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Driving Function of the Vertical Slit

Hai-Hua Wu?

?School of Mathematics and Statistics, Changsha University of Science and Technology, Changsha, 410114, PR. China

Abstract. We consider the chordal Loewner equation and construct a family of vertical slits 37 (p > 0). We
give the exact expression of its driving function A, and its Holder exponent near 0 in terms of p, which maps

onto (1/2, ) and has a natural connection with the known results. In addition, we extend the asymptotic
behavior of the driving function A to a general case.

1. Introduction

Let H be the upper half-plane. Suppose for any T > 0, y : [0, T] — H is a simple curve with y(0) € R

and y(0, T] € H. For each t € [0, T], the region H; = H \ y[0, t] is a simply connected subdomain of H. There
is a unique conformal map g; from H; onto IH such that

g =2+ D10,

W as z — 09,

If we change the parameterization of y such that b(t) = 2t, then y is said to be parameterized by half-plane
capacity. In this case, g;(z) satisfies the equation

d 2
Egt(z) = m , go(z) =z, (1.1)
where A(t) := lim,_,,g:(z) is a continuous real-valued function. The equation (1.1) is called (chordal) Loewner
(differential) equation, and g; are called Loewner chains. A is called the driving function or the Loewner transform,
and y is called the trace or the Loewner curve.

On the other hand, given a continuous function A : [0, T] — R and z € IH, we can solve the initial value

problem (1.1). Let T, be the supremum of all ¢ such that the solution is well defined up to time ¢ with
g:(z) € H. Let

Hy:={zeH:T, >t}.
Then g; is the unique conformal transformation from H; onto IH with

1

gi(z) =z + % +O(W)l as z — oo,
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Let K; := IH\ H;. Then {K{}[o,1] is an increasing family of hulls (defined in Section 2), and we can say that the
hulls K; are generated by the driving function A. In general, it is not true that K; = (0, t] for some simple curve
y with (0) € Rand y(0, t] C H. Marshall and Rohde [10] and Lind [7] proved that H; is a slit half-plane for
all t provided that[|A|l1/2 < 4. Recall that Lip(1/2) is the space of Holder continuous functions with exponent
1/2, and || - |l1/2 denotes the seminorm in Lip(1/2).

Recently, many results were given about the exact solutions of Loewner equations. Kager, Nienhuis
and Kadanoff [3] considered the driving functions of the forms c Vt, ct and ¢ V1 — t, and gave the singular
solutions by making use of the implicit functions. Prokhorov and Vasil’ev [11] showed that a tangential slit
I' (circular arc) is generated by a Holder continuous driving function with exponent 1/3. Lau and Wu [4]
constructed a family of tangential slits I'” (p > 0) by using I', and showed that the driving functions have
the Holder exponent p/(2p + 1), which maps (0, +0) onto the interval (0, 1/2).

However, the exact solution is less clear when the Holder exponent of the driving function lies in
the interval (1/2,1). Based on this reason, we will construct a family of Loewner curves, whose driving
functions have the Holder exponent lying in the interval (1/2, +c0). Now, we introduce them as follows:

Vo= (P + €OV m(1 - %ep) <0<m, (1.2)

where 0, = 1/pif p > 1; 6, = 1if p € (0,1) (we define the branch in the domain C \ (-oo,0] such that
argl = 0). The condition on the angle and the exponent p ensures that the simple curve y* \ {0} is a vertical
slit contained in the upper half plane. Our main theorem is

Theorem 1.1. Let y? (p > 0) be the trace defined by (1.2). Then there exists C > 0 such that its driving function A
is of the form

p+1 +1
At =Ct +o(t7), as t— 0.

We actually prove in Theorem 3.1 for a complete expression of A(t) in terms of a series, and the constant
C is also given explicitly. We note that the Holder exponent of A decreases from oo to 1/2, and remark that
the case in [3] is for p = 1, the case in [15] is for p € [1/3, o), and the case in [7], [10] and [16] corresponds to
p = oo heuristically.

Forn € N and g € [0, 1), we say that the function f is in C"#(0, 1) or C**#(0, 1), if the n-th order derivatives
of f is local p-Holder continuous, i.e., for each x € (0,1), f™ is -Holder continuous in some neighbourhood
of the point x. Making use of Theorem 1.1, we can obtain the following general case.

Theorem 1.2. Let f : [0,1] — R be a function in C'(0,1) for some B € (0,1), and let the Loewner curve
y(y) = f(y) +iy. If there exista # 0, v > 1 and s > r + 1 such that

fy)=ay +0(y™), as y—0,
then its driving function A has the expression:
At) = 2arCt7T + o(t%), as t -0,
where C is the same as in Theorem 1.1.

