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A Soft Fixed Ppoint Theorem of the Weakly Soft susc-Contractions

Chi-Ming Chen?

Institute for Computational and Modeling Science, National Tsing Hua University, Taiwan

Abstract. In this article, we introduce a new notion of weakly soft susc-contraction in soft metric spaces
and prove a soft fixed point theorem which assure the existence of soft fixed points for the type of weakly
soft susc-contraction. Our results generalize many recent soft fixed point results in the literature.

1. Introduction and Preliminaries

One of the fundamental research subjects of both the nonlinear functional analysis and topology is
the metric fixed point theory. Almost a centcury ago, the fundamentals of theorem of metric fixed point
theory was given by Banach. He proved that every contraction possesses a unique fixed point in the setting
of complete norm spaces. The analog of his theorem was proved by Caccioppoli in 1930. After then,
Banach’s fixed point theorem was improved and generalized in the setting of distinct abstract spaces, ( see,
e.g.[2]-[4] [6]-[8], [13]-[18], [19]-[23], [26],[27]).

Mathematics is established on exact notions where there is no ambiguity. Most of the practical problems
in economics, engineering, social science, medical science and so forth cannot be dealt with classical
methods because of various types of uncertainties present in these problems. In 1999, Molodtsov [25]
introduced a new mathematical tool for dealing with uncertainties, called soft set theory. Soft set is
a parameterized general mathematical tool which deal with a collection of approximate descriptions of
objects. The approximate description contains two parts : one is a predicate and the other is an approximate
value set. In classical mathematics, the mathematical model is constructed and it is complicated, and so
the exact solution is not easily obtained. In the soft set theory, we have the opposite approach to solve this
problem. The initial description of the object has an approximate nature, and we do not need to introduce
the notion of exact solution. In the recent, many papers concerning soft set theory have been published;
(see, e.g. [1], [5], [24], [28]). We recall the concepts of soft set theory as follow.

In the sequel, we let U be an initial universe, let # be a set of parameters, and let 2U be the collection of
all subsets of U.

Definition 1.1. [25] Let A be a nonempty subset of P. A soft set (T, A) on U is a set of the form
(T,A) ={(T(A),A): AeP),

where T : A — 2 is a set-valued map such that T(A) = ¢ for all w ¢ A, and T is called an approximate function of
(T, A). The collection of all soft sets on U will be denoted by S(U).
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Definition 1.2. [24] Let A and B be two nonempty subsets of P. The intersection of two soft sets (T1, A) and (T2, B)
on U is the soft set (T3, C) where C = AN B and for each p € C, T3(p) = T1(p) N Ta(p). This is denoted by

(T1, A)N(T,, B) = (T, C).

Definition 1.3. [24] Let A and B be two nonempty subsets of P. The union of two soft sets (T1, A) and (T, B) on U
is the soft set (T3, C) where C = AU B and for eachp € C,

Tl(P)/ 1fP €A \ B;
T3(p) = { T2(p), ifpe B\ A
Ti(p) U Ta(p), ifpe ANB.

This relationship is denoted by (T;, A)U(T2, B) = (T3, C)
Definition 1.4. [24] A soft set (T, A) on U is said to be a null soft set denoted 5 if forallp € A, F(p) = ¢.

Definition 1.5. [24] A soft set (T, A) on U is said to be an absolute soft set denoted Ziffor allpe A, T(p) = A.

Definition 1.6. [24] The complement of soft set (T, A) on U is denoted by (T¢, A) where T¢ : X — 2% is a mapping
given by T°(p) = U\ T(p) for all p € A.

Applying the concepts of soft set theory, the authors [31] introduced the following notion of soft real
numbers.

Definition 1.7. [31] Let B(IR) be the collection of all nonempty bounded subsets of IR, where R denote by the set of
all real numbers. Then the mapping ¢ : P — B(R) is called a soft real mapping. If (¢, P) is a singleton soft set, then

identifying (@, P) with the corresponding soft element, it will be called a soft real number and denoted a, b, € etc. And,

0and 1 are the soft real numbers where 0(w) =0, 1(w) =1 forall w € P, respectively. Furthermore, we let R*(P) be
denoted by the set of all non-negative soft real numbers.

