Filomat 36:8 (2022), 2573-2581
https://doi.org/10.2298/FIL.2208573G

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

e/ A
) @

i &

gy as’

Do,

5
TIprpor®

Bilateral Upper-Left Shifts on Double Sequence Spaces

Zhitao Guo?

#School of Science, Henan Institute of Technology, Xinxiang, 453003, China

Abstract. In this paper, we study the bilateral upper-left shifts 8 on the weighted double sequence spaces
LP(Z,v) and characterize the hypercyclicity and supercyclicity of B : L¥(Z,v) — LF(Z,v) based on Salas’s
previous results about the bilateral weighted backward shifts acting on [*(Z). Furthermore, we construct a
special weight sequence such that 8 and the weighted bilateral upper-left shifts 8;, are conjugate, and we

generalize the results to B, : LV(Z) — LP(Z) via this conjugacy. Finally, we investigate the chaoticity of the
bilateral upper-left shifts.

1. Introduction

Let IN, Z be the sets of nonnegative integers, all integers, respectively. Let X be an infinite-dimensional
separable Banach space and C the complex plane. We denote by £(X) the set of all continuous linear
operators on X. The operator T € £(X) is said to be hypercyclic if there is some vector x € X such that the
orbit Orb(x, T) = {T"x; n € N} is dense in X. Such a vector x is said to be hypercyclic for T, and the set of
all hypercyclic vectors for T is denoted by HC(T). A vector x € X is called supercyclic for T if its projective
orbit K - Orb(x, T) := {AT"(x); n € N, A € K} is dense in X, and the set of all supercyclic vectors for T is
denoted by SC(T). It is well known that HC(T) and SC(T) are dense in X. A periodic point for T is a vector
x € X such that T"x = x for some n € N. T is said to be chaotic in the sense of Devaney if T is hypercyclic
and there exists a dense set of periodic points for T. For more details in this direction, see for instance the
excellent books [3] and [6].

The classical examples of hypercyclic operator are Birkhoff’s translation operator acting on the space
H(C) of entire functions [4], MacLane’s differentiation operator on H(C) [8]. The first example of a hyper-
cyclic backward weighted shift was produced by Rolewicz [10]: on the space X =P, 1 <p < o0, or X = ¢y,
the multiple of the backward shift AB is hypercyclic whenever |A| > 1, where B is the (unilateral) backward
shift

B(xO/ X1,X2,° ) = (xll X2, X3, )

In the present paper, we study the bilateral shifts on the double sequence spaces £F(Z), which was
introduced by Basar and Sever [2]. Let () be the set of all real or complex valued double sequences, L7 (Z)
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is defined as

D@ ={r= @z e Q) Wl <ol 1<p<os,

ijez

normed by

= (Y i), x=cupe 2@,

ijezZ

corresponding to the well-known space IF(Z) of absolutely p-summable bilateral single sequences. The
reader can refer to the recent monographs [1] and [9] on the sequence spaces and summability theory, and
the papers [14], [15] and [16] on the domain of certain four dimensional triangle matrices in the spaces of
double sequences. By the same technique in [13, Theorem 2.1], it can be shown that £7(Z) is a separable
Banach space. For more knowledge about double sequence spaces one can consult Hardy [7], Bromwich
[5], Basar and Sever [2], Basar [1].

The weighted double sequence spaces L7(Z, v) arose in [13, Section 5]:

D@0 ={v =iz € QY Pl <o), 1<p<on,
iz

where v = (v;j); jez is a positive double sequence. Similarly, £F(Z, v) is a separable Banach space endowed
with the norm

%
Il = (Y bibel)) x= G € 22,0,

i,jeZ

We consider the bilateral upper-left shift 8 acting on L¥(Z, v):