Clearly, the »* (0 < p < 1) in Theorem 1.1 is the special case with * = 1/p. It is well known that for
a>1/2,y € Co*1/2if A € C* ([9], [15]); the converse is partly proved by Rohde and Wang [12]. Our theorem
is a supplement of this, since it gives a sufficient condition for the case that the exponent of A is bigger than
1. The main technique of proof is to compare the Loewner curve y(y) with the special vertical slits ¥, and
to obtain the asymptotic expression of A by using Theorem 4.3 in [8].
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2. Preliminaries

We call a bounded subset A ¢ Ha hull if A= HN A and H \ A is simply connected. For each hull A,
there is a unique conformal transformation g4 : H\ A — H such that lim(ga(z) — z) = 0 [6]. The half-plane

capacity is defined by
hcap(A) := lim z(ga(z) — 2).

In other words,

e

1
+ O(Z—z), as z — oo.

The half-plane capacity can be defined in a number of equivalent ways [6], and there are various geometric
interpretations ([5], [13]) for it. It is easy to check that hcap(A) > 0 unless A = (0. Moreover, the half-plane
capacity has the following basic properties [6].

(i) Scaling: For r > 0, hcap(rA) = r*hcap(A).

(ii) Translation: For c € IR, hcap(A + c) = hcap(A).

(iif) Monotonicity: For A C B, hcap(B) = hcap(A) + hcap(ga(B)).

Suppose {K}tepo,7 is an increasing family of hulls generated by the Loewner equation (1.1). Then the
half-plane capacity of the hull K; is equal to 2t. Let g; := gx, be the unique conformal transformation of
H \ K; onto H with g;(z) —z — 0 as z — 0. Let K; 145 be the hull g;(Ky+s \ Ki) " H for all s > 0. It is not hard
to see that N> 0K}, 145 is the single point A(t). In particular, this implies that A(0) = (0) if K; = (0, ] for some
simple curve y.

To close this section, we list some simple but useful properties of the Loewner equation [8]. Assume
that the hulls K; are generated by the driving function A(f) in the equation (1.1).

(i) Scaling: For r > 0, the scaled hulls K;,,> are generated by rA(t/r?).
(ii) Translation: For c € R, the shifted hulls K; + c are generated by A(t) + c.

(iii) Concatenation: For T > 0, the mapped hulls gr(Kr,;) are generated by A(T + t).

(iv) Reflection: The reflected hulls R;(K;) are generated by —A(t), where R; denotes reflection in the
imaginary axis.

3. Proof of Theorem 1.1

For simplicity, we will use the following notation: B(a, b) := fol 11 — H)*-dt, a,b > 0. We give a more
complete version of Theorem 1.1.

Theorem 3.1. Let the slit yP (p > 0) be generated by the driving function A in the Loewner equation (1.1). Then
there exists T > 0 such that

p+1

A(t) = ( cicnt? )T, te[o,T],

n=1
C @R o G g
where ¢ = 0P with 6 = GpD) , and where
n .
g+ (g+j-1)
Cn+1=C1Z Z o Cil"‘Cif/ n>1
]':1 i1+---+i]-:n ]
iy iz

with c; = 16%’ ?g;‘:;z) 572 In particular, we have

AH) = @6 Y +o(tF), as t— 0.
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The technique of proof is similar to the proof of [4] due to Lau and Wu. We will also divide the proof
into two lemmas to obtain the functional equation in Lemma 3.4.

Let y(t) : 0 <t < T be the parametric representation of )” by the half-plane capacity, i.e., hcapy(0, t] = 2¢
for t € [0,T]. Let g; be the solution of the Loewner equation which maps H \ (0, {] onto H, and let
At) = g:(y(t)). Since g; is well-defined in R \ {0}, the two functions a(t) = g:(0-) and B(t) = g:(0+) are also
well defined. It is easy to see that a(f) < A(t) < B(t) for each t > 0. When there is no confusion, we will
suppress the variable ¢ and just write A, @ and §8 for brevity.

Let f; be the inverse of g;. Then we will give an integral expression of f; as follows.

Lemma 3.2. Let w(z) = (—iz)fflﬂ for z € H (we take the branch such that In1 = 0). Let hy = w o f; be defined on IH.
Then

(2) — Ii(z0) = —%’ f € —a)y B E = A)E— e 3.1)
for any fixed zo € H.

