is a real convex function on
[0,1]and n e NUO. Let App = [0,1] and forn =1,2,--+, i=0,1,2,---,2" -1,
Ay =1[27",27(i + 1)),

2n-1
fa(0) = z%) [(i +1-2"0)f27")+ R - fR"({ + 1))]XAH,,'(U)~
i=
It can be easily shown that f, is continuous on [0,1] for every n € N, and {f,} is a decreasing sequence that
converges pointwise to f.
Theorem 2.5. Let A, B € M, be such that either 0 < A < B <hAor0<hA <B < A. Then

An 2"-1
(K(hz’")) AfB 2 Y [(i+1-2"0) At B + (2" DAt2senBta, (0) > AtiB,
i=0
211

wheren e NUO,v € [0,1]and A,, = Y, max{i+1—-2"0,2"v —i}xa
i=0

i

Proof. Taking f(v) = a®b'™%, x; = f(27"), x = fQ7"(+ 1), p1 = i+1-2"0and p, = 2"v — i when
v € [27",27"(i + 1)) in Corollary 2.2, we get

A e+ fei+ 1)
(2—n ~)1+1—2"v (2—11(~ + 1))2”0—1 2 : -
ferme e

By some complex and direct computations, we have

24,
) > (i +1—2"0) f27") + ("0 — i) f27"(i + 1)).

K(h)"a®b"™ > (i + 1= 2"0) f(27") + (2"0 — i) fQ7"(i + 1)).
Moreover, using the well known Young’s inequality, we also have
(+1-2")fQR7")+ Q" —i)fR7"([+1) = FQRT) Q7+ 1)* " = a®b" .
That is
K ") a0 ™" 2 (i+1 = 2"0)a® "' 4+ (20 — )a® I 2D 2 gpl (10)

Putting b = 1 in (10) and letting X = A"2BA"%, then we have hl > X > [ or 0 < hl < X < I. Since K(h) is
continuous and monotone increasing on & € (1, ) and decreasing when & € (0, 1), so we can complete the
proof easily with a standard functional calculus. O

Theorem 2.6. Let A, B, X € M, be such that A, B are positive definite. Let Sp(A) = {t1,- - -, Tu} be the spectrum of
A, and Sp(B) = {u1, - - -, un} be the spectrum of B. If v € [0, 1], then

K" IA°XB' I3
2n-1

> Z G +1 - 2"0) A2 "I XB12
=0

> |JA"XB'|]3,

ni

+ (2”0 _ l‘)AZ’"(i+1)XB1—2”’(i+1)”§XAM

-1
where K, = max {(K(;—;)T") kj=1,- ~,m}, and A, = Y, max{i+1-2"0,2"v —i}xa,..

i=0
Proof. Using the same technique as in Theorem 2.2, we can similarly get the proof of Theorem 2.6 with (10).
So we omit the details for the sake of simplicity and unnecessary repetition of the article. [

In the next step, we shall give a new reverse Young-type inequality, which is either better or not uniformly
better than (7) under the same conditions. Firstly, we show some scalars inequalities.
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Theorem 2.7. Leta,b > 0. If v € (—00,0) U (3, ), then
(1-v)2a+v* —v*(Va- Vb P < v%°a7Ob°. (11)
Proof. Compute
(1 —v)%a+0*b—*(Va— Vb )? = (1 — 20)a + 20(v Vab )
<) (o Vab )*
— UZval—vbv,
where the inequality is by (6). O

Our next intention is to compare Theorem 2.7 with inequality (7). Taking
f@) = (1 -vPa+v2h—v*(va— Vb)) = ((1 - v)a+ovb-v(va— Vb)?) = 20(v — 1) Vab;

g(v) = 02l vpY — oY = (020 _ 1)a1—vbv_

Then we have

- f(v) 2 0and g(v) > 0 whenv > 1;

— f(v) <0and g(v) < 0 whenv € (3,1);

- f(v) > 0 and g(v) > 0 when v € (-1,0);

- f(v) > 0and g(v) = 0 whenv = —1;

- f(v) > 0and g(v) < 0 when v € (=00, —1);

Obviously, inequality (11) is not uniformly better than (7) when v € (-1,0) U (%, o0), and inequality (11)
is better than (7) when v € (-0, —1]. However, the inequality (7) is less precise than (6) when v € (%, 00). So
we take v € (—o0, 0) in the following discussion.

By a standard functional calculus, we can easily get the following operators mean inequality with
Theorem 2.7.