X-1,-1 X-10 X-11 - o Xoo0 Xo1  X02

Bl -+ Xo-1 Xoo Xo1 vt |=| v X0 X110 X12
X1,-1 X1,0 X114 e X20 X210 X22

Let (e;,j); jez denote the canonical basis of LF(Z,v), i.e., the element of (¢; ;) in the ith row, jth column is
1, and the other elements are zero. Then 8 can also be presented as B(e; ;) = (¢;-1,j-1). B is an continuous
operator on LF(Z,v) if and only if there is an M > 0 such that for all x = (x;;) € LF(Z,v),

1 1
4 4
(Y jab) <M( Y o)

ijez ijez

which is equivalent to sup; ;. 1” -
i+1,j+

In [11] and [12], Salas studied the hypercyclicity and supercyclicity of bilateral backward shifts B :
(-, x21,x0,%1,--+) = (-, X0, X1, X2, - - - ) acting on weighted sequence spaces

P(Z, w) = {x e %P = Y @l < oo}.

nez.

< 00,

Inspired by the Salas’s results, it is interesting to explore the hypercyclicity and supercyclicity of the bilateral
upper-left shifts 8 acting on the weighted double sequence spaces £F(Z,v), and how about the chaoticity?
In this paper, we study these problems.
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The organization of this paper is as follows. In Section 2 we present some criterions that supply sufficient
conditions for an operator to be hypercyclic, supercyclic and mixing, respectively. We also construct a special
weight sequence such that 8 and the weighted bilateral upper-left shifts 8, are conjugate. In Section 3 we
characterize the hypercyclicity, supercyclicity and mixing property of 8 : LP(Z,v) — LP(Z,v). Finally, we
investigate the chaoticity of the bilateral upper-left shifts.

2. Preliminaries

Recall that a continuous linear operator T : X — X is said to be (topologically) mixing if the following
property holds: For any pair (U, V) of nonempty open subsets of X, one can find an N € N such that
T"U)NV # @foralln > N. T: X — X is called weakly mixing if T X T is hypercyclic. The following
observation is well known:

mixing = weaking mixing = hypercyclic = supercyclic.

The following three criterions are used frequently to show that an operator is hypercyclic, supercyclic
and mixing, respectively.

Proposition 2.1. [6, Theorem 3.12] (Hypercyclicity Criterion). Let X be a Banach space and T € £(X). If there
are dense subsets D1, D, C X, an increasing sequence (Ny)xeN Of positive integers, and maps Sy, : Dy — X such
that, for any x € D, y € Dy,

(1) T"x = 0,
(i) Spy — 0,
(iii)) TS,y — y,
then T is weakly mixing, and in particular hypercyclic.

Proposition 2.2. [3, Theorem 1.14] (Supercyclicity Criterion). Let X be a Banach space and T € £(X). If there
are dense subsets D1, D, C X, an increasing sequence (ny)xeN Of positive integers, and maps S, : Dy — X such
that, for any x € Dy, y € Dy,

@ T x[llISnyll = 0,
(it) T"Spy =y,
then T is supercyclic.

Proposition 2.3. [6, Theorem 3.4] (Kitai’s Criterion). Let X be a Banach space and T € (X). If there are dense
subsets D1, Dp, C Xand amap S : Dy — Dy such that, for any x € Dy, y € Dy,

(i) T"x — 0,

(ii) S"y — 0,

(iii)) TSy =y,
then T is mixing.

LetT: X —» Xand S : Y — Y be two continuous maps acting on topological spaces X and Y. Then
T is called quasiconjugate to S if there exists a continuous map ¢ : Y — X with dense range such that
To¢ = ¢oS,thatis, the diagram

Y — Y

6| 6|

X — X
T
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commutes. If ¢ can be chosen to be a homeomorphism then T and S are called conjugate. It is well known
that all the dynamical properties are preserved under conjugacy. Using a suitable conjugacy, we can also
consider the weighted bilateral upper-left shifts By (e; ;) = (w; jei-1,5-1) acting on LP(Z), where w = (w; ;)i jez
is a bounded sequence of positive real numbers. We define a special weight sequence (v, »)mnez by

