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Abstract. In this paper, we define a new type of cohomology for Hom-Leibniz superalgebras which
controls deformations of Hom-Leibniz superalgebras. The cohomology and the associated deformation
theory for Hom-Leibniz superalgebras as developed here are also extended to equivariant context, under
the presence of finite group actions on Hom-Leibniz superalgebras.

1. Introduction

A Hom-Leibniz algebra is a triple (L, [, ], ), where «a is a linear self-map, in which the bilinear bracket
satisfies a a-twisted variant of the Leibniz identity, called the Hom-Leibniz identity. When « is the identity
map, the Hom-Leibniz identity reduces to the usual Leibniz identity, and L is a Leibniz algebra which
are been introduced by Loday [1]. Leibniz algebras were studied in [11]. The notion of Hom-Leibniz
algebras was introduced by Makhlouf and Silvestrov [8]. Hom-Leibniz algebras were studied extensively
in [3] |6, 12} 21]]. Furthermore, Hom-Leibniz algebras were generalized to Hom-Leibniz superalgebras
by literature [9, [10] 14} [15] as a noncommutative generalization of Hom-Lie superalgebras. When « is
the identity map, the Hom-Leibniz superalgebras reduces to the usual Leibniz superalgebras. Leibniz
superalgebras were studied in [5} 7}, [13]].

Nowadays, much researches on certain algebraic objects are concerned with their formal deformations
theories. The deformation theory was introduced by Gerstenhaber for rings and algebras in a series of
papers [16H19]. Recently, the deformation theory of other algebras has been studied by several authors
[446), 13, 20]. Equivariant deformation theory of various algebras has been studied in [21H23].

Purpose of this paper is to introduce a-type cohomology, equivariant deformation cohomology and
equivariant formal deformation theory of Hom-Leibniz superalgebras based on some work in [9} 21]]. This
paper is organized as follows. In Section 2, we introduce the Hom-Leibniz superalgebras related known
concepts. In Section 3, we introduce the a-type cohomology for Hom-Leibniz superalgebras. In Section
4, we introduce the Deformation theory of Hom-Leibniz superalgebras. In Section 5, we introduce Group
action and equivariant cohomology of Hom-Leibniz superalgebras. In Section 6, we introduce Equivariant
formal deformation of Hom-Leibniz superalgebras.
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2. Preliminaries

Our aim in this section is to recall some definitions and results related to Hom-Leibniz superalgebras. Let
K be a field of characteristic zero. A vector space L is said to be a Z,-graded if we are given a family (L;);cz,
of vector subspace L such that L = Ly®L;. We will denote by H(L) the set of all homogeneous elements of L.
The symbol |x| always implies that x is a Z,-homogeneous element and |x| is the Z,-degree. Moreover, the
Z;,-graded K-vector space Endi (L) has a natural direct sum decomposition Endi(L) = Endk(L)s®Endk(L);
, where Endk(L); = {¢ € Endk(L)I(L;) € Ly, j}, j = 0, 1. Elements of Endk(L); are homogeneous of degree j.

Definition 2.1. [9] A Hom-Leibniz superalgebra is a triple (L,[,], a) consisting of a Z,-graded K-vector space
L =L;® L, aK-bilinear map [,] : L® L — L and a € Endk(L)g satisfying

[Li, L7 € Liyj i, ] € Zo,
a([x, y]) = [a(x), a(y)],
[[x, y], a(2)] = [a(), [y, 211 = (1) [a(y), [x, 1],

forall x,y,z € H(L). Furthermore, if  is an algebra automorphism, we call it a reqular Hom-Leibniz superalgebra.

This is in fact a right Hom-Leibniz superalgebra. The dual notion of left Hom-Leibniz superalgebra
is made out of the dual relation [a(x), [y,z]] = [[x, y], @(z)] — (-1)"F[[x,z],a(y)]. In this paper, we are
considering only right Hom-Leibniz superalgebras.

Example 2.2. Clearly, every Hom-Lie superalgebra is a Hom-Leibniz superalgebra. A Hom-Leibniz superalgebra L
is a Hom-Lie superalgebra if [x, y] = —(=1)M¥[y, x] for all x, y € H(L).