Proof. We write w(z) = ¢ o ¢(z), z € H, where Y(z) = 1/z, ¢(z) = (—iz)%’. Note that y* is a circular arc when
p = 1, and denote it by !. Let y be the subarc of ! on {r(1 - %QP) < 0 < 7}, and let xo(f) = Rew(y(t)) for
t € (0, T]. Then we have

" 1.
w(¥) = o d(f) = P(-ip) = fx - 5i: x 2 xo(T)}
Clearly w(H) = {re’ : r>0, =3, <0< %}. It follows that for p > 1/2, w maps H \ y(0, t] conformally onto

the domain

0 . _ n 1.
M;={re” : r>0, 2]g<9<2p}\{x 21.x2x0(t)}.

But for 0 < p < 1/2, w is multivalued (as w(IH) wraps around). We will divide the proof into two cases.

Case 1: p > 1/2. h; = w o f; maps H conformally onto M;. Note that the boundary of the domain M, is
a quadrilateral for each f € (0, T]. Applying the Christoffel-Schwarz formula to any fixed zo € H, we can
express l; as

Z
@)~z = Co [ (=0 H e - e - prH e
2o
To obtain the constant Cy, we observe that

hi(z) = Co(z - a)fi’l(z -A)(z - ﬁ)’Tlp’l,

Since hy(2) = (wo fi)(2) = (-3)( = ifu2)) ’ !(=if'(2)), we can obtain

£ = (Cop) =) (@) - F - N -p
Noting that
2t 1
ff(z) =z- Z + O(Z—z), as z — oo, (3.2)

we can conclude that f/(z) — 1 and fi(z)/z — 1 as z — co. It follows that —Cop(—i)rl’ =1,ie.,Cy= —i%/p.
Case 2: 0 < p < 1/2. We need to adjust M; as a polygon in some Riemann surface to apply the
Christoffel-Schwarz formula. Let S := R* X R be the Reimann surface in the following sense:
(i) S = Unnez(Uy UV,), where Uy, = R* X 2mm, 2(m + 1)n), V,, = R* X ((2n + 1)1, (2n + 3)7). For each
m,n € Z,, define
O Uy = C, (r,0) > reie, on: Vp>C, (1,0) > re'?.
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(ii) If U,, and V,, intersect for some m, n € Z, then the transition map
cDm,n = (Pm ° (P;l : (Pn(um N Vn) - (Pm(um N Vn)

is a conformal map from U,, N V,, onto itself.

Define the map w* : H — S, w'(re'?) = (r_fl’, % - g) for r > 0, 6 € (0, ). When there is no confusion,

we will follow the notations in Case 1, and we still denote by M; the Riemann surface w*(H \ y[0, t]), and
denote w* by w. Obviously, w is 1-1 from IH \ [0, {] onto M;, and the boundary of M; consists of three rays.
It follows from [1] and [2] that the Christoffel-Schwarz formula (3.1) still holds for this case, and the same
proof can be carried through. O

Lemma 3.3. With the above notations, we have the following identities for A(t), a(t) and B(t):
1 1 2 _
A= (Zp +1)(a+p), ap (a+p) +ap=-4t, (3.3)
and

(B-a)7 =61, (3.4)
where 0 be defined in Theorem 3.1.

Proof. Noting that i;(c0) = 0, by letting zy — oo, and making a change of variable w = &1, we have

1

hi(z) = fz d(w)dw, where O(w) = ir (1= Aw)
0

p(1 - aw) (1 - ﬁw)“#wl_% .

We expand the first three terms of ®(w) and obtain
1

O(w) = %w’l’_l(l +mw + aw* + o(w?), as w— 0,

where a; = (1 + ﬁ)(a +p)—Aandar =(1+ ﬁ)(l + 41—p (@*+p)+(1+ ﬁ)zaﬁ -1+ Zl—p)(a + p)A. Integrating
®(w) and noting that f;(z) = i(ht(z))_p, we conclude that

pay ( pas pa; )1

1
Tpr1 \apri zpealz TGy aszme

fi@) =z

Hence it follows from (3.2) that a; = 0, a, = #(4p + 2)/p. The first identity in (3.3) follows. By equating
the two expressions of a,, and use the first identity in (3.3) to substitute away the A, we obtain the second

identity in (3.3).
To prove (3.4), we use (3.1) to express h(z) as
iv =
hi(z) = hi(z0) = ——— f %d&
p(‘B—af)f’ z/?::v £1+E(5_ 1)1+E
Letting z = A and zy — oo, then we can obtain
() = —— f Sl (3.5)
pB-ay Jr ErEE-1Ty

where r = )}g‘%g € (0,1). Define the complex-valued functions F, G and H on H by
1 1 1
&=—F]T""-— 3