-1
(wm,nwmfl,nfl e wm—é,n—é) , m>1,n>1,

Umn =41, m=0n>0,orn=0,m=>0,
Wint1,n 1 Wint2,1+2 *** Wianuen, M <0,0rn <0,

where both & and 7 are nonnegative integers such that min{m — &, n — &} = 1 and min{m + n,n + n} = 0.
Consider the associated weighted double sequence spaces £7(Z, v), and the map

¢o - LN(Z,0) = LN(Z)

(xm,n) g (xm,n Um,n)'

We have that ¢, is a vector space isomorphism and the following diagram commutes:

L (Z,0) — L (Z,0)

¢o] ¢o]
0@ —— L@

In fact, one can easily verify that

Om,n

= Wm+1,n+1-
Om+1,n+1

Then for any (x,,,) € LP(Z,v),

va o Bw(xm,n) = qbv(xm—l,n—l) = Xm-1,n-19%m-1,n-1,

and

By o (Pv(xm,n) = Bw(xm,nvm,n) = WmnXm-1,n-19%m,n

Om—-1,n-1
= Xm-1n-1%mn = Xm-1,n-10m-1,n-1-
Um,n

Thus we have B, o ¢, = ¢, o B.

3. Hypercyclicity and supercyclicity

In this section, we discuss the hypercyclicity and supercyclicity of B : LF(Z,v) — LP(Z,v), whose
proofs are inspired by that of Salas [11, 12] (see also [3, pp. 18-19]). Meanwhile, we generalize the results
to By, : LV(Z) — LP(Z) via the conjugacy as in Section 2. The following theorem supplies the equivalent
conditions for B : LV (Z,v) — LP(Z,v) to be hypercyclic.

Theorem 3.1. Let v = (U n)mnez be a sequence of positive numbers such that sup,, , Dt < oo, and let B be the

Om+1,n+1

bilateral upper-left shift acting on LF(Z,v), 1 < p < co. Then the following statements are equivalent:
(i) B is hypercyclic;
(ii) B is weakly mixing;
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(iii) There is an increasing sequence (ny)xen 0f positive integers such that, for any i, j € Z,

lim 0y, 4in+j =0 and Lmo_, 4 p4; = 0. (1)
k—o0 —00

Proof. (i)=(iii). Suppose that B is hypercyclic and fix i, j € Z. Since the hypercyclic vectors are dense in
LP(Z,0). For any € € (0, 1), assume without loss of generality that € < v; ;, one may find x € £7(Z,v) and an
integer 1 such that

Ix —eijll <e and [|B™x—e;)ll <e.
Looking at the (i, j)th and the (1 + 7, ¢ + j)th coordinate in the first inequality we have
v;,j(xi; — DI <€, (2)
and
[Onti et jXngime+jl < € 3)
Likewise, looking at the (i, j)th and the (—#ny + 1, —11; + j)th coordinate in the second inequality, we can obtain
[0 j(Xn4ipmrj — DI <€, 4)
and
[0, jXi j| < €. (5)
From (4) we have that |x;4; .+ > v’#f Applying (3) yields

0; j€
Ot < —Uz‘,j S
Similarly, combining (2) with (5) we obtain

ZJ,‘,]‘G
Uoppti,—m+j < U”——e
Since € is arbitrary, these give (1).
(iii)=(ii). Suppose that (1)) holds, and let us show that B satisfies the Hypercyclicity Criterion. Let
D1 = D, =spanfe;; : i, j € Z}. For S, we take the n;th iterates of the low-righ shift

X-1,-1 X-10 X-11 - o X320 X2-1 X-20

Fl - x4 Xo0 Xo1 vt =] v X-1,-2 X-1,-1 X-10 |,
X1,-1 X1,0 X110 vt Xo—2  Xo-1 X0,0

thatis, S, = ¥ : D, — LF(Z,v). Since BF =1 on D,, we only need to show that B"e¢;; and S, e;; both
tend to zero for any i, j € Z (then we conclude by using linearity). But this is clear since

18" i jll = V_neti-ne+j and ISy fll = Vnyripnr -

Thus 8 is weakly mixing.
(i))=(i). This is trivial. O
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For the bilateral weighted upper-left shift 8, on the unweighted double sequence spaces L¥(Z), (1 <
p < o0). Using the weight sequence (v, ) nez in Section 2, we can easily get the following corollary.