Example 2.3. [10] Let L = Ly ® L1 be a Z,-graded K-vector space, where Ly is one dimensional subspace of L
generated by {x} and Ly is two-dimensional generated by {y, z} and the nonzero product is given by [y, x] = y. For
a,b € K, we consider & € Endg (L) defined a(x) = ax, a(y) = ay, a(z) = bz. foranya € K, there is the corresponding
Hom-Leibniz superalgebra (L, [, ]o = a o[, ], @) with the nonzero product [y, x], = ay. It is not a Leibniz superalgebra
whena #0,1.

A morphism between Hom-Leibniz superalgebras (L, [, ]1,a1) and (Ly, [, ], a2) is an even linear map
¢ : L1 — L which satisfies for all x, y € H(L1),

o([x, yl1) = [p®), (]2, @oar =azo .

Definition 2.4. A Hom-supermodule is a Z,-graded vector space M together with an even linear map 5 : M — M
such that Z,-graded vector space operations are compatible with B. We write a Hom-supermodule as (M, B).

Definition 2.5. [10] Let (L,[,],a) be a Hom-Leibniz superalgebra. A representation (L-bimodule) is a Hom-
supermodule (M, B) together with two L-actions (left and right multiplications), u; : L&M — Mand p, : M®L — M
satisfying the following conditions:

Ly, My) € My,
ur(M; Ly) S My,
Blu(x,m)) = wla(x), p(m)),

Blur(m,x)) = p(B(m), a(x)),
wilx, yl Bm) = ), wly, m) = (=DM py(a(y), wix, m)),

w((x,m), a(y)) = wa), wm, y) - (=1 @m), [x, y1),

pr(m,x),a(y)) = pABim), [x, y]) — (=)™ (), p(m, y)),

foralli,j€ Zy,x,y € H(L)and m € H(M).
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With the above notations, we recall the cohomology of Hom-Leibniz superalgebras (L, [, ], «) defined in
[9]. Let

CloLM)={p: L > Mod=¢oa®

Clearly, C" ﬁ(L M) = ﬁ(L M); e C" ﬁ(L M)i, where C" ﬁ(L M) and C” (L M)z are submodules containing

elements of degree 0 and 1, respectively. Forn > 1, " : CZ, (L,M) — CZ’;} (L, M) is defined as follows:

O"(P)(x1, X2, -+, Xp41)

n
= Y (e D [ ), e T 2]
i=1

n Z (=1) il D (o (xy ), - - Jax), - [x, X, a(xje1), -, (X))
1<i<j<n+1

+(=1)™ p(xr, -+, ), @ xna1)],

forall x1,- -+, x,41 € H(L), where x; means that x; is omitted. Clearly, foralln >1,606=0, (c, ﬁ(L M), )
is a cochain complex. The space of n-cocycles, n-coboundaries, and n-th cohomology are defined as:
(1) Z, 4(L, M) = Ker(6"), Zj 4(L,M); = C, (L, M); N Z} ,(L,M),j=0,1,
(2) Bjy(LM)= Im(é” 1, B" n (L M); = ”ﬁ(L M); mB”ﬁ(L M),j=0,1,
B) Hup(L,M) = Z; o(L, M)/B (L, M) = H o(L, M)y ® Hy 4(L, M)1,
where H”ﬁ(L M)] (L,M)]/B”ﬁ(L M);j=0,1.

3. a-type cohomology for Hom-Leibniz superalgebras

Similarly to [21], we define a cohomology for Hom-Leibniz superalgebras. Let y(x,y) = [x, y] and we
define the complex for the cohomology of (L, y, &) with values in (M, f) is given by

C'(L,M) = CML,M)&CLLM)

= Homg(L®", M) ® Homg (L®"',M), foralln > 2.
C(L,M) = CLL M)®CyL M) =Homg(L M) {0}.
CYL,M) = ({0} forall n<0.

Here Homg (L°, M) = Homg (K, M) = {0}, instead of K as usual, otherwise a#~! would be needed in the
definition of the differential. Clearly, E"(L,M) = E”(L,M)@ ® E”(L, M);. We write (¢, @) or ¢ + ¢ with
¢ € C;(L, M) and ¢ € C(L, M) for an element in E"(L, M). We define four maps with domain and range
given in the following diagram:

C(L, M) CI(L, M)

CH(L, M) — 2 (L, M),
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(D)D) (X1, Xps1) (3.1)
n
= ) (SR [ ), G, R )]
i=1