Theorem 2.8. Let A, B are two invertible positive operators in B(H) and v € (—00,0). Then
(1 -10)*A + v*B — 20*(AVB — A#B) < v**A#,B.
Corollary 2.3. Let a,b > 0 and v € (—00,0). Then we have
((1 —v)a+ Ub)2 —v*(a — b)* < v*(@"°b°)* + 20(1 — v)ab.

Proof. The proof come from Theorem 2.7 directly. [

Next, we give an inequality for Hilbert-Schmidt norms using Corollary 2.3.
Theorem 2.9. Let v € (—o0,0) and let A, B, X € M,, be such that 0 < A, B. We have

(1 - v)AX + vXB|2 - P|AX - XB|2 < 0®||A"XB?| + 20(1 - 0)||A? XB?| 2.

Proof. Using the same technique as in Theorem 2.2, we can easily get the proof of Theorem 2.9. So we omit
the details. [

Next, we give an inequality for determinant by Theorem 2.7.
Theorem 2.10. Let v € (—o0,0) and let A, B € M, be such that 0 < B < 4A. Then we have

(1 — v)*" det(B) + v*" det(2AH#B — B) < v*”" det(Bf,A).
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Proof. Taking b = 1 and a = sj(A’%BA’%) in Theorem 2.7. Since 0 < B < 4A, which means that 0 <
_1 _1
sj(A72BA72) < 4, so we have

" det(A™1BATE)1" = det

(1-0Ps;(AHBA™) +07(25} (A1BAE) — 5,4 BA—%)))

n
(1 - oPsiatBa) + [ (A(2shatBah) - sia-ipa))
j=1 =1
= (1-0v)*"det(A™3BA™?) + v*" det (2(A"2BA™%)? - A"2BA™?).
Multiplying det(A%) on both sides of inequalities above, we get

v*°" det(Bt, A) = v**" det(Ath_.B) > (1 — v)*" det(B) + v*" det(2A{B — B),

as desired. O

In the end of this paper, we give a natural generalization of the inequality (6), which can be regarded as
a reverse of the classical weighted arithmetic-geometric mean inequality

n n
Y= [T
i=1 i=1

n
where 4;,p; > 0 and Zp,' = 1. Our generalization can be stated as follows.

i=1

n
Theorem 2.11. Let a; > 0 and let p; ¢ [0, 1] be such that Y ,p; = 1. Then we have
i=1

n n
Ypai<[]d, (12)
i=1 i=1

where p; > pj when 1 < i < j < n, and with equality ifay = ay = - - - = a,.

Proof. We use mathematical induction to prove the validity of the theorem. First, suppose that the inequality
k k
(12) is true for all positive integer n = k > 2. Thatis ) pia; < af ', and so we only need to prove it holds for

i=1 i=1
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n=k+1. Thus,
k+1
pi _ " P2y, ... Pk Pr+1
H(Zi —al XIZZX xak Xak+1
i=1
P1 P2 Pk p1t+pa+e+pi
_ | prtp2ttpg prHP2pE . prp2ttpE Pk+1
(ﬂl X a2 X X ak ) X ak+1

Pl P2 Pk
P1HP2++Pk )

+py+ +pp+
>(pr1+p2+--- +pk)(zzf1 P X ey XXy + Prs1ks1

P1 Pk
ap+---+
pr+p2t+---+pk pr+p2+--

=p1a1 + p2az + - - -+ Pr18k+1
k+1

= E pidi,
i=1

where the first inequality is by (6) and the second one is due to our assumption. We completed the proof. [

>(p1+p2+---+ pk)( . ﬂk) + Pr+18k+1

Remark 1. We require p; > pj when 1 < i < j < n in Theorem 2.11. This is because that we have to make sure
p1+p2+ -+ pr > 0in the process of our proof. It may be wrong of Theorem 2.11 without this restriction. For
example, letting n = 3,a1 = 3,ay = 2,a3 = 4,p1 = =2,p» = 1.1,p3 = 1.9, then we have a’;lugzags ~ 3317 <38 =
pi1a1 + paar + p3as.

Motivated by the inequality (7), we now give a further refinement of Theorem 2.11.

Theorem 2.12. Let a; > 0 and let p; ¢ [0,1] be such that Y. p; = 1. If p; > p; when 1 < i < j < n such that
i=1
pi —p; & [0,1], then we have

n n n . n .
So- (L[ <]
i=1 i=1 i=1 i=1
with equality if sy = a, = - - - = ay.
Proof. Compute
n n no n n
szaz _Pn( ai —nHui") = (Pl Pn)ﬂz +nPnHa;‘
i=1 i=1 i=1 i=1 =1

n

= (p1—pu)ar + (P2 = pu)az + - - + (Pu-1 = Pu)in- + npn( a )
i=1

EY=

n

1 npn
<d" P xal P oxal T x ( Ha.”)
n—-1 i
i=1
n
= [lfl,

i=1
where the inequality is by (12). So we completed the proof. [

Remark 2. Lettingay =a,a, = b, p1 =1 -0, p» = v, we can get the inequality (7) by Theorem 2.12 when n = 2
and v < 0.