Definition 1.8. [31] For two soft real numbers, we have

1) FEE if ﬂw)gg(w), forall w € P;
) EE}Z if E(a))g_ll(a)), forall w € P;
(3) @<b if dlw)<b(w), for all w € P;
(@) 35D if A(w)Sb(w), for all @ € P.

Definition 1.9. Let ¢ : R*(P) — R*(P) be a soft real mapping. Then
(1) @ is said to be soft continuous at TER*(P), if for every >0, there exists 5>0 such that 0<a — T<0 implies
¢@) — (D)<Y

Moreover, if ¢ : R*(P) — R*(P) is soft continuous at every soft real number T of R*(P), then we call ¢ a soft
continuous mapping.
(2) @ is said to be soft upper semicontinuous, if

Jim sup(@(7)<@ (7o), for all yoeR* (P).

On the other hand, the authors [29] introduced the following notion of soft points.

Definition 1.10. [29] A soft set (T, P) on U is said to be a soft point if there is exactly one p € P such that T(p) = {x}
for some x € U and T(w) = ¢ for all w € P\ {p}. It will be denoted by Xx,.
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Let X be the absolute soft set, where (T,P) = X, and let SP(}?) be the collection of all soft points of X. In
[30], the authors introduced the notion of soft metric on the soft set X.

Definition 1.11. [30] A mapping o : SP(X) x SP(X) — R¥(P) is said to be a soft metric on the soft set X ifo
satisfies the following coditions:

(i) 51, Y)=0, for all X,,, yp,€X;

(ii) o(xp,, Yp,) = 0 if and only if x,, = %;-
(i) 5, V) = 3Wpn, Tpo), for all 5, X -
(iv) (X, Z5,)<0(Xpr, Yp) + 0(Ypns 205 ), for all Xp,, Yy, Zpr EX.

The soft set X with a soft metric ¢ is called a soft metric space and denoted by (X,3,P).

Definition 1.12. [30] Let {x,,} be a sequence of soft points in a soft metric space (X, 5, P). Then the sequence (X}
is said to be soft convergent in (X, o, P) if there is a soft point ,€X such that

lim 5(x,,, 2,) = 0.

n—oo
Definition 1.13. [30] Let {X,,}, be a sequence of soft points in a soft metric space (X,5,P). Then {Xpy}u is said to
be a soft Cauchy sequence in (X, 0, P) if

lim 6(x, %) = 0.

i,j—00

Definition 1.14. [30] A soft metric space (X, o, P) is complete if every Cauchy sequence in X converges to some soft
point of X.

Later, we introduce the notion of soft continuous mapping on soft metric spaces, as follows:

Definition 1.15. Let ()_Z,Elj P) and (Y, 5,P") be two soft metric spaces and (f, @) : ()—Z,cﬁlv, P) — (7,5, P’). Then we
call the soft mapping (f, @) is soft continuous at the point X, €SP(X), if for every >0, there exists 5>0 such that

d(x3, ) <6 implies that 5((f, )(x2), (f, @) (x1)) <7

Fixed point theory plays a fundamental role in mathematics and applied sciences, such as optimization,
mathematical models and economic theories. Also, this theory have been applied to show the existence
and uniqueness of the solutions of differential equations, integral equations and many other branches of
mathematics. Extensions of fixed point theorems to the soft set theory have been studied by some authors.In
2013, Wardowski [32] first established the natural first fixed-point results in the soft set theory, and many
authors studied soft metric versions of several important fixed point theorems by using soft set theory, (
see, e.g. [9], [10], [12],[15]). In this article, we introduce a new notion of weakly soft susc-contraction in
soft metric spaces and prove a soft fixed point theorem which assure the existence of soft fixed points for
the type of weakly soft susc-contractions. Our results generalize many recent soft fixed point results in the
literature.
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2. Main Results
The following two propositions will play important roles for the soft fixed point theorm 2.5.

Proposition 2.1. Let @ : R*(P) — R*(P) be soft upper semicontinuous with ¢()<y for all yER*(P)\0 and
@(0) = 0. Then there exists a strictly increasing, soft continuous function i : R*(P) — R*(P) such that

PP ()<Y, for all ER"(P)\O.
Proof. Let ¢ : R*(P) — R*(P) be denoted by

O() =7 — @(y), for all yER*(P).

