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A Unification of Geraghty Type and Ćirić Type Fixed Point Theorems

Shu-fang Lia, Fei Hea, Ning Lua

aSchool of Mathematical Sciences, Inner Mongolia University, Hohhot 010021, China

Abstract. In the framework of metric spaces, we introduce the concept of Geraghty-Ćirić type contractions
and show the existence and uniqueness of the fixed point of such mappings. This result improves and
unifies those obtained by Geraghty (Proc. Amer. Math. Soc. 40, 604-608 (1973)) and Ćirić (Proc. Amer.
Math. Soc. 45, 267-273, (1974)). Several technical lemmas are employed to ensure that a Picard sequence
is a Cauchy sequence. In addition, two illustrative examples are provided to indicate the validity of the
obtained results.

1. Introduction

In 1922, Banach [1] proved a fixed point theorem for metric spaces known as the Banach contraction
principle, which is one of the central component parts of fixed point theory. Since then, several researchers
devoted to extending this theorem to different directions by changing the conditions of the mappings, see
e.g., [2–4]. In particular, one of the notable generalizations of this celebrate principle is Geraghty type fixed
point theorem, presented by Geraghty [5]. In [5], Geraghty introduced the definition of a new nonlinear
contraction and established some fixed point results for such mappings. Thereafter, Amini-Harandi and
Rmami [6] characterized the result of Geraghty in the context of a partially ordered complete metric space.
Futhermore, Dukić et al. [7] extended fixed point theorems concerning Geraghty type contractions to the
frame of partial metric spaces, ordered partial metric spaces and metric type spaces. In recent years, a
number of authors studied this kind of nonlinear contraction and its generalized forms in various metric
spaces (see e.g. [8–16] and references therein).

In what follows, we recall the fixed point theorem proved by Geraghty [5]. The following concept is a
class of nonlinear functions prepared for the theorem.

Let B be the family of all functions β : [0,+∞)→ [0, 1) which satisfy the condition

β(tn)→ 1 =⇒ tn → 0.

Theorem 1.1 ([5]). Let f : X→ X be a contraction of a complete metric space satisfying

d( f x, f y) ≤ β(d(x, y)) · d(x, y) (1)
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where β ∈ B. Then for any choice of initial point x0, the iteration xn = f (xn−1), n > 0, converges to the unique fixed
point x∗ of f in X.

Throughout this paper, we denote byω,N+ the sets of all nonnegative integers and all positive integers,
respectively.

In addition, there are many other types of fixed point theorems that extended the Banach contraction
principle, such as Kannan type [17], Reich type [18] and Chatterjea type [19]. Particularly, in 1974 Ćirić [20]
established the famous fixed point theorem in the setting of metric spaces, which was called Ćirić type fixed
point theorem. It is worth recalling that this theorem is an actual generalization of the theorems mentioned
above. In some ways, Ćirić type fixed point theorem can be deemed as a unified form of fundamental fixed
point theorem for linear contractive mapping.

Theorem 1.2 ([20]). Let (X, d) be a complete metric space and T : X→ X be a self-mapping. If there exists λ ∈ [0, 1)
such that

d(Tx,Ty) ≤ λmax{d(x, y), d(x,Tx), d(y,Ty), d(x,Ty), d(Tx, y)} (2)

for all x, y ∈ X, then T has a unique fixed point x∗ ∈ X.

In the past decades, several published papers dealing with various types of Ćirić type contractions
can be found in the literature (refer to [21–37]). One of the most interesting results on generalization was
presented by Kumam [26] in 2013. Kumam et al. in [26] proved the new fixed point theorem which is
a general case of the Ćirić fixed point theorem. Very recently, another remarkable generalization of Ćirić
type fixed point theorem was given by Karapınar [32] in 2017. In the literature of this topic, Karapınar [32]
investigated the Ćirić type nonunique fixed point results in the context of Branciari metric spaces.

In recent years, some researchers tried to establish a theorem to unify Geraghty type and Ćirić type
fixed point theorem. In 2019, Faraji et al. [38] gave a new fixed point theorem concerning Geraghty type
contractive mappings in b-metric spaces. Obviously, this theorem can not extend the result of Ćirić. Indeed,
the obtained result by Faraji et al. [38] can not deduce the theorem of Geraghty, since β ∈ B is a function
without monotonicity. Now, we give the version of the Faraji’s result in metric spaces as follows.