Y. Ren, P. Li / Filomat 36:8 (2022), 2541-2550 2550
Acknowledgements

The authors wish to express their sincere thanks to the referee for his/her detailed and helpful suggestions
for revising the manuscript. The first author would like to thank Professor Changsen Yang for his help both
in study and life when he stay in Henan Normal University.

References

[1] H. Alzer, C.M. da Fonseca, A. Kovacec, Young-type inequalities and their matrix analogues. Linear Multilinear Algebra. 63 (2015),
622-635.

[2] M. Bakherad, M.S. Moslehian, Reverses and variations of Heinz inequality. Linear Multilinear Algebra. 63 (2014), 1972-1980.

[3] M. Bakherad, M. Krni¢, M.S. Moslehian, Reverse Young-type inequalities for matrices and operators. Rocky Mountain J. Math.
46 (2016), 1089-1105.

[4] A.Beiranvand, A.G. Ghazanfari, Improved Young and Heinz operator inequalities for unitarily invariant norms. Math. Slovaca
70 (2020), 453-466.

[5] S.S. Dragomir, Bounds for the normalised Jensen functional, Bull. Australian Math. Soc., 74 (2006), 471-478.

[6] S.Furuichi, Refined Young inequalities with Specht’s ratio. J. Egyptian Math. Soc. 20 (2012) 46-49.

[7] S.Furuichi, Further improvements of Young inequality. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 113 (2019),

255-266.
[8] S.Furuichi, H.R. Moradi, M. Sababheh, New sharp inequalities for operator means. Linear Multilinear Algebra 67 (2019) 1567-
1578.

[9] LH. Giimiis, H.R. Moradi, M. Sababheh, More accurate operator means inequalities. ]. Math. Anal. Appl. 465 (2018) 267-280.
[10] E Kittaneh, Y. Manasrah, Reverse Young and Heinz inequalities for matrices. Linear Multilinear Algebra 59 (2011), 1031-1037.
[11] FE Kittaneh, Y. Manasrah, Improved Young and Heinz inequalities for matrices. ]. Math. Anal. Appl. 361 (2010), 262-269.

[12] E Kittaneh, M.S. Moslehian, M. Sababheh, Quadratic interpolation of the Heinz means. Math. Inequal. Appl. 21 (2018), 739-757.

[13] W. Liao, J. Wu, J. Zhao, New versions of reverse Young and Heinz mean inequalities with the Kantorovich constant. Taiwanese
J. Math. 19 (2015) 467-479.

[14] M. Lin, Squaring a reverse AM-GM inequality. Studia Math. 215 (2013) 187-194.

[15] Y. Ren, P. Li, Further refinements of reversed AM-GM operator inequalities. J. Inequal. Appl. 98 (2020) 1-13.

[16] Y. Ren, P. Li, G. Hong, Quadratic refinements of Young type inequalities. Math. Slovaca 70 (2020) 1087-1096.

[17] M. Sababheh, Graph indices via the AM-GM inequality. Discrete Appl. Math. 230 (2017), 100-111.

[18] M. Sababheh, Convexity and matrix means. Linear Algebra Appl. 506 (2016), 588-602.

[19] M. Sababheh, D. Choi, A complete refinement of Young's inequality. ]. Math. Anal. Appl. 440 (2016) 379-393.

[20] M. Sababheh, M.S. Moslehian, Advanced refinements of Young and Heinz inequalities. J]. Number Theory 172 (2016) 178-199.

[21] M. Tominaga, Specht’s ratio in the Young inequality. Sci. Math. Japon. 55 (2002) 583-588.

[22] C.Yang, Y. Ren, A reverse of Young inequality. ]. Math. Inequal. 13 (2019), 53-63.

[23] L.Zou, An arithmetic-geometric mean inequality for singular values and its applications. Linear Algebra Appl. 528 (2017) 25-32.

[24] L. Zou, Y. Jiang, Improved arithmetic-geometric mean inequality and its application. J. Math. Inequal. 9 (2015) 107-111.

[25] H. Zuo, G. Shi, M. Fujii, Refined Young inequality with Kantorovich constant. J. Math. Inequal. 5 (2011) 551-556.