=g e CO= g 9= T
-1 EE-1"s gHE-1)P
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where we define the branch such that In1 = 0. Observing that F(&) = G(&) — H(E), we have
(& =nF(&) = H(&) + (1 -nF(&) = (1 -nG(E) + rH(E).
Hence it follows from (3.5) that

- it(A-a) [
() = ——2 | G@ds+ ———" | HEe.
p(ﬁ—a)Hf’ [ P(ﬁ—a)“'ﬁ [

Using the principle of integration by parts, we obtain

2p(p — )
(A -@)F(A-p)¥
Noting that the first identity in (3.3), we can conclude that

1_7 p
= 26V 2+ DA = f H(E)dE. (3.6)
G- -a)F  pp+1E-a)

f (G(&) + H@)E =

Observing that h; maps R onto the boundary of the domain M;, we can see that Imh;(A) = —%. Then this
identity together with (3.6) implies

1__ 2p+DA ~(Re f H(E)dE - sin = +Im f H(é’)dé-cosl)-
2 pep+1)p-a)r g ' >

In order to obtain the last identity of this lemma, we need only to prove that the expression in brackets in
the right side equals B(%, 1- 2 ) sin 75 2 . Next, we will prove it in the following paragraph.

Let € € (0,1) be very small Without loss of generality, we can assume that ¥ < 1 —e. We choose the
following integral paths:

A:é)=x, r<x<l-g
Ap: E(x)=1+ed™, 0<x<m;
Az &(x) =x, 1+e<x<o0.

Let the integral path A = A1 + A + A3, where AJ denotes that the parameter x starts from 7. Then it follows

™ f " H(eie = fA HEE + fA HEe fA HE

Noting that (-1)" ¥ =cos & 2p —isin 2%, we obtain
Re | H(&)dE-sin- +Im [ H(E)dE - cos = = 0
A 2p Ay 2p
Calculating the integration on the paths A; and A3, and letting € — 0, we have
1—7)x

0
H(é)dé =% f T oo,

(1+ eciv)'* %

1 1
ds = f y U1 = ) wdt — B(=,1— —).
IRC ~BG,1- )
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Combining the above three expressions gives

. T . e 1 1 T
Ref Hédé-sin—+1mf H(&)dE - cos — = B(=,1 - —)sin —.
r (©) 2p r ) 2p (P ZP) 2p

Therefore we complete the proof of this lemma. ]
In order to prove Theorem 3.1, we need the following functional equation due to Lau and Wu [4], which
is associated with the driving function A(t) of y7.

Lemma 3.4. [4] Let ¢ : [0, T] — [0, 1) be a continuous function such that ¢(0) = 0, and satisfies
1 -p®t) =at!, tel0,T] (3.7)

for some q,c1 > 0. Then p(t) = Y74 c,t™ with

. +1)---@q+j-1
Cn+1=Clz Z 19+ 1) ‘(q ! )c,-l--~ci]., n>1

|
]':1 i +~-+x‘]-:n ]

ip 21

Proof of Theorem 3.1. Using (3.3) and (3.4) to substitute away the a and 3, we have the following functional
equation

P+, 2
—— A=A +16t=0, te][0,T].
e TGV +166=0, te0,T]
Let ¢(t) = cIAPT with ¢ = f;r(’;i;é%, and let g = 1/p. Simplifying the above equation, we arrive

PO = D) = art’,

wherec; = 16%' %6‘2 has the expression in Theorem 3.1. It follows from Lemma 3.4 that () = Y, ¢, t7"

as stated. Hence we have
pt

A(t) = (cicnt%)%, te[0,T].

n=1
Therefore we complete the proof. m|
4. Proof of Theorem 1.2
For simplicity, we will use the following notations in this section: g(e) < h(€) means g(€) < ch(e) for some

positive constant ¢; g(€) < h(e) means g(€) < h(€) and h(e) < g(e); g(€) ~ h(e) means lim._,o g(€)/h(e) = 1. To
prove Theorem 1.2, we need the following two lemma.

Lemma 4.1. For x + iy € y* (p > 0), we have x = ’z—Jy“% +0@y" ) asy — 0.

Proof. For p = 1, y is the circular arc, (x — 1)> + y*> = 1, so that x = 3y* + O(y*) as y — 0. For p # 1, we have
x + iy = i'7P(u + iv)?, where u + iv € y. Hence by using the binomial expansion,

plp — 1)i
8

1 1
X+ iy = 1507 + O@!) + 0i) = (i + 5po- 2+ 0()).