Y (R, a), - D ] alega), @)
1<i<j<n+1

+H=1)" P, -+, x), @ ()],

(aaa(P)(xll Tty xn) (32)

n—-1

= Y () 2 ), e, - T 0]
+ Z (_1)i+|Xi|(|Xi+l|+m+|xf_1|)(P(a(x1)/ Tty (X/(x\j), Tty [xi/ xj]/ a(xj+l)/ R a(x‘/l))
1<i<j<n

(=1 [, -+ x0m), @72 (x0)],

(aya(P)(xlr Tt rxn) = ,3(<Z5(x1, Tt rxn)) - qb(a(aq), iy a(xn))r (3‘3)

(aayfp)(xll c, Xnt) (3.4)

+|x;i e | : . il -2 -2 — —
— Z (_1)]+Ix [l [+ )+ (@l e [+ -1 )+, Hx,l[[an (xi)l o (xj)]r(p(xlr e Xi1, X X1, X ’xn+1)]
1<i<j<n

n
+ Z(_l)i+|Xil(|(p|+IXi+l‘+m+|xn‘)[(f)(xlr T rz' o rxn)r [an—Z(xi), an_z(xn+1)]]r

i=1
where x1,- -+, x,11 € H(L). We set
a(QD/ p) = (&w + aya)((P) ~ (Qaa + aay)(go) = (a)/)/cp - aay(Pr ayaﬂb - &Lm(P)‘ (3.5)

The following theorem is similar to the Hom-Leibniz algebras case [21] and we overleap its proof.

Theorem 3.1. Let (L, y, @) be a Hom-Leibniz supemlgebm and (M, B) be an L-bimodule. Further, let d : C”(L M) —
C"“(L M) be a map defined by (3.5). Then the pair (C*(L M), d) is a cochain complex.

We denote the cohomology of (E*(L, M), 9) by (ﬁ*(L, M), 9) and call it an a-type cohomology of (L, y, @)
with values in (M, ).

Remark 3.2. (1)Note that a-type cohomology for Hom-Leibniz superalgebras generalizes the cohomology introduced
in [9)]. To show this we consider only those elements in C" (L, M) where second summand is zero, that is, Ciy(L, M) = {0}.
Thus, we define a subcomplex of C"(L, M) as follows:

a,s(L M) = {(¢,0)¢€ C”(L M)|dyap = 0} = {p € CY(L M)IBodp =¢o a®

The map 0,, defines a differential on this complex and this complex is same as the complex defined in [9]]. Thus, a-type
cohomology generalizes the cohomology developed in [9].

(2) Note that any Hom-Leibniz superalgebra (L,[, ], &) can be considered as a bimodule over itself by taking
pr = pr=1[,1,M = Land B = a. At this point, we denote the n-th cohomology H"(L, L) = H"(L, M).
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4. Deformation theory of Hom-Leibniz superalgebras

In this section, we introduce one-parameter formal deformation theory for Hom-Leibniz superalgebras
and discuss how an a-type cohomology controls deformations.

Definition 4.1. A one-parameter formal deformation of Hom-Leibniz superalgebra (L, [, ], a) is given by a K[[t]]-
bilinear map m; - L[[t]] X L[[t]] — LI[t]] and a K[[¢]]-linear map a : L[[t]] — L[[t]] of the forms

m(x,y) = Z mi(x, y)t' and ay(z) = Z a;i(2)t,
i>0 >0
forall x,y,z € H(L), such that,
(1) Foralli >0, m; € Homg(L X L, L)j and «; € Homg(L, L)3.
(2) mo(x,y) =[x, y], a0 = ..
(3) Im(x, y)| = |x| + [yl, lax(2)| = |zl.
(4) mi(mi(x, y), ar(z)) = m(ar(x), me(y, z)) = (1)MMmy(a,(y), mi(x, 2)).
(5) ar(my(x, y)) = my(ae(x), ae(y)).