Since @ is soft upper semicontinuous, we have that ¢ is soft lower semicontinuous, and hence it attains it’s
minimum in any closed bounded interval of R*(P).

For each n€R* () and 7 is soft positive integer, we define four soft sequences az;, b}, ¢ and d; of soft real
numbers by
1) a; = = minzg5y oO);
@) by = min_ + 1 6

n+l’ n

(3) ¢ d = min{a b—}

07
4) c mm{c a7, 05, , 05, for all n>2

R .
(5) dg = mm{cl,bT, bE' -, by, (n+1)} for all 1>2,
and let ¢ : R*(P) —» R*(P) satlsfy the following:
@) ¥(0) = 04’( Cﬁﬂ#()—-—dz/ L
(i) ) =@ - n)tp(n + 1) + (n +1 -y, if n<y<n +1;
(i) $(7) = Y(zH) + A0+ DIPE) - ¢GRI - 75)-
Then, we are easily to conclude that ¢ : R*(P) — R*(P) is strictly increasing, soft continuous and
P(P<Y(G)<y, for all yeR* (P)\O.
O
Proposition 2.2. Let ¢ : R*(P) — R*(P) be soft upper semicontinuous with @(y)<y for all )AEIR*(P)\G and
@(0) = 0. Then lim ¢" () = 0 for all 7>0, where @" denotes the n-th iteration of @.

Proof. Applying Proposition 2.1, there exists a strictly increasing, soft continuous function ¢ : R*(P) —
R*(#) such that

P(P<Y(G)<y, for all yER* (P)\O,

and the function ¢ is invertible.
Let >0 be fixed. We claim that lim "(y) = 0. Suppose, on the the contrary, that lim ¢ ™"(7) = 7 for
n—o0 n—oo

some positive soft real number 7. Then we can conclude
1= lim ¢7(y)
=y~ (lim ¢ (7))
=)
ST
This implies a contradiction. So lim ¢"(7) = 0, and hence we have that lim ¢" () = 0 for all 7>0. O
n—oo n—oo
We introduce the following new notion of weakly soft susc-contractions.
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Definition 2.3. Let (X,5,9) be a soft metric > space and let ¢ : R*(P) — R*(P) be soft upper semicontinuous
with (y)<y for all yelR*(P)\O and go(O) =0. A mappzng (T, x) : (X o,P) — (X a,P) is called a weakly soft
p-susc-contraction if for each soft points x,, - 7,eSP(X),

ST, )@, (T, (7))
<o (max {5, 72), 5, (T, X)(F), 50, (T, )(F))}) -

Example 2.4. Let (R,5,P) bea soft metric space with the following metrics

max{lpl,|tl}, ifp#rt
Gx(P’ T) = { Ori Z;Z =T ’

o(x,y) =lx—yl, and
_— . 4
G(xp/ y’l') = 50)((]9/ T) + O_(x/ 1/),
where P = [0, 00), x(t) = 3tfor t € [0, ).
Let ¢, ¢ : RY(P) — R*(P) denote by

- 677 lf?/>1
P(y) { F0<7<T

and

vO) =27

Then ¢ is soft upper semicontinuous, and  is strictly increasing and soft continuous with
PN<Y()<y, for all yER* (P)\O, and p(0) = (0) =0

Let (T, x)(xp) = %). Then

5((T, )(xp), (T, X)(y))

G( x4p/ 5]/%’[)
=§ max{|pl, <]} + §|x iy,

and
1) o(xp, yo) = £ max{lpl, [t} + Ix — yl,
@) 3, 2x3,) = £ max{lpl, 13pl) + | - o= 4+ 3

= s max{lt], I3} + |y — Fyl = &Il + Elyl.

Thus, (T, x) is a weakly soft p-susc-contraction on the soft metric space (]13,’5, P).

Applying Proposition 2.1 and Proposition 2.2, we prove the following soft fixed point theorem for the
type of weakly soft susc-contractions.