Comparing the real and imaginary parts, we obtain x = ng% + O(y“g )- o
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Lemma 4.2. Let f : [0,1] — R be a function in CY#(0,1) for some B € (0,1), and let the Loewner curve y(y) =
f(y) +iy. If there exists x € R such that limy_o f'(y) = x, then

m hecapy(0,y] 1
y=0 P b2(0)sin® 6’

where
]
=

b(0) = Z(g - 1)%* with 6 = arccot k.

Proof. Define the function t(y) by

1
ty) = Ehcapy(O, yl, yel[0,1].

It is well known that #(y) is a strictly increasing continuous function with #(0) = 0 (see [6] in detail). Let
y(t) be the inverse of t(y), and let I'(f) : 0 < t < T be the parametric representation of y(y) by the half-plane
capacity. Then it is easy to check that I'(t) = y(y(t)). Noting that y(y) € C#(0,1), and using the result of
[12], we conclude that its driving function A(t) is in C#*1/2(0, t(1)). Therefore it follows from [15] that T'(t) is
in C1(0, #(1)). Hence y(t) is also in C'(0, (1)) and y'(t) > 0 in the interval (0, #(1)). Then it follows that

limarg I"(t) = lim arg (f'(y(8)) + )y’ () = 6,
where 0 is defined in the above. Noting that § € (0, ), and making use of Theorem 1.2 in [16], we can

obtain
I'®)

lim = b(0)e'?,
t

t—0

where b(0) is defined in the above. From y(t) = ImI(¢), it follows that

t
tim 22 _ po)sino.
t—0 \/E
This implies what we need to prove. Hence we complete the proof. m]

Proof of Theorem 1.2. Let y” (p > 0) be defined in (1.2). Then it follows from Lemma 4.1 that y% has
the parametric representation I'.(y) = g(y) + yi, 0 < y < 1, where the real-valued function g is sufficiently
smooth and of the form

1
9(]/) — Z 1+r + O(y1+3r), as y — 0.
It follows from the assumption that

f(]/) _f(o) — ayl-H’ + O(y1+r+5)’ as y 0.

By translation property which we list in Section 2, we can assume that f(0) = 0. Moreover, by scaling
property and reflection property, we can assume that a = (2r)~'. Hence it follows that f(y) — g(y) = O(y),
where p = 1 + 7 + min{2r,s}. Define

1 1
t=1Hy) := Ehcapy(O, yl, t=1(y) = EhcapFr(O, yl.

When there is no confusion, we will suppress the variable y and just write f and 7 for brevity. It is easy to
see that (y) and 7(y) are strictly increasing. Moreover, making use of Lemma 4.2, we have

1
Hy) ~ 7v* ~1(y), as y—0. (4.1)
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Let 7(), T,(t) be the parametric representation of y, ', by the half-plane capacity respectively. Then it is
easy to check that P(t(y)) = f(y) + yi and f,(T(y)) = g(y) + yi. Therefore it follows that

du(7(0, 11,10, 71) s v, (4.2)

where di(A, B) denotes the Hausdorff distance between A and B. Let p1 = P(t(y)), p2 = [:(t(y)), and let
p = P(t(y + y?)). Then it follows from the assumption of f that

lp = pil = \/sz +(fly+yP) - f))? S y° Sy = diamP(0, Hy)]-
This implies that
Ip—p2l < lp—p1l + lp1 — p2l S yP <y =< diamI,(0, T(y)].

Denote G, = € \ d DD, where € denotes the extended complex plane, and where d = max{|p1], [p2|}. Without
loss of generality, we can assume that d = |p;|. Otherwise, we can choose p = r (T(y + yP)). Let A(t), A,(7) be
the driving functions of y, I'; respectively. Noting that (4.2), and applying Theorem 4.3 in [8], we have

() = A (D) S Y5 (co + w(p, 00, Gy)),

where ¢y is a positive constant, and where w(p, o0, G,) denotes the hyperbolic distance from p to co in the
domain G,. By calculations, we obtain

— + yP)2 + + yP))2 — 2 4 2
i P NG ) - VPR W
y—0 yf’ y—0 y[’
Observing that
Ipl+d 2d
w(p,00,G,) =1In =In(l+ ——),
(b0, Gy) =l g = Inl+9,75)
we can easily check that w(p, 0, G,) < —Iny. Letting y — 0, noting that p/2 > r + 1, and making use of (4.1)
and Theorem 1.1, we can conclude that A(t) ~ Ct's with the constant C given in Theorem 3.1. O
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