Remark 4.2. Equations (4)(5) are equivalent to (n =0,1,2,---)

Z (mi(mi(x, y), aj(2)) — mi(aj(x), me(y, 2)) + (1) Wmy(a;(y), m(x, 2))) = 0;

i+j+k=n
ijk=0
(4.1)
Y, almey) - Y, milai),axy) =0. 42)
s e
For a Hom-Leibniz superalgebra (L, [, ], @), an aj-associator is a map,
oq; : Homg (L X L, L)y x Homk(L X L,L); — Homg(L XL XL,L),
(mi,my) > m;j oq, My,
defined as
(i 00, Mi)(X, Y, 2) = mi(mi(x, y), j(2)) = miaj(x), mi(y, 2)) + (=1)Wmi(e;(y), mi(x, 2)).
By using aj-associator, the equation(4.1) may be written as
Z (1m; 0, M = 0; Z( Z (1 00, )" = 0,
i,j,k>0 n=0 ifj_;kzn
L k=
Thus, forn =0,1,2,---, we have the following infinite equations:
Y, (mioymy=0. (43)
i+j+k=n
i,jk>0
We can rewrite the Equation(4.3) as follows:
(D)) 1My — oy n)(X, Y, 2) = — Z (m; Oy me)(x,Y,z), (4.4)
i+j+k=n
ijk>0

where

Pyyin(x,y,2) = [ma(x, ), (2)] = [a(x), ma(y, 2)] + (=1 [a(y), ma(x, 2)]

—my(a(x), [y, z]) + ma([x, y], a(2)) + (~D)Wm, (a(y), [x, z]),
(4.5)
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and
dayan(x, y,2) = ~[[x, yl, an(2)] + [an(0), [y, 211 = (= 1) M[an(y), [x, 211. (4.6)
From the multiplicativity of a;, we have
Y, almtoy)— Y, mila),a(y) = 0. 47)
i+j=n i+j+k=n
i,j=0 i, k>0

We can rewrite the Equation (4.17) as follows:

Qaattn = Dyam) v, y) = = Y. milaj(0, )+ Y, ailmx,y)), 48)
where

Daatta(x,y) = [a(), an(y)] + [aa(x), a()] - ([, y1), 49)

Ayamy(x,y) = amy(x,y) — my(a(x), a(y)). (4.10)
Forn =0,

mg oa, 1o = 0, [[x, y], a(z)] = [a(x), [y, z1] + (1) [a(y), [x, 2]] = 0.
From the Equation (4.7) we have

a(lx, y]) = [a(x), a(y)].

This just shows «a is multiplicative.
For n = 1, from the Equation (4.3) we have

Mg O, M1 + M1 O, Mg + Mg O, Mg =0,

[m1(x, ), a(2)] = [a(x), mi(y, 2)] + (1) [a(y), m(x, 2)]
+m([x, yl, a(z)) = m(a(), [y, 21) + (=) (a(y), [x, 2])
+[[x, y], a1(2)] = [ (%), [y, 211 + (=) (), [x, 2] = 0.

This is same as
ayyml(x/ ]// Z) - 50(}/051()(/ yl Z) = 0

Now from the multiplicative part of the deformation, we have
[a(x), ar ()] + [ (x), a(y)] + ma (a(x), ay)) = almi(x, y)) = ar([x, y]) = 0.

This is same as
aaaal (x/ ]/) - ayaml (X, y) =0.
Thus, we have
d(my, 1) = 0.

Definition 4.3. The infinitesimal of the deformation (m;, o) is the pair (my, a1). Suppose more generally that (m,, ay,)
is the first non-zero term of (my, ay) after (mo, o), such (my, o) is called a n-infinitesimal of the deformation.

Therefore, we have the following theorem.

Theorem 4.4. Let (L, [, ], a) be a Hom-Leibniz superalgebra, and (L;, my, ay) be its one-parameter deformation then
the infinitesimal of the deformation is a 2-cocycle of the a-type cohomology.

Now we discuss obstructions of deformations for Hom-Leibniz superalgebras from the cohomological
point of view.
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Definition 4.5. A n-deformation of a Hom-Leibniz superalgebra is a formal deformation of the forms

n

n
my = Z mit and a; = Z at,

i=0 i=0

forall x,y,z € H(L), such that,
(1) Forall 0 <i<mn, mj € Homg(L X L, L) and a; € Endk(L);5.
2)mo(x,y) =[xyl ap=a.
(3) Imy(x, )l = x| + [yl lar(z)| = |z|.
(4) my(my(x, y), ar(2)) = m(ai(x), mi(y, 2)) = DMy (y), mi(x, 2)).
(5) a(my(x, y)) = my(ay(x), ar(y)).

We say a n-deformation (1, a;) of a Hom-Leibniz superalgebra is extendable to a (1 + 1)-deformation if
there is an element m,,,1 € C)z/(L, L) and a,41 € C3(L, L) such that
My =my+myat™, W=+t

and (m;, ay) satisfies (1)-(5). The (n + 1)-deformation (i1, a;) gives us the following equations.