Theorem 1.3. Let (X, d) be a complete metric space. Let T : X→ X be a self-mapping satisfying:

d(Tx,Ty) ≤ β(M((x, y))M(x, y), x, y ∈ X,

where:

M(x, y) = max{d(x, y), d(x,Tx), d(y,Ty),
1
2

(d(x,Ty) + d(y,Tx))},

and β ∈ B. Then T has a unique fixed point.

Due to the existing results mentioned above and application potential, it is significant to unify these
two types of fixed point theorems. In this paper, the notion of Geraghty-Ćirić type contractions and a fixed
point theorem for this type of mappings in the setting of metric spaces have been initiated. The result
unifies both Geraghty type fixed point theorem and Ćirić type fixed point theorem. The proof of this result
depends on a technique of how to choose the proper subsequence to prove that a sequence {xn} is a Cauchy
sequence. Moreover, a new fixed point theorem is also given as a corollary of our main result. Finally,
we give two examples to illustrate our results: one shows that the corollary is truly weaker than the main
result, and another indicates that our main result is an actual generalization of Geraghty type and Ćirić
type fixed point theorems.
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2. Main results

In this section, we shall show a new fixed point theorem, which is called Geraghty-Ćirić type fixed point
theorem. Before stating and proving our main results, we start to prove the following useful lemmas which
play an important role in the proofs of our results.

Lemma 2.1. Let (X, d) be a metric space and {xn} be a bounded sequence in X. If δn := sup{d(xi,x j) : i, j ≥ n} → t as
n→∞, then there exist two subsequences {xik } and {x jk } of {xn} such that ik, jk ≥ k and

d(xik , x jk ) −→ t as k→∞.

Proof. Since δ0 = sup{d(xi, x j) : i, j ∈ ω}, there exist i0, j0 ∈ ω such that i0 ≤ j0 and

δ0 − 1 ≤ d(xi0 , x j0 ) ≤ δ0.

Let n1 = j0 + 1. By the definition of δn1 , there exist integers i1, j1 ≥ n1 such that i1 ≤ j1 and

δn1 −
1
2
≤ d(xi1 , x j1 ) ≤ δn1 .

Continuing this process, there exist positive integer sequences {ik}, { jk} and {nk} such that nk = jk−1 + 1,
k ≤ nk ≤ ik ≤ jk and

δnk −
1

k + 1
≤ d(xik , x jk ) ≤ δnk .

Since δn → t (n→∞), we can see that d(xik , x jk )→ t as k→∞.

Lemma 2.2. Let {a(i)
n } be real number sequences for i = 1, 2, 3, 4, 5. Denote Mn = max{a(i)

n : i = 1, 2, 3, 4, 5}. Then
there exist i0 ∈ {1, 2, 3, 4, 5} and a subsequence {Mnk } of {Mn} such that

Mnk = a(i0)
nk
. (3)

Proof. The conclusion follows immediately from the fact that there exist infinite terms in sequence {Mn}

such that each of them is equal to a(i0)
n for some i0 ∈ {1, 2, 3, 4, 5}.

Now we introduce the notion of Geraghty-Ćirić type contraction, which is a unification of Geraghty
type contraction and Ćirić type contraction.

Definition 2.3. Let (X, d) be a metric space and T : X→ X be a mapping. The mapping T is called a Geraghty-Ćirić
type contraction if there exists a function β ∈ B such that for any x, y ∈ X,

d(Tx,Ty) ≤M(x, y), (4)

where M(x, y) = max{β(d(x, y))d(x, y), β(d(x,Tx))d(x,Tx), β(d(y,Ty))d(y,Ty), β(d(x,Ty))d(x,Ty), β(d(Tx, y))d(Tx, y)}.

The following lemmas are crucial in this paper.

Lemma 2.4. Let (X, d) be a metric space, T : X → X be a mapping and x0 ∈ X. Let {xn}n∈ω be a sequence such that
xn = Txn−1 = Tnx0 for all n ∈N+. Denote

Dn = max{d(xi, x j) : 0 ≤ i, j ≤ n and i, j ∈ ω}

for n ∈ ω. If T is a Geraghty-Ćirić type contraction, then {Dn} is bounded.
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Proof. Let n ∈N+ be fixed. For any i, j ∈N+ with 1 ≤ i, j ≤ n, by (4) we have

d(xi, x j) = d(Txi−1,Tx j−1) ≤M(xi−1, x j−1)
= max{β(d(xi−1, x j−1))d(xi−1, x j−1), β(d(xi−1, xi))d(xi−1, xi), β(d(x j−1, x j))
d(x j−1, x j), β(d(xi−1, x j))d(xi−1, x j), β(d(xi, x j−1))d(xi, x j−1)}
< max{d(xi−1, x j−1), d(xi−1, xi), d(x j−1, x j), d(xi−1, x j), d(xi, x j−1)}
≤ Dn.