Theorem 2.5. Let (X, 5, P)bea complete soft metric space, and let ¢ : R*(P) — R*(P) be soft upper semicontinuous
with (p(77)<)/ forall ye]R*(P)\O and (p(O) 0. Let (T, x) : (X g,P) — (X o,P) bea weakly soft p-susc-contraction
on (X 0,P). Then (T, x) has a soft fixed point, that is, there exists a soft point xTGSP(X) such that (T, x)(x;) = X,.
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Proof. Let E;ESP()?) be given. For each n € N U {0}, we put

x = (T, 0) = (T 00) i

Then for each n € IN U {0}, we have

T, ) = ST ), (T, ()
Zp (max (et 1, 21, G (T, 068D 6, (T 06 ) )

i1 = 1
- (P (max {O(xT,, 1/x’[,,) O(XT,, 11x1n)r (x’[,, xt[ln-l;l })

If o(xT 1 ){E(xﬁn, xptl

T, S0, )T, ),

which implies a contradiction. Thus, for each n € IN U {0},

n n+1 -1 7
Tn Tn+1)<g0(~(x7:n 17 7/1
By induction, we can conclude that

~c o an+l
O(x'[n xTnH

<(P(v(x7:n 17 tfln
<(P r(xgrz 22’ Tn 1))

S'

2@"(5(53;,x1 )

Since ¢ is soft upper semicontinuous and by Proposition 2.2, we can get

lim a(xT” x”“) =

n—00 Tn+1

We claim that the sequence {x .} is soft Cauchy, that is, the following result (*) holds:

For every ¢, there exists ng € ]N such that if n,k > ng, then

~, kL N——
o(xq, , Xy )<e.

), then by the conditions of the function ¢, we have

2588

)

Suppose that the above statesment (+) is false. Then there exists €>0 such that, for any r € IN, there are

ny, k, € IN with n, > k, > r satisfying that
(i) n,is even and k, is odd;

(i) G5, x7) )5E
(iii) n, is the smallest even number such that the condition (ii) holds.

By (i) and (ii), we conclude that

e<o(x1k , TW

<U(ka , THV )+O_( n,=2 n; )+O_( -1 xl’lr)

711772’ Tn -1 Tn 17 Tyy

= ?2/ =l
<e+o(xy, 5, Tm 1) + a(xT” LX)
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Letting r — co, we obtain that

hma(ka, Xy ) =€

r—00

On the other hand, we have

1 “n1
€<O(x1'k ]le,’,, 1)

/\_/ /\/ /\/ ,\/ /\1/
N—
<O(x1k 17/ Tn ,3) + U(x’[,, 37 T”,,z) + G(x’[,, zrx'f,rly,l)

n,—3 n,

<e+o(xy o, X7 2)+a( X )

Tnp-27 " Tnp-17"

Letting r — oo, we obtain that

/\_1/ ~
lim a(ka l,x"'_ )=F¢.

r—00 Tnr-1

By above arguement, we obtain that

— ko
oy, XZ';,)

=BT, O, (T 0EED)
Zop (max (G, v, B (T 06 5w (0w D))

—_— /\/
<@ (max {a(ka S 1) (ka &) o X })

Applying Proposition 2.1, there exists a strictly increasing, soft continuous function ¢ : R* () — R*(P)
such that

~ Kk
o(xq, , xq )

/\/ _— /\/

Zp (max (G, v, 36T ), 50 <))
/\/ _— /\/

<y (max {a(xrk 1,x2‘;y 1) a(x’ék 11,ka7) o(xTny o X })

Letting r — oo, we get e<y(e)<e. This implies a contradiction. So the sequence {x fx” _} is soft Cauchy.
Since (X, o0, %) is complete, there exists x7; €X such that

xr —>JE as n — oo,
that is,
5(;’?”,;;)%6 as n — .
And, we also have that
(T, V(7). ;)
<G(T, )G, (T, V)(6) + 5(T, X)), x7)
<o (max (5@, %), 5(T,, (T, (L)), 55, (T, ) +d@it, 20

(
o (max {5187, £, 5, €17, 5, (T 0@ ) + 56t %
=

max (G, 40), G, ¥70), 58 (T, )} + Tk, 7).
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Taking n — co, we get that

G((T, (X2, &%)
<y (max{0,0,,50<;, (T, )} + 0
(T, X)), 3,

and this is a contradiction unless 6((T, )()(Sc?[), JE) =0. Thus, (T, X)(%:) = ¥, and hence, ¥; is a soft fixed point
of the mapping (T, x). O

Example 2.6. Applying Example 2.4, we can conclude that Oy is a soft fixed point of the weakly soft p-susc-contraction
(T, 0).
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