Y il ), () - midaj(x), meCy, 2)) + (1) (), mi(x, 2)) = 0 (411)
Y, almy)- Y, mile),ay) = 0. (412)

This is same as the following equations
(ayymm—l - &ayarﬁl)(x/ Yy, Z)
— Y (e, y), () — milee (), ey, 2) + (DM (), i, 2)

i+j+k=n+1
i,j,k>0

= Y (mioy m(x,y,2).

i+j+k=n+1
ij k>0

Paattns = Dyt ) == Y. m@ @,y + Y, aimi(x ).
i+j+k=n+1 itj=n+1

ijk>0 ij>0

We define the n-th obstruction to extend a deformation of Hom-Leibniz superalgebra of order n to order

n+1as Obs" = (Obs), Obs,), where
Obs;l/(x/ y,z): = - Z (m; Oq; me)(x,y,z) = (8w/ymn+1 - aa;/anﬂ)(x/ Y,2), (4.13)
YT
Obsi(r,y): = — Y,  mlej@),am)+ Y, ailmxy)
i+ 7,71;(:;64- 1 i+i{j:>no+ 1
= (aaaanﬂ - ayamnﬂ)(xr _1/) (4.14)

Thus, (Obs;,Osz) € 53(L, L) and (Obs;l,, Obs)}) € d(My11, Ans1)-

Theorem 4.6. A deformation of order n extends to a deformation of order n + 1 if and only if cohomology class of
Obs" vanishes.

The proof of the above theorem is similar to the Hom-Leibniz algebra case [21].
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Proposition 4.7. If H3(L,L) = 0 then any 2-cocycle gives a one-parameter formal deformation of (L, [, ], @) .

Definition 4.8. Suppose Ly = (L, my, cry) and Ly = (L, m;,la;) be two one-parameter Hom—Leibniz superalgebra
deformations of (L, [, ], @), where m; = ¥ no mit', ap = Ying it and my = .0 mit', oy = ¥ a’t'. Two deformations
Ly and L} are said to be equivalent if there exists a K[[t]]-linear isomorphism Wy : L[[t]] — L[[t]] of the form
W, =Y 5o Vit where Yo = Id and ; : L — L are K-linear maps such that the following relations holds:

W)l = |x,

Wi(mi(x,y)) = m(Wi(x), Yi(y)), (4.15)

ar(Wi(x)) = Wi (x)), (4.16)
forall x,y € H(L).

The above equations (4.15) and (4.16) are equivalent to the following equations:

Y i) e =Y mi(Y | i, Y. v, (4.17)

>0 20 iz0  j=0 k=0
Y Y w0t =Y e} al@p)E. (4.18)
>0 j20 20 20

Comparing constant terms on both sides of the above equations, we have
my(x, y) = mo(x, y) = [x,y], ao(x) = ag(x) = ax).
Now comparing coefficients of ¢, we have
my(x, y) + 1 (my(x, y)) = ma(x, y) + mo(¥1(x), y) + mo(x, P(y)), (4.19)
a1(x) + ao(P1(x)) = a3(x) + Pr(ag(x))- (4.20)
The Equations (4.19) and (4.20) are same as
my(x,y) = m(x, y) = [P1(x), y1 + [x, Yr()] = Pa(lx, YD) = 9y (x, y).
@) (x) — a1 (x) = a1 (x) — P1(a(x)) = dyat1(%).
Thus, we have the following proposition.
Proposition 4.9. Two equivalent deformations have cohomologous infinitesimals.
The proof of the above proposition is similar to the Hom-Leibniz algebra case [21].

Definition 4.10. A deformation L; of a Hom-Leibniz superalgebra L is called trivial if Ly is equivalent to L. A
Hom-Leibniz superalgebra L is called rigid if it has only trivial deformation upto equivalence.

Proposition 4.11. A non-trivial deformation of a Hom-Leibniz superalgebra is equivalent to a deformation whose
infinitesimal is not a coboundary.

Proposition 4.12. Let (L, [, ], @) be a Hom-Leibniz superalgebra. If HA(L,L) = 0 then L is rigid.

5. Group action and equivariant cohomology

Definition 5.1. Let G be a finite group and (L, [, ], @) be a Hom-Leibniz superalgebra. We say group G acts on the
Hom-Leibniz superalgebra L from the left if there is a funtion

O:GXL—>L,

satisfying

(1)For each g € G,x € H(L), the map ®; = ®(g,) : L — L,x + gx is a K-linear map and |®,(x)| = |x|, that is
@, € Endi(L),.