This means that max{d(xi, x j) : 1 ≤ i, j ≤ n and i, j ∈ ω} < Dn. Hence, we deduce that there exists ln ∈ N+

with 1 ≤ ln ≤ n such that
Dn = d(x0, xln ).

Assume that, on the contrary, the sequence {Dn} is unbounded. Note that 0 ≤ Dn ≤ Dn+1. Then we have
Dn → +∞ as n→∞. Applying (4), we derive

Dn = d(x0, xln )
≤ d(x0, x1) + d(x1, xln )
≤ d(x0, x1) +M(x0, xln−1), (5)

where

M(x0, xln−1) = max{β(d(x0, xln−1))d(x0, xln−1), β(d(x0, x1))d(x0, x1), β(d(xln−1, xln ))d(xln−1, xln ),
β(d(x0, xln ))d(x0, xln ), β(d(x1, xln−1))d(x1, xln−1)}.

By Lemma 2.2, we consider the following five cases.
Case 1. If there exists a subsequence {M(x0, xlnk−1)} of M(x0, xln−1) such that

M(x0, xlnk−1) = max{β(d(x0, xlnk−1))d(x0, xlnk−1), β(d(x0, x1))d(x0, x1), β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

),

β(d(x0, xlnk
))d(x0, xlnk

), β(d(xlnk−1, x1))d(xlnk−1, x1)}

= β(d(x0, xlnk−1))d(x0, xlnk−1). (6)

By means of (5) and (6), we get

Dnk ≤ d(x0, x1) + β(d(x0, xlnk−1))d(x0, xlnk−1) (7)

≤ d(x0, x1) + β(d(x0, xlnk−1))Dnk . (8)

It follows from (8) that

1 −
d(x0, x1)

Dnk

≤ β(d(x0, xlnk−1)) < 1.

Since Dnk → +∞ as k → +∞, we can see that 1 − d(x0,x1)
Dnk

→ 1 and β(d(x0, xlnk−1)) → 1. From β ∈ B, we have
d(x0, xlnk−1)→ 0. By (7), we deduce that

Dnk ≤ d(x0, x1) + β(d(x0, xlnk−1))d(x0, xlnk−1) < d(x0, x1) + d(x0, xlnk−1).

This leads to {Dnk } is bounded, a contradiction.
Case 2. If there exists a subsequence {M(x0, xlnk−1)} of M(x0, xln−1) such that

M(x0, xlnk−1) = max{β(d(x0, xlnk−1))d(x0, xlnk−1), β(d(x0, x1))d(x0, x1), β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

),

β(d(x0, xlnk
))d(x0, xlnk

), β(d(xlnk−1, x1))d(xlnk−1, x1)}

= β(d(x0, x1))d(x0, x1). (9)
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By virtue of (5) and (9), we get

Dnk ≤ d(x0, x1) + β(d(x0, x1))d(x0, x1) < 2d(x0, x1),

which contradicts that Dnk →∞ as k→∞.
Case 3. If there exists a subsequence {M(x0, xlnk−1)} of M(x0, xln−1) such that

M(x0, xlnk−1) = max{β(d(x0, xlnk−1))d(x0, xlnk−1), β(d(x0, x1))d(x0, x1), β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

),

β(d(x0, xlnk
))d(x0, xlnk

), β(d(xlnk−1, x1))d(xlnk−1, x1)}

= β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

). (10)

Combining (5) and (10), we derive

Dnk ≤ d(x0, x1) + β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

)

≤ d(x0, x1) + β(d(xlnk−1, xlnk
))Dnk ,

leading to that

1 −
d(x0, x1)

Dnk

≤ β(d(xlnk−1, xlnk
)) < 1.