Corollary 3.2. Let B, be a bilateral weighted upper-left shift on LF(Z), 1 < p < oo, with weighted sequence
w = (Wi ;)i jez. Then the following statements are equivalent:

(i) By is hypercyclic;
(ii) By, is weakly mixing;
(iii) There is an increasing sequence (Ny)kez Of positive integers such that, for all i, j € Z,
1

lim =0,
k—eo Wiy +i e+ Wig+i-1,m+j-1 *°* Wig+i=&,mp+j—&

and

I}im W—pyti+1,~mp+ -1 W—py+i42,—my+j+2 * * * Wy itn,—my+jbn = 0,
—00

where &, 1 are nonnegative integers such that min{ny +i—&, n+ j— &} = Land min{-ng +i+1n, —ne+j+n} = 0.
Next we consider the supercyclicity of the bilateral upper-left shift.
Umn

Theorem 3.3. Let U = (Upn)mnez be a sequence of positive numbers such that sup,, , 7= < ®, and let B be the

Um+1,n+1
bilateral upper-left shift acting on LF(Z,v), 1 < p < oo. Then B is supercyclic if and only if there is an increasing
sequence (ny)xeN Of positive integers such that for any i, j € Z,
111—13.)10 vnk+i,nk+jv—nk+i,—nk+j = O' (6)

Proof. Suppose that 8B is supercyclic and fix i, j € Z. Since the supercyclic vectors are dense in £ (Z, v), for
any € € (0,1), one may find x = (x; ;) € £LP(Z,v), A € K\{0} and an integer 1 such that

lx—eijll <e and [[AB"x—¢; |l <e.
As in Theorem 3.1, we can get

|Ul,](xl:] - 1)| < €, |vnk+i,nk+j-xnk+i,nk+j| < €,
from the first inequality, and

[0;j(xij = DI <€, |AV_ypine+jXijl <€,

from the second inequality. Putting all this together, using the triangle inequality, we can conclude that

€2 0; j€
Onpeti e+ Oy, —m+j < < ( )
T A, il \vij—€)

and (6) follows.
Conversely, if (6) holds, it is clear that the Supercyclicity Criterion is satisfied for ; = D, = spanfe;; :
i, j € Z} and the nth iterate of the low-right shift, i.e., S, := F", since

“Bnk (ei,j)”HSnk (ei,j)” = Umpti,—np+j Oy +i g+ -
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Corollary 3.4. Let By, be a bilateral weighted upper-left shift on LP(Z), 1 < p < oo, with weight sequence w =
(Wnnez. Then By, is supercyclic if and only if there is an increasing sequence (ny)reN Of positive integers such that
foranyi,jeZ,

W—ppti+1,~np+ 1 W—pgi4+2,~mp+j+2 * ** Wepgpibn, —m+ j+n)

liminf =0,

k—oo Wiyt jWmri=1 e+ j=1 °** Wigeri=& g +j-&

where &, 1 are nonnegative integers such that min{ny +i— &, m + j— &} = Land min{-n +i+1n, -+ j+n} = 0.

By the same arguments using in the proof of Theorem 3.1, but employing Kitai’s Criterion instead of
the Hypercyclicity Criterion, we obtain a characterization of the mixing property for 8.

Theorem 3.5. Let U = (Upn)mnez be a sequence of positive numbers such that sup,, Y < oo, and let B be the

Um+1,n+1

unweighted upper-left shift acting on L¥(Z,v), 1 < p < oo. Then B is mixing if and only if for any i, j € Z,
lim 0,404 =0 and lim v,y 4yj = 0.