(2) ex = x for all x € H(L), where e denotes identity element of the group G.

(3) (9192)x = g1(g2(x)) for all g1, 9> € G and x € H(L).

(4) For all g € G and x,y € H(L), glx, y] = [gx, gy] and a(gx) = ga(x).
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We denote an action as above by (G, L, [, ], a).

Proposition 5.2. Let G be a finite group and (L, [, ], ) be a Hom-Leibniz superalgebra. The group G acts on L from
the left if and only if there is a group homomorphism

W : G — Isomis(L), g = D,
where Isowys(L) denotes group of ismorphisms of Hom-Leibniz superalgebras from L to L.

Proof. For an action (G, L, [, ], @), we defineamap W : G — Isonis(L) by W(g) = ®@,. One can verify easily
that W is a group homomorphism. Now, let ¥ : G — Isours(L) be a group homomorphism. Define a map
®:GxL — L, by (9,x) = W(g)(x). It can be easily seen that this is an action of G on the Hom-Leibniz
superalgebra L. ]

Let M, M’ be Hom-Leibniz superalgebras equipped with actions of group G. We say an even K-linear
map f : M — M’ is equivariant if for all g € G and x € H(M), f(9x) = gf(x). We write the set of all
equivariant maps from M to M’ as Hom (M, M").

Definition 5.3. A G-Hom-supermodule is a Hom-supermodule (M, ) together with an action of G on M, and
B : M — M is an equivariant map. We denote an equivariant Hom-supermodule as triple (G, M, B).

Definition 5.4. Let (G,L,[, ], &) be a Hom-Leibniz superalgebra equipped with an action of a finite group G. A
G-bimodule over L is a G-Hom-supermodule (G, M, B) together with two L-actions (left and right multiplications),
pr:LOM — Mand py: M® L — M such that yy, i, satisfying the following conditions:

ui(gly, gM;) < gMy,;,
pr(gM;, gLy) S gMig,
pilgx, gm) = gui(x,m),
wgm, gx) = g, (m, x),

Bluitx,m)) = wla(x), pm)),
Blur(m,x)) = p(B(m), a(x)),
w(lx vl pm)) = wla), w(y,m) — (DM uay), wix, m),
(e, m), a(y)) = (), w(m, y)) = ()M (B(m), [x, y1),
w(pe(m, %), a(y)) = p(Bm), [x, y]) — (=) My (a(x), pe(m, y)).

foralli,j€ Zy,x,y € H(L),meHM)and g € G.

We now introduce an equivariant cohomology of Hom-Leibniz superalgebras L equipped with an action
of a finite group G.
Set
CLLM): = {(cy ca) € C'(LMley (g, -+, gxa) = gy (X1, -+ , %), Calgr, -+, Gotn1) = gCali, -+, Xn1)),

for all x1,---,x, € H(L). Here E”(L,M) is n-cochain group of the Hom-Leibniz superalgebra (L, [, ], @)
eind CZ(L, M) consists of all ii—cochains which are Equivariant. Clearly, CL(L, M) = CL(L, M)y ® CL(L, M),
Cg(L, M) is a submodule of C"*(L, M) and (c,, ¢,) € CL(L, M) is called an invariant n-cochain.

Lemma 5.5. If an n-cochain (c,, c,) is invariant then d(c,, c,) is also an invariant (n + 1)-cochain.
Proof. Let (c), ca) € EZ(L, M)and g € G,x1,- -+, x, € H(L). By definition, we have

cy(gxt, -+, 9%0) = goy(x1,v-,Xu),  Ca(gX1, e+, gXno1) = gCalXt, -+, Xp1)-
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It is enough to show that the four differentials d,,, d}a, daa, day respect the group action. Observe that

Iy (C)(gx1, 9%2, - -+, PXna1)

n
= Z(_1)i+1+|x,-\<|¢|+|x1|+--~+|xi_1|)[an—l(gxi)l Cy(gxs, , GRi+++ , gnen)]
i=1
Y (NG (a(gxy), - algm), - Lgxi gl algxga), - a(gana)