Following a similar argument as in Case 1, we can deduce that d(xlnk−1, xlnk
) → 0 and {Dnk } is bounded,

which contradicts that Dn → +∞.
Case 4. If there exists a subsequence {M(x0, xlnk−1)} of M(x0, xln−1) such that

M(x0, xlnk−1) = max{β(d(x0, xlnk−1))d(x0, xlnk−1), β(d(x0, x1))d(x0, x1), β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

),

β(d(x0, xlnk
))d(x0, xlnk

), β(d(xlnk−1, x1))d(xlnk−1, x1)}

= β(d(x0, xlnk
))d(x0, xlnk

). (11)

In light of (5) and (11), we have

Dnk ≤ d(x0, x1) + β(d(x0, xlnk
))d(x0, xlnk

)

≤ d(x0, x1) + β(d(x0, xlnk
))Dnk .

The above inequality implies that

1 −
d(x0, x1)

Dnk

≤ β(d(x0, xlnk
)) < 1.

In a similar way as in Case 1, we can prove that d(x0, xlnk
)→ 0 and {Dnk } is bounded, which contradicts that

Dn → +∞.
Case 5. If there exists a subsequence {M(x0, xlnk−1)} of M(x0, xln−1) such that

M(x0, xlnk−1) = max{β(d(x0, xlnk−1))d(x0, xlnk−1), β(d(x0, x1))d(x0, x1), β(d(xlnk−1, xlnk
))d(xlnk−1, xlnk

),

β(d(x0, xlnk
))d(x0, xlnk

), β(d(xlnk−1, x1))d(xlnk−1, x1)}

= β(d(x1, xlnk−1))d(x1, xlnk−1). (12)

Following a similar argument as in Case 3 or Case 4, we can show that our assumption deduces a contra-
diction.

Motivated by the above said work, we conclude that {Dn} is a bounded sequence.

Lemma 2.5. Let (X, d) be a metric space and T : X → X be a Geraghty-Ćirić type contraction with some β ∈ B.
Then for each x ∈ X, {Tnx}n∈ω is a Cauchy sequence in X (here, T0 = I is the identity map).
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Proof. For any x0 ∈ X, let {xn}n∈ω be a sequence defined by xn = Txn−1 = Tnx0 for all n ∈ N+. We claim that
{xn}n∈ω is a Cauchy sequence in X. Denote

Dn = max{d(xi, x j) : 0 ≤ i, j ≤ n and i, j ∈ ω}

for n ∈ ω. Then by Lemma 2.4, there exists L > 0 such that Dn ≤ L for all n ∈ N+. Note that {Dn} is a
nondecreasing sequence. Then, we have lim

n→∞
Dn ≤ L. Denote

δn = sup{d(xi, x j) : i, j ≥ n and i, j ∈ ω}.

It is clear that 0 ≤ δn ≤ δn−1 ≤ · · · ≤ δ0 = lim
n→∞

Dn ≤ L for all n ∈ ω, and so limn→∞ δn = t exists. Let
limn→∞ δn = t ≥ 0. Assume that t > 0. Then, by Lemma 2.1, there exist two subsequences {xik } and {x jk } of
{xn} such that ik, jk ≥ k and

d(xik , x jk ) −→ t as k→∞.

Taking account of (4), we have

d(xik , x jk ) ≤M(xik−1, x jk−1), (13)

where

M(xik−1, x jk−1) = max{β(d(xik−1, x jk−1))d(xik−1, x jk−1), β(d(xik−1, xik ))d(xik−1, xik ), β(d(x jk−1, x jk ))d(x jk−1, x jk ),
β(d(xik−1, x jk ))d(xik−1, x jk ), β(d(x jk−1, xik ))d(x jk−1, xik )}.

By means of Lemma 2.2, there exists a subsequence of {M(xik−1, x jk−1)}k matching one of the five terms
above. Now we prove the case of the first term, and other cases can be similarly proved. Suppose that
M(xik−1, x jk−1) = β(d(xik−1, x jk−1))d(xik−1, x jk−1) for all k ∈ ω. Then (13) turns into

d(xik , x jk ) ≤ β(d(xik−1, x jk−1))d(xik−1, x jk−1) (14)
≤ β(d(xik−1, x jk−1))δk−1. (15)

It follows from (15) that
d(xik , x jk )
δk−1

≤ β(d(xik−1, x jk−1)) < 1.

Since limk→∞ d(xik , x jk ) = limk→∞ δk−1 = t > 0, we see that β(d(xik−1, x jk−1))→ 1 as k→∞. Taking the fact that
β ∈ B into account, together with (14), we obtain that

lim
k→∞

d(xik−1, x jk−1) = 0.