Corollary 3.6. Let B, be a bilateral weighted upper-left shift on LF(Z), 1 < p < oo, with weight sequence w =

(Wnnez. Then By, is mixing if and only if for any i, j € Z,

. 1
lim =0,
=00 Wytin+ jWnti-1,n+j-1" " Wn+i-&n+j-&

and

lim Wntit1,—n+j+1W-n+i+2,~n+j+2 * * * W—ntitn,—n+j+n = 0,

n—o0

where &, 1) are nonnegative integers such that min{n, +i—&,ne + j— &} = Land min{-nx +i+1n, —ne+j+n} = 0.

4. Chaoticity

In the last section, we deal with the chaoticity of the bilateral upper-left shift. We give a sufficient
condition and a necessary condition of 8 : L7 (Z,v) — LF(Z,v) to be chaotic.

Omn

Theorem 4.1. Let 0 = (U n)mnez be a sequence of positive numbers such that Sup,, , g <, and let B be the
upper-left shift acting on LP(Z,v), 1 < p < co. Then B is chaotic if }.; ez vfj < o0,

Proof. Assume that }; iz vf ;< it follows from Theorem 3.1 that 8 is hypercyclic. It remains to show
that 8 has a dense set of periodic points. For any € > 0, there exist K,L, M, N € N with K+ L = M + N such

that
E 7o<e.
ij

i>K, or i<—-L
=M, or j<—=N

For x = (x;})ijez € L'(Z,v), we have }; icz vf,’,].lx,-,jv7 < 00. Set
Xizmt jwmt, —Ltmt <i < K+mt, =N +mt<j<M+mt,

Yij = m=0,1,23,---,t=K+L+1=M+N+1.
0, otherwise.
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Then, y = (v; ;) belongs to the space LF(Z, v), since

iy = Y sl < Y Wl Y ol
ijez —L<i<K, i>K, or i<—L
-N<j<M =M, or j<-N
<l +( sup b)Y o
“Lsizk, 2K, or i<—L
_NS]SM ]le’ g: l]'S—N

< |Ix||5 +( sup |x,-,j|”)e < oo.
~L<i<K,
-N<j<M

Clearly, B'y = y. Therefore, we have that y is a periodic point whose period is . Now we need to show
that the set A := {y : y = (y; )} is dense in LV(Z, v),

P = Pl o — . P
—ylh= Y o i

i>K, or i<-L
j=M, or j<—=N
< s wwr) Y9
.iZK’ or i.S_L i>K, or i<-L
j2M, or j<=N =M, or j<-N

< ( sup |x1’,]’ - yl‘,]'|p)€.
i>K, or i<—-L
j=M, or j<=N

Therefore B is chaotic. [

Theorem 4.2. Let v = (Uyu)munez be a sequence of positive numbers such that sup,, , vi’ﬁ < oo, and let B be the
upper-left shift acting on LP(Z,v), 1 < p < oo. If B is chaotic, then

P <oco, meZ.

ii+m 4
ieZ

Proof. Assume that 8 is chaotic, then 8 has a dense set of periodic points. Let x = (xi,j)i, jez be periodic for
B with period t such that x,,, # 0 for some —t < n < t, and we have that x,,, = X411 y41t for I € Z. Then

P 14 Py P
Zvn+lt,n+lt|x”'”| < Z vi,jlx’ffl < oo.

[eZ. i,jeZ

p .
It follows that )\ Vs < O, thatis to say

Z Cn+ltn+lt € -EP(Z/ ).

lez

Applying the upper-left shift f — 1 times and adding the results we obtain
Y eii€ £(Z,0).
i€Z

In the same way, we can get

Z eiivm € LF(Z,v), meZ,

ieZ
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that is to say,

Z €ij € .EP(Z,U).

ijez.
Equivalently, Y., v/ ;<. O
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