1<i<j<n+1

=1 ey (gxr, -, gxn), "7 (g2041)]

n
= Z(_1)z‘+1+|xi\<|¢|+|x1|+-~+|x,>1|>[gan—l(xi)/ ge,(ar, o T Xs)]
i=1

+ Z (_1)i+|xi|(|xi+1|+~u+|xj—1‘)gcy(a(x1)’... ,a/(;),--- xx] a(xien), -, @)
1<i<j<n+1
+(_1)n+1 [gc}/(xlr T rxn)/ !]an_l(xwrl)]
= 9(9w0y)(x1, X2, Xng1)-
Similarly, it is easy to show that
daa(Ca)(gx1, gxa, -+, gxn) 9(DaaCa)(X1, X2, , Xn),
&ya(c}’)(gxll gle Tty gxn) 9(3)/11(3)/)(3(1, X2, xn)/
Auy(Ca)(gx1, %2, , gxns1) =  G(0ayCa)(X1, X2, , Xn41)-
Therefore, d(cy, ca) € CE(L, M). o

The cochain complex (5"G(L, M), 9) is called an equivariant cochain complex of (G, L, [, ], ). We define
n-th equivariant cohomology group of (G, L, [, ], @) with values in (M, f) is given by

H(L, M) := H*(C5(L, M)).

Remark 5.6. Any Hom-Leibniz superalgebra (G, L, [, ], a) equipped with an action of a finite group G is a G-bimodule
over itself, that is M = L, B = a. At this point, we denote the cohomology HX.(L, L) = HL.(L, M).

6. Equivariant formal deformation of Hom-Leibniz superalgebra

Definition 6.1. An equivariant one-parameter formal deformation of (G,L,[, ], a) is given by a K[[t]]-bilinear map
my : L[[t]] X L[[t]] = LI[#]] and a K[[t]]-linear map a; : L[[t]] — L[[t]] of the forms

m(x, y) = Z mi(x, y)t' and o(z) = Z a;(z)t,
>0 >0
forall x,y,z € H(L), such that,
(1) Foralli>0,m; € Homf((L ®L,L)jand a; € Endn(i(L)(,.
(2) mo(x,y) =[x, y], ®g = .
(3) Imy(x, Yl = x| + [yl lar(z)| = |z|.
(4) my(my(x, y), a(z)) = m(a(x), m(y, z)) — (—1)"‘”V'mt(at(y), my(x, z)).
(6) ay(mi(x, y)) = mp(a(x), ar(y)).

Remark 6.2. Equations (4)(5) are equivalent to (n =0,1,2,---)

Z (mi(me(x, ), @j(2)) = mia (), mi(y, 2)) + ()W), m(x, 2)) = 0; (6.1)
Y mla),ady) - Y aimitey) =0. 6.2)

i, k>0 i,j20
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Definition 6.3. Anequivariant 2-cochain (m1, a1) is called an equivariant infinitesimal of the equivariant deformation
(my, o). Suppose more generally that (m,, a,) is the first non-zero term of (my, ay) after (my, ap), such (my,, ay) is
called an equivariant n-infinitesimal of the equivariant deformation.

Proposition 6.4. Let G be a finite group and (L, [, ], «) be a Hom-Leibniz superalgebra, suppose (G, Ly, my, ay) is
its equivariant one-parameter deformation, then the equivariant infinitesimal of an equivariant deformation is a
two-cocycle of the equivariant cohomology.

Proof Let (m,, o) is an equivariant n-infinitesimal of the equivariant deformation. Thus, forall 1 <i <
n—-1,xvy,z € H(L) mi(x,y) = 0,a;i(z) = 0. By the equation (6.1), have

mo(m(x, ), a0(2)) = mo(ao(x), ma(y, 2)) + (=1 mo(ao(y), ma(x, 2)) +
i (mo(x, ), 0(2)) = my(ao(x), mo(y, 2)) + (=1) W, (ao(y), mo(x, 2)) +
mo(mo(X, Y), a(2)) = mo(@u(x), mo(y, 2)) + (=1)"Whmg(a,(y), mo(x, ))

= (dyymy — doyay)(x,y,2) = 0.