From (14), we have
t = lim

k→∞
d(xik , x jk ) = 0,

which contradicts the assumption t > 0. Thus, lim
n→∞
δn = t = 0.

Let m,n ∈ ωwith m > n. Then we obtain that

d(xm, xn) ≤ δn −→ 0 as n→∞.

Therefore, {xn} is a Cauchy sequence in X.

Now, we shall use Lemma 2.4 and Lemma 2.5 to prove the following new fixed point theorem which
unifies and generalizes the Geraghty type and Ćirić type fixed point theorems.

Theorem 2.6. Let (X, d) be a complete metric space and T : X→ X be a Geraghty-Ćirić type contraction with some
β ∈ B. Then T has a unique fixed point z ∈ X.
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Proof. Let x0 ∈ X be arbitrarily given. Define the sequence {xn} in X by xn = Txn−1 = Tnx0 for all n ∈ N+.
By Lemma 2.5, {xn} is a Cauchy sequence in X. By completeness of (X, d), there exists z ∈ X such that {xn}

converges to z. Next, we prove that z is a fixed point of T.
Assume that Tz , z, i.e. d(z,Tz) > 0. From (4), we get

d(xn+1,Tz) = d(Txn,Tz) ≤M(xn, z), (16)

where

M(xn, z) = max{β(d(xn, z))d(xn, z), β(d(xn, xn+1))d(xn, xn+1), β(d(z,Tz))d(z,Tz), β(d(xn,Tz))d(xn,Tz),
β(d(xn+1, z))d(xn+1, z)}.

Since these three sequences {d(xn, z)}, {d(xn, xn+1)} and {d(xn+1, z)} all converge to 0 as n→∞, we deduce that

M(xn, z) = max{β(d(z,Tz))d(z,Tz), β(d(xn,Tz))d(xn,Tz)}

as n is large enough.
If there exists a subsequence {M(xnk , z)} of {M(xn, z)} such that M(xnk , z) = β(d(z,Tz))d(z,Tz). Then, (16)

yields that
d(xnk+1,Tz) ≤ β(d(z,Tz))d(z,Tz).

Putting k→∞, we see that d(z,Tz) ≤ β(d(z,Tz))d(z,Tz) < d(z,Tz). That is a contradiction. Thus, we conclude
that

M(xn, z) = β(d(xn,Tz))d(xn,Tz)

as n is large enough.
By means of (16), we obtain that d(xn+1,Tz) ≤ β(d(xn,Tz))d(xn,Tz). Then

d(xn+1,Tz)
d(xn,Tz)

≤ β(d(xn,Tz)) < 1.

Note that
lim
n→∞

d(xn+1,Tz) = lim
n→∞

d(xn,Tz) = d(z,Tz) > 0.

So we deduce that β(d(xn,Tz)) → 1 as n → ∞. Since β ∈ B, we can see that d(xn,Tz) → 0 (n → ∞). This
leads to d(z,Tz) = 0, which contradicts the assumption z , Tz.

Therefore, we obtain that z = Tz and z is a fixed point of T. This completes the proof of the existence of
the fixed point of T.

Finally, we prove that z is the unique fixed point of T. Suppose that z is another fixed point of T. Then
(4) implies that

d(z, z) = d(Tz,Tz) ≤M(z, z)
≤ max{β(d(z, z))d(z, z), β(d(z,Tz))d(z,Tz), β(d(z,Tz))d(z,Tz),
β(d(z,Tz))d(z,Tz), β(d(Tz, z))d(Tz, z)}
= β(d(z, z))d(z, z).

Using the fact that β(d(z, z)) < 1, we have d(z, z) = 0 and z = z. This completes the proof.

The following corollary is an immediate consequence of Theorem 2.6, which is also a new result.

Corollary 2.7. Let (X, d) be a complete metric space, T : X → X be a mapping such that for some β ∈ B and any
x, y ∈ X,

d(Tx,Ty) ≤ β(m(x, y))m(x, y), (17)

where m(x, y) = max{d(x, y), d(x,Tx), d(y,Ty), d(x,Ty), d(Tx, y)}. Then T has a unique fixed point x∗ ∈ X.
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Proof. For any x, y ∈ X, m(x, y) is always equal to one of the five terms d(x, y), d(x,Tx), d(y,Ty), d(x,Ty), d(Tx, y).
It follows that

d(Tx,Ty) ≤ β(m(x, y))m(x, y)
≤ max{β(d(x, y))d(x, y), β(d(x,Tx))d(x,Tx), β(d(y,Ty))d(y,Ty),
β(d(x,Ty))d(x,Ty), β(d(Tx, y))d(Tx, y)}
=M(x, y).

All assumptions of Theorem 2.6 are satisfied and we obtain the conclusion.

The following example shows that Corollary 2.7 is weaker than Theorem 2.6.

Example 2.8. Let X =
{

1
n : n ∈N+

}
∪ {0} and d be the normal metric on X. Set T : X → X to be the mapping

defined by

Tx =


0, x = 0;

1
n + 1

, x =
1
n

for all n ∈N+.

Define a function β : [0,+∞)→ [0, 1) by

β(t) =


1

1 + t
, t =

a
b

for some a, b ∈N+ , a and b are coprime and a is odd;

0, otherwise.

Then the following assertions hold:

(1) All of the conditions in Theorem 2.6 are satisfied with the β(t) and T has a unique fixed point x = 0;
(2) The condition (17) in Corollary 2.7 is not satisfied with the β(t).

Proof. (1) It is clear that (X, d) is a complete metric space, β(t) ∈ B and x = 0 is the unique fixed point for
T. Thus, it is sufficient to prove that (4) holds with β(t).

For any x, y ∈ X, if x = y, then (4) yields that d(Tx,Ty) = 0. Now we suppose that x , y. Without loss of
generality, let x < y. Then we consider the following two cases.
Case a. If x = 0, then y > 0. Let y = 1

n for some n ∈N+. Then we have

d(Tx,Ty) =
1

n + 1
=

1
1 + 1

n

1
n
= β

(1
n

) 1
n
= β(d(x, y))d(x, y) ≤M(x, y).

Case b. Suppose that x > 0. Then x = 1
m and y = 1

n for some m,n ∈N+. Since x < y, we have m > n.

• If m − n is odd integer, then we get

β(d(x, y)) = β
(1

n
−

1
m

)
= β

(m − n
nm

)
=

1
1 + m−n

nm
=

nm
m − n + nm

and

d(Tx,Ty) =
1

n + 1
−

1
m + 1

=
m − n

m + n + nm + 1

≤
nm

m − n + nm
·

m − n
nm

= β
(
d(x, y)

)
d(x, y) ≤M(x, y).
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• If m− n is even integer, then m+ 1− n is odd integer. Following the above arguments, we can see that

β
(
d(y,Tx)

)
= β

(1
n
−

1
m + 1

)
= β

(
m + 1 − n
n(m + 1)

)
=

1
1 + m+1−n

n(m+1)

=
n(m + 1)

nm +m + 1
>

1
1 + 1

n

= β
(1

n

)
and

d(Tx,Ty) =
1

n + 1
−

1
m + 1

<
1

1 + 1
n

·
1
n
−

1
1 + 1

n

·
1

m + 1

= β
(1

n

) 1
n
− β

(1
n

) 1
m + 1

< β(d(Tx, y))
(1

n
−

1
m + 1

)
= β(d(Tx, y))d(Tx, y) ≤M(x, y).

From Cases a and b, we show that (4) holds for all x, y ∈ X.
(2) We show that (17) is not satisfied with β(t). Let xk =

1
2k+2 and yk =

1
2k+1 for k ∈ ω. Then we can see

that
m(xk, yk) = d(Txk, yk) =

1
2k + 1

−
1

2k + 3
=

2
(2k + 1)(2k + 3)

.

Note that β
(
m(xk, yk)

)
= β

(
2

(2k+1)(2k+3)

)
= 0. Then we have

d(Txk,Tyk) =
1

2k + 2
−

1
2k + 3

> 0 = β(m(xk, yk))m(xk, yk).

That completes the proof.

Remark 2.9. Note that β(d(x, y))d(x, y) ≤ M(x, y), and β(t) ≡ λ ∈ B for constant λ ∈ [0, 1). Then, Theorem 1.1
and 1.2 are all special cases of Theorem 2.6. For illustration, we provide at the end of this section a concrete example
for which either Geraghty type or Ćirić type fixed point theorem is not applicable. However, Theorem 2.6 can be used
to conclude the existence of fixed point of mapping.