By the equation (6.2), have
mo(ao(x), an(y)) + mo(an(x), ao(y)) + mu(ao(x), ao(y)) — ao(ma(x, y)) — an(mo(x, y))
= (daat1 — dyarm)(x, y) = 0.
Therefore, d*(m,, a,) = 0. ]
Definition 6.5. An equivariant n-deformation of a Hom-Leibniz superalgebra equipped with a finite group action is
a formal deformation of the forms
my = Z mit and a; = Z a;t!,
i=0 0

=

forall x,y,z € H(L), such that,
(1) Forall 0 < i <n, m; € Hom{(L® L, L)y and o; € End{(L); -
(2) mo(x,y) =[x, y], a0 = .
(3) Ime(x, y)l = Ixl + [yl, lee(z)] = |zl
(4) my(my(x, y), a(z)) = m(a(x), m(y, z)) — (—1)'x"y'mt(at(y), my(x, z)).
(5) ar(mi(x, y)) = mp(ar(x), ar(y))-

We say an equivariant n-deformation (11, a;) of a Hom-Leibniz superalgebra (G, L, [, ], @) is extendable
to an equivariant (1 + 1)-deformation if there is an element (11,41, ay+1) € Cg“(L, L) such that

—_— +1
My = my + Myt

@ = oy + apat™,

and (m;, ay) satisfies (1)-(5). The (n + 1)-deformation (77, a;) gives us the following equations.

Y, Ol y), a1(2) = milaj(x), mily, 2) + (<)), me(x, 2) = 0; 6.3)
Y, almEy) - Y, mila),am) = 0. (64)

i, k>0 i,jk=0
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This is same as the following equations
(ay}fmn+1 - aayawrl)(xr Yy, Z)

- Z (mi(mi(x, y), @(2)) = mia(x), m(y, 2)) + () W(aj(y), mi(x, 2)))

i+j+k=n+1
ij k>0

=) (miow mi(x,y,2).

i+j+k=n+1
ijk>0

Qaattust = D)6, y) = = Y m@@), )+ Y aitmiCxy)).

i+j+k=n+1 i+j=n+1
i,jk>0 i,j>0

We define the n-th obstruction to extend a deformation of Hom-Leibniz superalgebra of order # to order
n+1as Obsg = (Obsg , Obsg ), where

Obst,(x,y,2): = - Z (i 0, M)(X, Y,2) = (DyyMnst = Day@us1)(X, Y, 2), (6.5)
Obsf,(6y): = - ). mlaay)+ Y, almy)
i+ I,J;ll((i'(’)Jr 1 z+’{]‘:>n0+ 1
= (8aaan+l - &}/amn+1)(x/ y) (66)

Lemma 6.6. Let (my, ay) is an equivariant n-deformations, then for all n > 1 Obs, € (~Z3G(L, L) is a cocycle.

The proof of the above lemma is similar to the Hom-Leibniz algebra case [21].
Similar to the non-equivariant case, we have the following theorem for equivariant deformations.

Theorem 6.7. An equivariant deformation of order n extends to an equivariant deformation of order n + 1 if and
only if cohomology class of Obs, vanishes.

Proposition 6.8. If ﬁ%(L, L) = 0 then any equivariant 2-cocycle gives an equivariant one-parameter formal defor-
mation of (G,L, [, ], @).

Definition 6.9. Let Lf = (G,L,my, o) and L;G = (G,L,mj, qz;) be two equivariant one-parameter Hom—Leibniz
superalgebra deformations of (G,L,[,], a), where my = Y., mit', ap = Yjs ait’ and my = Y omit', ap = Y50 it
Two deformations LtG and L;G are said to be equivalent if there exists a K[[t]]-linear isomorphism \V; : L[[t]] — L[[t]]
of the form Wy = Y ..o Yit', where g = Id and ; : L — L are equivariant K-linear maps such that the following
relations holds:

W ()l = Ixl,

Wi(mi(x, y)) = m(Wi(x), Vi(y)), (6.7)

ay(Wi(x)) = Wi (x)), (6.8)
forall x,y € H(L).

The above equations (6.7) and (6.8) are equivalent to the following equations:

Y i) et =Y m(Y i@, Y ), 69)

>0 =0 i>0 =0 k>0
Y Y w0t =Y i) al@p)E. (6.10)
>0 j20 >0 >0

Comparing coefficients of infinitesimals on both sides of the above equations, we have the following
proposition.
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Proposition 6.10. Equivariant infinitesimals of two equivalent equivariant deformations determine the same coho-
mology class.

Proposition 6.11. Let (G,L,[,], a) be a Hom-Leibniz superalgebra equipped with an action of finite group G. If
HZ(L,L) = 0 then L is equivariantly rigid.
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