Example 2.10. Let X = {0} ∪ {an}, where

an =


1
2k
, n = 2k for some k ∈ ω;

5
5 · 2k + 1

, n = 2k + 1 for some k ∈ ω.

for n ∈ ω. Let d(x, y) = |x − y| for all x, y ∈ X. Define a map T : X→ X by

Tx =
{

an+1, x = an for all n ∈ ω;
0, x = 0.

Then the following assertions hold:

1. All of the conditions in Theorem 2.6 are satisfied and T has a unique fixed point x = 0;
2. The map T is not a Geraghty type contraction;
3. The map T is not a Ćirić type contraction.
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Proof. From the definitions of {an} and T, we can deduce that {an} is a decreasing sequence, T is nondecreasing
and for each k ∈ ω,

a2k+1 =
5

5 + a2k
a2k. (18)

1. Let β(t) = 5
5+t (t > 0) and β(0) = 0. Clearly, β ∈ B. It is obviously that (X, d) is a complete metric

space, and x = 0 is the unique fixed point for T. Therefore, it is sufficient to prove that (4) holds with the
β(t) above.

For any x, y ∈ X, without loss of generality, we suppose that x ≤ y and y , 0. Let y = an for some n ∈ ω.
Then we consider the following two cases.
Case a. If n = 2k for some k ∈ ω, then from (18) we get

Ty = Ta2k = a2k+1 =
5

5 + a2k
a2k = β(a2k)a2k = β(y)y.

Note that β(t) is decreasing and β(t) < 1 (t > 0). So we have

d(Tx,Ty) = Ty − Tx = β(y)y − Tx ≤ β(y)y − β(y)Tx ≤ β(y − Tx)(y − Tx)
= β(d(y,Tx))d(y,Tx) ≤M(x, y).

Case b. If n = 2k + 1 for some k ∈ ω, then from (18) we deduce

Ty = Ta2k+1 = a2k+2 =
1
2

a2k =
1
2
·

5 + a2k

5
a2k+1.

Since an is a decreasing sequence and β(t) is decreasing, we obtain that 1
2 <

(
5

5+1

)2
≤

(
5

5+a2k

)2
. Then we have

Ty =
1
2
·

5 + a2k

5
a2k+1 <

5
5 + a2k

a2k+1 ≤
5

5 + a2k+1
a2k+1.

Following a similar argument as in Case a, (4) can be verified.
From Cases a and b, we show that (4) holds for all x, y ∈ X.
2. If there exists a function β ∈ B such that

d(Tx,Ty) ≤ β(d(x, y))d(x, y)

for all x, y ∈ X. Since β(t) < 1 (t ≥ 0), we have d(Tx,Ty) < d(x, y). However, let x = a2k+1 and y = a2k for some
k ∈ ω. Note that 3

4 <
5

5+1 ≤
5

5+a2k
. Then, by means of (18) we get

d(Tx,Ty) = a2k+1 − a2k+2 =
( 5

5 + a2k
−

1
2

)
a2k

>
1
4

a2k >
(
1 −

5
5 + a2k

)
a2k

= a2k − a2k+1 = d(x, y).

That is a contradiction. Thus, the map T is not a Geraghty type contraction.
3. Let xn = 0 and yn = a2n. Then from (18) we have

d(Txn,Tyn)
d(xn, yn)

=
a2n+1

a2n
=

5
5 + a2n

−→ 1 as n→∞.

Hence, there is no constant λ ∈ [0, 1) such that

d(Txn,Tyn) ≤ λd(xn, yn)
= λmax{d(xn, yn), d(xn,Txn), d(yn,Tyn), d(xn,Tyn), d(Txn, yn)}.

Therefore, the map T can not be a Ćirić type contraction.
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[21] J. S. Ume, Fixed Point Theorems Related to Ćirić’s Contraction Principle. Journal of Mathematical Analysis and Applications,

225(2) (1998) 630-640.
[22] A. Amini-Harandi, Fixe point theory for set-valued quasi-contraction maps in metric spaces. Applied Mathematics Letters, 24

(2011) 1791-1794.
[23] C. D. Bari, P. Vetro, Nonlinear quasi-contractions of Ćirić type. Fixed Point Theory, 13(2) (2012) 453-460.
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[30] T. Suzuki, M. Kikkawa, Generalizations of both Ćirić’s and Bogin’s fixed point theorems. Journal of Nonlinear and Convex

Analysis, 17(11) (2016) 2183-2196.
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